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Preface 


Mathematics docs not grow through a monotonous increase of the number of 
iudubitably established theorems but through the incessant improvement of 
guesses by speculation and criticism, by the logic of proofs and refutations. 


— Imre Lakatos (1976) 


What is the role of proof in mathematics? In recent years we have seen 
a rebellion against teaching mathematics as a procession of irrefutable 
logical argumeuts that build from fundamental principles to universal 
truths. In this age of computer exploration of the patterns of mathe- 
matics, the pendulum has swimg so far that some have proclaimed “The 
Death of Proof” (Horgan 1993). Traditional proofs are disappearing 
from the high school and even carly college curricula. 

This loss should not be mourned if what we arc giving up is the miscou- 
ception of mathematics as a formal svstem without need for scientific 
exploration, experimentation. and discovery. But there is a very real 
danger that in our enthusiasm to jettison what is false, we will lose the 
very essence of mathematics which is inextricably tied to proofs. We 
are brought back to our initial question: What is the role of proof in 
mathematics? 

lunre Lakatos in Proofs and Refutations (1976) has highlighted one 
important aspect of this role. His is au ironic insight. for what is proven 
should be true and therefore not refutablce. Lakatos’s inspiration was 
Karl Popper, and the title is adapted from Popper’s Conjectures and 
Refutations (1963). Popper’s thesis was that science does not progress 
by establishing truth, but rather by advancing conjectures that can be 
tested against reality, that are maintained so long as they agree with re- 
ality, and that are refined or rejected when they fail in their predictions. 

Lakatos tackled the question of whether this understanding also ap- 
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plies to mathematics. On the surface, Popper's work seems irrelevant. 
There is nothing provisional about the Pythagorean theorem. There is 
no possibility that someone will someday discover a right triangle for 
which the sums of the squares of the legs is not equal to the square of 
the hypotenuse. Or is there? 

In fact, there arc metric spaces with their associated gcometrics iv 
which the Pythagorean theorem is not true. This is not a fair at- 
tack because the Pythagorean theorem is intended to apply only to 
Euclidean geometry with the standard Euclidean metric, but this is pre- 
cisely Lakatos’s point: An important part of the dynainic of mathematics 
is the ferreting out of these underlying assumptions and the subsequent 
refinement of the mathematical concepts with which we work. 

Lakatos illustrated this process by recounting the history of Euler’s 
formula relating the number of vertices, edges, and faces of a polyhe- 
dron. In an appendix, he mentions the relevance of this viewpoint to the 
development of the concept of uniform continuity. I drew on his insight 
when I wrote A Radical Approach to Real Analysis. Mathematics comes 
alive as we see how seemingly csoteric definitions arise from the struggle 
to reconcile the perceived patterns of mathematics with the counterex- 
amples that are encountered in the recognition and delimitation of our 
assumptions. 

But this is not the whole story of the role of proof in mathematics. 
There is another dynamic at work that has little to do with the precision 
of the definitions or the boundaries of the assumptions. It involves the 
search for proof which is at the core of what a mathematician does. In 
his Rouse Ball lecture of 1928. G. H. Hardy expressed his view of the 
nature of mathematical proof. The italics are his. 


I have myself always thought of a mathematician as in the first instance an 
observer. a man who gazes at a distant range of mountains and notes down his 
observations. His object is simply to distinguish clearly and notify to others as 
many different peaks as he can. There are some peaks which he can distinguish 
easily, while others are less clear. He sces A sharply, while of B he can obtain 
only transitory glimpses. At last he niakes out a ridge which leads from A, 
and following it to its end he discovers that it culminates in B. B is now fixed 
in his vision, and from this point he can proceed to further discoveries. In 
other cases perhaps he can distinguish a ridge which vanishes in the distance. 
and conjectures that it leads to a peak in the clouds or below the horizon. 
But when he sees a peak he believes that it is there simply because he sees it. 
If he wishes someone else to see it, he points to it. either directly or through 
the chain of summits which led him to recognize it himself. When his pupil 
also sees it. the research. the argument. the proof is finished. 


app 


The analogy is a rough one, but I am sure that it is not altogether niis- 
leading. If we were to push it to its extrenie we should be led to a rather 
paradoxical conchisiou; that we can, in the last analysis, do nothing but poant; 
that proofs are what Littlewood and I call gas, rhetorical flourishes designed 
to affect psvchology. pictures ou tlie board in the lecture, devices to stimulate 
the imagination of pupils. This is plainly not the whole truth. but there is a 
good deal in it. The image gives us a genuine approxiniation to the processes 
of mathematical pedagogy on the one hand and of mathematical discovery 
on the other: it is only the very unsophisticated outsider who imagines that 
mathematicians make discoveries by turming the handle of some miraculous 
machine. Finally the image gives us at any rate a crade picture of Hilbert’s 
metamathematical proof. the sort of proof which is a ground for its conclusion 
and whose object is to convince. 


I want to push Hardy's metaphor in a different direction, to exhibit 
proofs as a form of exploration. There are circumstances in which it is 
possible to stand far off and indicate the succession of ridges that will 
lead to the peak and so establish, definitively, the route to that highest 
point. More often, the path to the summit can be discovered only by 
going out and breaking it. This is a process that involves false starts, 
dense fog, and a lot of hard work. It is aided by an intuitive feel for the 
lay of the land, but it is almost always filled with surprises. 

Mathematicians often recognize truth without knowing how to prove 
it. Confirmations come in many forms. Proof is only one of them. But 
knowing something is truc is far from understanding why it is true and 
how it connects to the rest of what we know. The search for proof is the 
first step in the search for understanding. 

I can best illustrate my point by describing real ynathematics. I shall 
do so with a story of recent discoveries at the boundary of algebra and 
combinatorics, the story of the alternating sign matrix conjecture pro- 
posed by William Mills, David Robbins, and Howard Rumsey. For fifteen 
years this conjecture was known to be true. It was validated in many 
ways: in the surprising simplicity of its formulation, by numerical verifi- 
cation of the first twenty cases. throngh unanticipated implications that 
could be proven. But none of this was proof. When a proof finally was 
found in 1995, it lay in unexpected territory and revealed a host of new 
insights and engaging problems. 

My intention in this book is not just to describe this discovery of new 
mathematics, but to guide you into this land and to lead you up some 
of the recently scaled peaks. This is not an exhaustive account of all the 
marvels that have been uncovered, but rather a selected tour that will. 
I hope, encourage you to return and pursue your own explorations. 
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The narrative of my story is coutained in Chapters | aud 6. with eon- 
cluding comments in Section 7.4, Ht is possible to read this and noth- 
ing more. but even casual readers would benefit from an inspection of 
Chapters 2 and 3. These chapters provide the context for this story and 
exainine the findamental results on which the study of the altcmmating 
sign matrix conjecture builds: generating functions, recursive formule. 
partitions, plane partitions. lattice paths, and determinant evalnations. 
At the base of this story lies the nincteenth-century invariant theory of 
Cauchy, Jacobi. Cayley. Sylvester. and MacMahon. Even down these 
well-traveled paths, we shall find results and interpretations that were 
discovered only recently. This foundational material concludes in Sec- 
tion 3.5 with a description and explanation of Dodgson’s algorithm for 
evaluating determinants, the mathematics that was to lead Robbins and 
Rumsey to their discovery of alternating sign matrices. 

Chapters 4. 5, and 7 are each devoted to a single proof. In Chap- 
ter 4. we follow Ian Macdonald’s ronte through the theory of symmetric 
functions to the proof of a result first conjectured by MacMahon, the 
generating function for bounded, symmetric plane partitions. It was 
from this vantage (hat Macdonald spied our second peak, his conjectured 
generating function for bounded, cyclically symmetric plane partitions. 

Chapter 5 includes the proof of Macdonald’s conjecture. a truc exani- 
ple of mathematical serendipity. As Mills. Robbins. and Rumsev sought 
to prove their conjecture, they stumbled upon a connection to plane par- 
titions and Macdonald's conjecture. They had come upon it from a new 
direction and so came armed with an additional piece of information 
that proved to be crucial. This chapter also provides an opportunity to 
explore the world of basic hypergeometric series, another ingredient in 
the ultimate proof of the alternating sign matrix conjecture. 

The proof of Mills, Robbins, and Rumsey’s original conjecture was 
found by Doron Zeilberger in 1995. His proof is presented in Chapter 7. 
It traverses ground that was first opened up by physicists working in 
statistical mechanics and draws on the theorv of orthogonal polynomials. 

The three main proofs are difficult, especially for anyone who has 
never before tackled a complicated proof, but the only requirement to 
set ont is a familiaritv with linear algebra and a desire to glimpse a 
picce of current mathematical research. The exercises are designed to 
help you prepare, as well as to point out some of the features and views 
along the way. I have scouted out what I feel are the easiest ascents, 
but none of them is easy. not if you are really going to make them, This 
means not just agreeing that the route is legitimate but coming to your 
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own understandiug, of the ideas that are mvolved and the reasons whi 
these theorems are correct. This is what mathematical proof is really 
about. [t is not Just the confirmation of the validity of a mathentatical 
insight. Very early in the quest. Mills. Robbins, and Rumsey knew 
that their alternating sign matrix conjecture was true. They sought a 
proof because they wanted to understand why it was true aud to see 
where that understanding might take thein. 


A word on terminology. A conjecture is a statement that is believed 
but not proven to be truce. Strictly speaking, the alternating sign ma- 
trix conjecture no longer exists. It is now the alternating sign matrix 
theorem. Since part of the purpose of this storv is to explain the role of 
certain conjectures in recent mathematical developments, I have decided 
to speak of these results in terms of their historical status as conjectures. 
In inaking this decision. I take on the responsibility to clearly identify 
which conjectures have been proven. 


I am indebted to many people who have read carly versions of this 
book and made helpful suggestions for its improvement. Chicf among 
these are Art Benjamin and Jennifer Quinn, who went through the en- 
tire manuscript and caught many of my crrors. I especially wish to 
thank Krishna Alladi, George Andrews. Dick Askey. Rodney Baxter, 
Dominique Foata, Tina Garrett. Ira Gessel, Gouniou Han, Christian 
Kratteuthaler, Greg Kuperberg. Alain Lascoux, Ina Lindemann, Ian 
Macdonald, Peter Paule, Jim Propp, David Robbins, Richard Stanley, 
Dennis Stanton, Xavier Viennot. and Doron Zeilberger. I also wish to 
thank Keith Dennis, Julio Gonzalez Cabillon, Karen Parshall, Bob Proc- 
tor, and Jim Tattersall for references. Finally, I owe a debt of gratitude 
to Lauren Cowles at Cambridge University Press and Don Albers at the 
Mathematical Association of America for their continued support and 
enconragemcnt. 

The jigsaw puzzle cover art was created by Greg Kuperberg and is 
reproduced with his permission. The picture of Cauchy is published 
by permission of the American Institute of Physics Emilio Segre Visual 
Archives. The picture of Sylvester is published by permission of the Fer- 
dinand Haniburger, Jr. Archives of the Johns Hopkins University. The 
picture of Jacobi is courtesy of the Matematisches Forschungsinstitut 
Oberwolfach. The picture of MacMahon is courtesy of George Andrews. 
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1 
The Conjecture 


It is dificult to give an idea of the vast extent of modern mathematics. This 
word “extent” is not the right one: I mean extent crowded with beautiful 
detail — not an extent of mere uniformity such as an objectless plain, but of a 
tract of beautiful country seen at first in the distance. but which will bear to 
be rambled through and studied in every detail of hillside and valley, stream, 
rock, wood, and flower. But, as for everything else. so for a mathematical 
theorv — beauty can be perceived but not explained. 


— Arthur Cayley (1883) 


Conjectures are the warp upon which we weave inathematics. They 
are not to be confused with guesses. André Weil is reported to have 
proclaimed in exasperation at a guess that its author had dared elevate 
to the rank of conjecture, “That is not a conjecture: that is just talking.” 

A conjecture may be false, but this must come as a surprise, as an 
illumination revealing unimagined subtleties. A good conjecture comes 
with the certainty that it must be truc: because it simplifies what had 
seeined complicated and brings order to what had appeared chaotic, 
because it carries implications which themselves seem right and may 
even be verifiable, because it bears the stamp of elegance that the trained 
observer has learned to recognize as the hallmark of truth. 

This story is woven on the strands of fourteen conjectures that I have 
chosen from the many that arose in the course of investigations of al- 
ternating sign matrices. All but two of these chosen fourteen have been 
proven. Many other related conjectures are still open problems. We 
shall see the details of many of the proofs, but they are less important 
than the themes that they draw upon. This is the power of a good con- 
jecture and the reason for seeking its proof: It can reveal unexpected 
connections and guide us to the ideas that are truly important. 

In the early 1980s, William Mills. David Robbins, and Howard Rui- 


Figure 1.1. (Left to right) William Mills, David Robbins, and Howard Rumsey. 


sey made a good conjecture. It arose from Robbins and Rumsev’s study 
of an algorithm for evaluating determinants. an algorithm that had 
been discovered more than a century earlier by the Reverend Charles 
Lutwidge Dodgson, better known as Lewis Carroll. Dodgson’s technique 
proceeds by iteratively evaluating 2 x 2 determinants, and it suggested 
a certain generalization of the determinant. While an ordinary determi- 
nant of an n x7 matrix can be expressed as a sum over the permutations 
of 7 letters, Robbins and Rumsey’s extraordinary determinant is a sum 
over alternating sign matrices. The story of the genesis of alternating 
sign matrices will be told in Section 3.5. Here we are going to focus on 
the simple question, how many are there? 


A permutation of n letters is a one-to-one mapping, which we shall 
usually denote bv a, from the set {1,2...., n} into itself. An example 


of a permutation of 5 letters is given by 
a(1j=1. of2)=3, of8)=5, of4)=2, ofS) =4 


We shall denote the set of permutations of n letters by S,. It is a group 
for which composition acts as multiplication 


ao t(j) = a(r(j)). (1.1) 


A permutation on n letters can be represented by an n x 7 matrix of 


1.1 How Many? 3 


Os and 1s. For row 7. we put a 1 in column @(?) and a zero in every other 
coluinn. For our example. the corresponding matrix is 


1 0 0 0 0 
00 10 0 
00 0 0 1 
010 0 0 
0 0 1 0 


Any square matrix of 0s and 1s with exactly one 1 in each row and in each 
column represents a permutation. This representation is particularly 
useful because composition corresponds to matrix multiplication. In 
other words, in order to multiply two clements of S,,, we multiply the 
corresponding matrices, although as we have defiued the correspondence. 
it is necessary to reverse the order of multiplication (see exercise 1.1.3). 

An alternating sign matrix is a square matrix of Os, ls. and —1s 
for which 


e the sum of the entrics in cach row and in each column is 1, 


e the non-zero entries of each row and of cach column alternate in sign. 


An example of such a matrix is 


0 ol 0 0 O 
0 0 1 0 0 
1 -l1 0 0 1 
0 it -1 1 0 
0 0 1 0 0 


Any permutation matrix is also an alternating sign matrix. We know 
that the number of nm x n permutation matrices is n!. Robbins and 
Riunsey wanted to know how much larger the number of n x n alternating 
sig. matrices would be. 


1.1 How many are there? 


We let A, denote the number of n x n alternating sign matrices. In 
Chapter 2 we shall see how we can count 7 x n alternating sign matrices 
efficiently. The nuinbers that we get suggest that A, is much larger than 
nl: 
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n, n! An 
1 1 1 
2 2 
3 6 7 
4 24 42 


5 120 A429 
6 720 7436 
7 5040 218348 
8} 40320 10850216 
9 | 362880 911835460 


While 16! = 20922789888000 ~ 2.1 x 10!°. we have that 
Aye = 64427185703425689356896743840 ~ 6.4 x 1078. 


The difference is substantial. Exactly how much faster does A,, grow? 
To answer this. we would like to find a closed formula for A,,. David 
Robbins had the crucial idea that was to enable them to find such a 
formula: . 


When faced with combinatorial enumeration problems, I have a habit of trying 
to make the data look similar to Pascal’s triangle. There is a natural way to 
do this with altcruating sign matrices. One sees easily that every alternating 
sign matrix has a single 1 in its top row. (Robbins 1991) 


We cannot have any —1s in the first row of an alternating sign matrix 
(why not?), which is why there is exactly one 1 in this row. We use this 
observation to split the n x n alternating sign matrices into 7 subsets 
according to the position of the 1 in the first row. For example, if n = 3, 
then there are two matrices with a 1 at the top of the first column: 


1 0 0 1 0 0 

01 0 and 00 1 . 

0 0 1 01 0 
three matrices with a 1 at the top of the second column: 
1 0 
0 


01 0 0 
1 0 0 , 1 -1 1 ‘ and 0 
001 1 


1 
1 0 0 
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and two matrices with a 1 at the top of the third column: 


0 0 1 0 0 1 
1 0 0 and 0 1 0 
0 1 0 1 0 0 


If we define A,,, to be the number of n x n alternating sign matrices 
with a 1 at the top of the Ath column, then we have 


Az = 2, Ago = 3. Az33 = 2. 


We can now construct something like Pascal's triangle in which the Ath 
entry of the nth row is An.p: 


1 
1 1 
2 3 2 
7 14 14 7 
42 105 135 105 42 
A29 1287 2002 2002 1287 429. 


There are two observations about this triangular array that are easy 
to verifv. The first. is that it is symmetric: 


An R = An ntok- 


This follows from the fact that the vertical mirror image of an alternating 
sign matrix is another altcrnating sigu matrix. The second observation 
is that the numbers that run down the outer edge count the total number 
of alternating sign matrices of the previous size. In other words, 


Ana iat Aaya = Ay —is 


If we have a 1 in the first column of the first row, then all other entries in 
the first row and the first column must be zero, and the number of ways 
of filling in the remainder of the matrix is the number of n—1xn-1 
alternating sign matrices: 


By now, Robbins and Ruinsey had drawn William Mills into their 
investigations and had taken the next creative step which was to look 
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at the ratios of consecutive entries in the triangle. After playing around 
with different possible represcutations for each ratio. the following pat- 
tern emerged: 


1 
1 @#2 1 
S 3 3 af 2 
7, D4 14 8/8 14 a4f2 7 
42 2/5 105 7/9 135 9/7 105 5/2 42 
429 2/6 1287 9/14 2002 16/16 2002 14/9 1287 6/2 429. 


The ratios themselves form a curious Pascal's triangle 


2/2 
2/3 3/2 
2/4 5/5 4/2 
2/5 7/9 9/7 5/2 
2/6 9/14 16/16 14/9 6/2 
2/7 11/20 25/30 30/25 20/11 7/2 


with 2/(7 + 1) as the first entry in the nth row. (n + 1)/2 as the last 
entry. and all intermediate entries formed by adding mumerators and 
adding denominators of the two entries directly above it. For example. 


As | 2 A3.2 _ f 
As. 5 A539 


and the second ratio of line 6 is 
A6.2 _ 9 _ 247 
Ag.3 144 549° 


This strange addition of ratios suggests that. the mumerators and de- 
oO 

nominators are each a superposition of Pascal triangles. In fact, once 

we look for it we sce that the numuerators naturally decourpose as 


141 
1+1 L+2 
1l+1 243 1+3 
1+1 3+4 346 1+4 
1+1 4+5 6+ 10 4+ 10 1+5 


1+1 5+6 10+ 15 10 + 20 5+ 15 1+6 


This leads to the following conjecture whose proof is the ultimate object 
of this book. 


Eirercises e 
Conjecture 1 (The refined ASM conjecture) for1l<h <n. 
r-2 n-t 
Anh _ a) a3 a) _ A(2n at fp 1) dl 2) 
eh alte) eee aD 


Mills. Robbins. and Rumsey had no explanation for this pattern in 
the ratios. but they were able to confirni that it persists at least through 
the first twenty rows. If this conjecture is correct. then the value of 
each A,.~ is uniquely determined by A,.,-1when k > 1 and by A,.. = 
eee Ay—1,~- Coujecture 1 is equivalent to the following explicit for- 
mula for A,,... 


Conjecture 2 For 1 <k <n. 


12 


_fath2) yaks (37 + 1)! ; 


The equivalence of these two conjectures will be proveu in Chapter 5 
wlicu we investigate hypergeoinctric series. Coujectuve 2 imples a for- 
wiula, for the number of n x n alternating sign matrices. 


Conjecture 3 (The ASM conjecture) The total number of n x 1 
alternating sign matrices is 


n-l 


s (37 +1)! 
A, = An+i3 = II ta tpl (1.4) 
7=0 


Mills. Robbins. and Rumsey were unable to prove auv of these coujec- 
tures. 


Exercises 


11.1 Show that if V is the coh vector with entries (1.2.3..... nt) 
and if S is the matrix that corresponds to the permmuitation o. 
then SV is the cohinm vector with entries (o(1).0(2)..... a(n)). 

1.1.2. Prove that the product of two perinutation matrices of the same 
size Inust be a permutation uiatrix. 

1.1.3 Prove that if .$ is the permutation matrix for ¢ and T' is the 
permutation matrix for 7. then 7'-.S is the permutation matrix 
for ToT. 


1.1.7 


1.1.8 
1.1.9 


1.1.10 


1.1.11 


1.1.12 


1.1.13 
1.1.14 
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Show by example that the product of two alternating sign ma- 
trices does uot have to be an alternating sigu matrix. 

Fiud the largest subset of the set of n x n alternating sign matri- 
ces that contains the permutation matrices and is closed under 
matrix multiplication. 

The order of a function, f(n), is the greatest, lower bound of 
the set of a for which lim,_... [log |f(m)||/n® = 0. Show that 
Stirling’s formula: log n! + nlogn —n and Conjecture 3 imply 
that, A, has order 2. 


Verify that Conjecture 2 implies both Conjecture 1 and Conjec- 
ture 3. 


Check the simplification in equation (1.2). 


Verify that en. = tay + Cot) satisfies 


l. Chia = 2, 
2. Chin-L = TM. 
ae Chik = Cn-VLk-l ik Cn—1,k- 


Explain why each alternating sign matrix has exactly one 1 in 
the top row. 

What does the Pascal-like triangle look like if we separate per- 
mutation matrices according to the position of the 1 in the first 
row? 

The Mathematica code given below allows you to calculate the 
numbers A[n,k] that satisfy Conjecture 1. An n-line table of 
values is produced by the command ASMtable[n]. What con- 
jecture can you make about the parity of these values? 


Ali,1]=1; 
A(n_,1]:=A[n,1]=Sum[A[n-1,k],{k,n-1}]; 
A[n_,k_]:=A[n,k] 
=((n-k+1) (n+k-2) /((k-1) (2n-k))) Aln,k-1]; 
ASMtable [m_] 
:=TableForm[ Table [Table [A[n,k] ,{k,n}],{n,m}]]; 


Prove the parity conjecture made in exercise 1.1.12. 


Prove that TTj=o + (37 +1)!/(n+ 7)! is an integer for each positive 
integer 7. 
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Figure 1.2. George E. Andrews, 


1.2 Connections to plane partitions 


When you have a conjecture that you cannot prove, you turn to others 
for help. This was the situation in which Mills. Robbins. and Rumsey 
soon found themselves. 


After several months of trying to prove our conjecture about the number 
of alternating sign matrices. we began to suspect that the theory of plane 
partitions might be involved. We called Richard Stanley and told him about 
our conjecture. He startled us a few days later when he told us that, although 
he did not know a proof of our conjecture, he had seen the sequence before. 
aud that it was known to cnumerate another class of combinatorial objects 
which had appeared only a few years earlier in a paper by George Andrews. 
Naturally we headed straight for the library to find out what it was all about. 
{Robbins 1991) 


George Andrews (1979) had been counting descending plane partitions. 

We can visualize a plane partition as stacks of unit cubes pushed 
into a corner as in Figure 1.3, In this example, there are 75 cubes, and 
we refer to it as a plane partition of 75. There are a lot of ways of 
stacking cubes into a corner. If we let pp(m) denote the number of plane 
partitions of n, then 
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Oo con Dor NW Ww 
pc 
OO aA Wr 


ne 
oO 
Or 
= 


75 37.749.732.248.153. 


Actually looking for all possible arrangements and counting each one is 
impractical except for very small values of n. To find the exact value of 
pp(m), we can use a generating function. 

The generating function for plane partitions is the power scries 
whose coefficients are given by pp(n): 


pp(0) + pp(1) q+ pp(2) @? + pp(3)@? +++. 
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To quote Herb Wilf (1994). “A generating function is a clothesline on 
which we hang up a sequence of numbers for display.” The choice of 
q as the variable, rather than x, has historical roots that relate to a 
connection to Fourier series and Jacobi’s theta functions where g is often 
. It is convenient to define pp(0) = 1. The 
one plane partition of 0 is the empty plane partition with no cubes. 
The followmg theorem was discovered by Major Percy Alexander 
MacMahon (1897), although he did not publish a proof until 1912. We 
shall see one proof in Chapter 3 and a different proof in Chapter 4. 


used as shorthand for e277 


Theorem 1.1 The generating function for plane partitions can be ex- 
pressed as 


we 2. 1 
Le = Fg 
= Taos (1.5) 


Equation (1.5) is valid for |g] <1, but we can also think of our power 
series as a formal power series in which we treat it as 10 more than a 
clothesline that satisfies certain algebraic relations that are encoded by 
the product side. Differentiation is among the legal manipulations that 
we are allowed to perform. If we differentiate each side of this equation, 
we obtain the following recursive relationship for pp(n) which we shall 
prove in the next chapter. 


Theorem 1.2 [f pp(n) is the number of plane partitions of n and o2(n) 
is the sum of the squares of the divisors of n, then 


pp(n aay ) pp(n ~ J). (1.6) 


As an example, o2(6) = 1° + 2° + 3? + 6? = 50. The partial table 
given below shows the values of o2(n) up to n = 10 and the values of 
pp() up ton = 5: 


n 0 12 3 4 5 6 FF 8 9 10 
a(n) 1 5 10 21 26 50 50 85 91 130 
pp(n) {1 1 3 6 138 24 


Fignre 1.4. Perey A. MacMahon (left) and Ian G. Macdonald. 


We then have that. 
1 
pp(6) = gl ero 18 + 10-6 + 8l- 84 26-1 450-1) 
= 2288/6 = 48. 


Restricted plane partitions 


Plane partitions appeared for the first time in a paper by Major MacMa- 
hon presented to the Royal Society in 1896 and published in 1897. Percy 
A. MacMahon was born on Malta in 1854. the son of a brigadier-general. 
He attended the Royal Military Academy in Woolwich. became an ar- 
tillery officer, served for five years in India, and saw action on the North- 
west Frontier. In 1882. he returned to the Royal Military Acadenny, first 
as a mathematics instructor and later as Professor of Physics. He re- 
tired from the army in 1898 and worked until 1920 as Deputy Warden of 
Standards for the Board of Trade. From 1904 until his death in 1929 he 
was an honorary meniber of St. John’s College, Cambridge. and spent 
much time there. His two-volume Combinatory Analysis (1915-1916) 
helped establish combinatorics as a discipline in its own right. 
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Figure 1.5. A symmetric plane partition. 


From here on. it will be convenient to describe a plane partition by 
the positions of the unit cubes. We define a plane partition to be a 
finite subset, P, of positive integer lattice points, {(i, j.k)} Cc N°, such 
that if (r.s.t) lies in P and if (1.7.4) satisfies 1<i<r.1<j7<.s, and 
1<k<t, then (7.7.4) also les in P. We define 


Bir.s,th={(.gk)fl <i<rnl<j<s lok <#}. 


In Chapter 3 and again, using a different approach. in Chapter 4 we shall 
prove Theorem 1.1 as a special case of MacMahon’s generating function 
for plane partitions contained in B(r, s. t). 


Theorem 1.3 The generating function for plane partitions that are sub- 
sets of B(r.s,t) 1s given by 


. 2 i+j+t-1 


lero (1.7) 


~weljz= 


Long before he proved this theorem. MacMahon was already conjec- 
turing other generating functions. One of his most notable conjectures 
- one that plays an important role in our story — was an identity for the 
generating function for symmetric plane partitions. plane partitions 
for which (7. j,k) is an element if and only if (7.7.4) is an element. These 
are plane partitions with svmmetry about the x = y plane as shown in 
Figure 1.5. 

In the 1970s, Ian Macdonald recognized that the geucrating function 
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given in Theorein 1.3 can also be expressed as 


1—¢q' J+h-1 
I J — gititk-2° 


Gj) EBOYS.) 4 


This led him to an appealing way of expressing MacMahou’s conjecture 
for symmetric plane partitions. We let Sy denote the group of permu- 
tations acting on the first two coordinates of (7, j.k). This group has 
two clements: the identity which leaves the triple unchanged and the 
operation which interchanges the first two coordinates. We let B/S» 
denote tle set of orbits of elements of B under the action of So. Two 
elements are in the same orbit if and only if there is an element of S» 
that transforms one into the other. In this case, there are only two types 
of orbits: singletons, (i,7,4), and doubletons, (i, /,4) and (7.7.4) where 
iA Jj. If 7 is an orbit, then we use |7| to denote the number of elements 
in 7). 
The height of an element (7.j.4) is defined as the number 


ht(@i. jh) =t+j+k—2. 


The height of the corner position, (1.1.1), is 1, and the height inercases 
by one for cach step away from the corner. The height of an orbit. 
ht (7), is the height of anv one of the elenients in that orbit. 


Conjecture 4 (The MacMahon conjecture) The generating func- 
tion for symmetric plane partitions that are subsets of B(r,r.t) ws given 
by 

] — ght) 


T_qiitGy (LB) 


HE Brit) /Se2 


This particular formulation of the conjecture is due to Macdonald. 
MacMahon expressed this generating function as 


14204k— er | gers itk 2) 


1— 
(THI 7 ae 2 I es 1 — g2tith—2) 


VV ik=1 1<icyper Re) 


The first piece is the product over singleton orbits while the second is 
the product over doubleton orbits. 

This is no longer a conjecture. It was independently proven in the 
late 1970s by two mathematicians who took very different approaches: 
George Andrews (1978) and Ian Macdonald (1979). We shall see a ver- 
sion of Macdonald's proof in Chapter 4. 
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Once MacMahon's conjecture is seen in this format. other possible 
conjectures spring to mind. We can trv to replace Sy with other groups 
of pernurtations on the coordinates 0, j,4). Theorem 1.3 is what vou 
gct vf vou replace Sg with the trivial group that is made up of just the 
identity. In our new notation. the generating function in Theorem 1.3 is 
written as 

1+ht()) 


l-4q 
I i ght) 


nEB(r.s.t) 


There are two other groups that act on these three coordinates: $3. the 
group of all pernmtations, and C3, the group of cyclic permutations 
which consists of 


(ijk) Re Gy Rk) (i Ry) Re hei). and (i. j,k) rR (hi, /)- 


MacMahon had tried (o guess the generating function for plane par- 
titions that are invariant under all permutations of the vertices. what. 
are now called totally symmetric plane partitions in which (7. ),/) 
is an clemeut if and only if each permutation of these vertices yields an 
element of the plane partition, The obvious guess, 


[ — gil tneon) 


1 —qiilit®) ee) 


NEBr) /S3 


is wrong. If we simplifv this product with r as small as 3. we find that 
it is not a polynomial. But MacMahou iissed two conjectures that 
Macdonald spotted. The first is that while the product in (1.9) is not a 
polvnonial, if it were the generating function for totally svmunetric plane 
partitions that are subsets of B(r.r.r). then setting g = 1 would give 
the total nnmber of distinct totally svmunetric plane partitions that are 
subsets of B(r. rir) (including the empty plane partition). Surprisingly, 
even though the generating fwiction is wrong. taking the limit as 
approaches 1 appeared to vicld the right aunber. 


Conjecture 5 (The TSPP conjecture) The total number of totally 
symmetric plane partitions that are subsets of B(r.r.r) is 


L+ ht(y) 
Il rm (1.10) 


HEB PSs 


The second conjectiwe that MacMahon missed is the generating fune- 
tion for cyclically symmetric plane partitions. plane partitions for 
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which (7.7, &) is an element if and only if all cyelic permutations of these 
vertices are also elements. 


Conjecture 6 (The Macdonald conjecture) The generating func- 
tion for cyclically symmetric plane partitions that are subsets of B(r.r,r) 


I 


nEB(r.r.r)/C3 


1s 
1 — ginlG+ht)) 
As eee eis (1.11) 
1 — gintht() 
Conjecture 5 was proven by John Stembridge (1995). In the late 1970s 
and early ’80s there was a great deal of effort expended on trying to prove 
Conjecture 6. Richard Stanley (1981) wrote about it: 


If I had to single out the most interesting open problem in all of enumerative 
coutbinatorics, this would be it. 


Here is where Mills, Robbins, and Rumsey re-enter our story, for be- 
fore the spriug of 1982 they had succeeded in proving Conjecture 6 by 
trying to understand how they might prove their conjectures for alter- 
nating sign matrices. 


Exercises 


1.2.1 Given below is the Mathematica code to calculate pp(n) using 
the recursion of Theorem 1.2. The function ppTable(.V) pro- 
duces a table of values of pp(n) up to n = N. What fraction of 
the values of pp(n) up to m = 100 are even, are multiples of 3, 
5, or 7? Are these numbers consistent with the hypothesis that 
the values of pp(n) are randonily distributed with respect to the 
moduli 2, 3, 5, and 7? 


ppl0]=1; 
ppln_] :=pp[n] 

=Sum[ DivisorSigma[2,j] pp[n-j],{j,n}]/n; 
ppTable[n_]:=TableForm[ Table[{j,pp[j]},{j,0,n}]]; 


1.2.2 Show that the two product formule for the generating function 
for plane partitions in B(r,s,t) are equivalent: 


_ atjtt—-1 1 — qt 
Ill ee giti~ 1 = II = . 


ql j=l (ig, R)EB(r, st) 


® 
> 
N 


1.2.3 


— 


2.8 


1.2.9 


1.2.10 
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The Mathematica code given below finds the geucrating function 
for plane partitions in B(r.s.t). How many plane partitious of 
37 fit inside B(5.5.5)? How does this compare with the total 
uumber of plane partitions of 37? What is the total number of 


plane partitions that can be fit inside B(5. 5.5)? 


PP[r_,s_,t_,q_]:= Expand[Factor[ 
Product[ (1-q7 (itj+t-1))/(1-q* (i+j-1)), 
{i,r},{j,s}]]] 


Prove that there are rt singleton orbits in B(r, r,t) /S2. and Lal t 
doubletorn orbits. 

How many orbits of size 1, 2. 3, or 6 are there in B(r.r.r)/S3? 
How many orbits of size 1, 2. 3. or 6 are there in B(r, r.r)/C3? 
Show that the generating function for svinmetric plane patti- 
tions in B(3,3.3)/S2 shuplifies to 


(1 _ gy = q??) te q!) 
d=gil=¢)(l-9@) - 


Show that the generating function for sviumetric plane parti- 
tions in Bir. r.4)/S> simplifies to 


r Dept -1 D42)4+21 2 


l-y l—@¢ 
I T-pri ig 1 — 22-2 


a Src pcr 


The Mathematica code given below generates SPP(r.t.g). the 
generating fiuiction for svmuuctric plane partitions in Birr. f). 
How many svunnetvic plane partitions of 37 lic inside B(5.5.5)? 
What is the total umber of svunuctric plane partitions that le 
inside B(5.5.5)? 


SPP[r_,t_,q_]:= Expand[Factor[ 
Product [(1-q* (2i+t-1))/(1-q* (2i-1)) , fi, r}] 
Product[ (1-q* (21+2j+2t-2))/(1-q7 (2i+2j-2)), 
{i,r-1},{j,i+1,r}]]] 


Verify that 
1 gh Pay 
J — ginthtap 
yEBIB3.3)/8S, i 
is pot a polvuomual. Why does the generating fimction for to- 
tally ssammetric plane partitions inside 6(3.3.3) have to be a 
polynomial? 
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1.2.11 Prove that Conjecture 5 is equivalent to the statement that the 
niumber of totally svmmetric plane partitions inside B(r.r,r) 
satisfies the recursive formula 


TSPP(0) = 1, 
TSPP(r) = Ilsse3 TSPP(r — 1). 
7=1 


1.2.12 Find the five totally symmetric plane partitions that fit inside 
B(2, 2.2). 

1.2.13 How many totally symmetric plane partitions fit in B(5.5, 5)? 

1.2.14 Prove that. Conjecture 6 is equivalent to the statenrent that the 
generating function for cyclically svimmetric plane partitions in- 
side B(r,r,r) satisfies the recursive fornmla 


CSPP(0O.g) = 1, 
ie ger} pet 1 gt t3i-3 


]—gir-2 AL] gar Barre —lete 


i=I 


CSPP(r. g) 


1.2.15 The Mathematica code given below produces the generating 
function for cyclically symmetric plane partitions m B(r.r.r). 
How many cyclically symmetric plane partitions of 37 lie inside 
B(5.5.5)? What is the total number of cyclically symmetric 
plane partitions that fit inside B(5.5,5)? 


CSPP[0,q_]:=1; 

CSPP [r_,q_] :=CSPP [r,q]=Expand [Factor [ 
(1-q* (3r-1))/ (1-q* (31-2) ) * 
Product [ (1-q* (6r+3i-3)) /(1-q7 (3r+3i-3)) ,{i,r-1}] 
*CSPP [r-1,q]]] 


1.3 Descending plane partitions 


There ts a general technique that we shall sec in Chapter 3 that en- 
ables us to express the generating functions for many different types of 
plane partitions as determinants of matrices with polynomial entrics. 
For cyclically symmetric plane partitions that fit inside B(r.r.r). the 
gencrating function is given by the determinant of an r x r matrix: 


oe fhe too) ¥ 
det iy +a] =e | (1.12) 
oo 1 q = 
j=l 


Figure 1.6. Separating a cyclically symmetric plane partition into sells. 


where 6;, is 1 if i= 7. and it is 0 otherwise, and 


*] [ee (1-q)(1-@g? tj). Age tt) 
pep lee Gee pe lagy 


The empty product (j = 0) is defined to be 1. This rational function 
of q is actually a polynomial when a is a non-negative integer. We shall 
study it in detail in Section 3.1. 

The kev to constructing the generating function for cvelically syimmet- 
ric plane partitions is to separate the plane partition into shells. The 
first or outermost shell consists of those positions im the plane partition 
for which at least one of the coordinates is 1. The second shell is the 
subset of points which are not in the first shell and have at least one 
coordinate equal to 2. In general, the rth shell cousists of those elenients 
of the plane partition for which the mimimal coordinate value is r (see 
Fig. 1.6). 

Each shell must have cyclic svmimetry, and this simply means that 
cach of the tliuee sides of a shell is a copy of the others. Iu other words. 
cach shell is uniquely determined by one of its sides (see Fig. 1.7). We 
can thus uniquely recoustruct our evclically symunetric plane partition 
if we just keep the bottom level of each shell. We can now encode ow 
synnuctric plane partition by describing each level as a weakly decreasing 
sequence of positive mtegers. each integer recording the length of one row 
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Figure 1,7, Removing all but one side of each shell and then restacking. 


in that level. The cyclically synunetric plane partition that we have been 
using as an example cucodes as 


65 5 4°38 
3.2 2 
1 


Because we need to be able to construct a svinmetric shell from each 
level, the munber of ttegers tn each sequence must equal the largest: 
integer in the sequence. By indenting each sequence by one. the condi- 
tion that each shell must fit inside the previons shell is equivaleut to the 
condition that each integer must be strictly less than the imteger directly 
above it. We call such an arrangement of positive integers with each row 
indented. weak decrease across rows. aud strict decrease down colunis 
a strict shifted plane partition. We can view cyclically symmetric 
plane partitions as a subset of the strict shifted plane partitions. 

Andrews was unable to evaluate the detcrininant given in (1.12). so 
he went after an easicr problem. If Macdonald's conjecture were true. 
then it would also be true in the limit as g approachies 1: 


: ere it |7|(1 + hte(y)) 
jefe at s [ =, «ay 
( ‘ ( fol vwj=l In| at) 


neEBlrr.r) /C3 


Andrews was able to prove this. though it took him 33 pages and some 
heavy transformation formule for hypergeometric series. The gencral 
case looked unassailable, at least from this yartage. 
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Figure 1.8. A descending plane partition. 


Something extra 


Though Audrews had fallen short of proving Macdonald’s conjecture. he 
had developed sonie powerful techniques for attacking it and had come 
umich closer than anvone else. As he realized. these techniques were 
applicable to other problems, 

Andrews lad counted the total miumber of strict shifted plane parti- 
tions for which the largest part in each rew equals the number of parts 
in that row. A modification of his argument allowed him to find the 
generating function for what he would call descending plane parti- 
tions. These are strict shifted plane partitions in which the number of 
parts in each row is strictly less than the largest part in that row and is 
greater than or equal to the largest part in the next row (Fig. 1.8). As 
we shall see in Chapter 3. the generating function for descending plane 
partitions in which the largest part is less than or equal to r can be 
written in matrix forni as 


pg 
det [ 6, +¢'7? b 1] 
J q 


Andrews conjectired that this generating function could be written as 
a product. 


Conjecture 7 (The Andrews conjecture) The generating function 
for descending plane partitions with largest part less than or equal to r 
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r—l 
reepy—l 


wag [FE 9 > lq 
det (6, +4 ok = ff ar cS (1.14) 


iy=l isisysr 


Again. he was unable to evaluate this determinant, but the tools that 
had yielded the g = 1 case of Macdonald's conjecture worked on his own 
conjecture. He was able to prove that 


ah & roi ee 
det (4, + beeny = ] eee (1.15) 
j-1 oa 21+ 7-1 

Richard Stanlev received this result in late 1978 or early 1979. roughly 
two years before he heard from Mills. Robbins. and Rumsey about tlicir 
counting problem. He had undoubtedly worked out the first few valiucs 
for the number of descending plane partitions: 1. 2. 7. 42. 429. 7435. 
.... because almost immediately he recognized the counting sequence 
for alternating sign matrices. T leave it as an exercise for the reader to 


verify that the two formule are im fact identical: 


r—l 


ll As a i 9 (1.16) 


* po " . { b 
race 2i+j-—1 a (r+ 7)! 


Andrews had proven that this product counts the total number of 
descending plane partitions with largest part less than or equal to r. 
If Mills. Robbins. and Rumsey could find a one-to-one correspondence 
between the alternating sign matrices of size r and the descending plane 
partitions with largest part. less than or equal to r. then they would have 
a proof of Conjecture 3. The mathematical community is still looking for 
this correspondence. but the directions in whieli it led Mills, Robbins. 
aud Rumsey were extremely fruitful. They were to discover a proof of 
Conjecture 7. and fromm there they were able to prove Conjceture 6. 


The moral 


The insights that Mills. Robbins, and Rumsey were able to obtain would 
not have been possible if Andrews had not decided to use his technique 
on a problem with absolutely no relevance other than the fact that his 
technique would work on it. The only hint that this determinant evalu- 
ation would preve useful is the fact that its product formula is surpris- 
ingly simple. that the solution has what a mathematician recognizes as 
elegance. 
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Looking for symmetries 


Mills. Robbins. and Rumsey were looking for a correspondence between 
alternating sign matrices of size r and descending planc partitions with 
largest part less than or equal to r. It soon became obvious that such a 
correspondence could not be simple. To illustrate some of the problems, 
we list the seven altcrnating sign matrices of size 3: 


1a 6 10 0 
‘ae oo it, 
00 1 0 1 0 
0 1 0 6 2 OD gin 
1 0 0 = a ae 001 
001 f i 6 1 0 0 
001 001 
1 i hs ae 
0 1 0 1 6 @ 


and the seven descending plane partitions with largest part less than or 
equal to three (9 denotes the empty partition with no parts): 


0 2 3 31 32 33 Oe 


The alternating sign matrices are rich in symmetries, but there is 
little apparent symmetry aniong the descending plane partitions. If 
we really have a natural correspondence between these two scts of ob- 
jects, then deseending plane partitions must have hidden symumctries. 
The most promising path toward a natural correspondence starts with 
guesses about what these hidden syimmetrics might be. 

We have another landmark. We know that the position of the 1 in the 
first row of the alternating sign matrix is an important parameter. It 
was in keeping track of this parameter that Robbins and Rumsey were 
able to discover the pattern that led to their conjecture for the number of 
alternating sign matrices. If there is a natural correspondence between 
alternating sign matrices and descending plane partitions, then there 
must be something in a descending plane partition that. corresponds to 
the position of the 1 in the first row. For the descending plane partitions 
with largest part less than or equal to three. we need a natural way of 
separating this set into disjoint subsets of cardinalities two, three, and 
two. Mills, Robbins, and Rumsey made a guess. They subdivided the 
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set of descending plane partitions with largest part less tham er equal to 


r into subsets according to the mmmber of parts of size r. 


Conjecture 8 The number of descending plane partitions with largest 
part less than or equal to r and for which r appears as a part exactly 
k—1 termes is equal to the number of r x r alternating sign matrices with 
alin the kth column of the first row. 


Combining this with Conjecture 2, they inade the following assertion. 


Conjecture 9 The number of descending plane partitions with largest 
part less than or equal to r and for which r appears as a part exactly 
hk — 1 times ts equal to 


r—2 


rtk—-2) Eb 1) TS By + 
( 1 ) (r — ky! I (r+ ay 


=0 


Several things served to elevate their guess to the status of a conjec- 
ture. First. they confirmed it. numerically as far as r = 10. Second. 
they observed special cases in which they could prove it to be true. We 
know that if the 1 in the first row of the alternating sign matrix occurs 
in the first or last coh. then we are simply counting alternating sign 
matrices of the next size down. Lf a descending plane partition las no 
parts of size r or ry — 1 parts of size r (and thus the bottem level is 
filled with the maxinal number of cubes allowed), then we are counting 
descending plane partitions with largest part less than or equal to r—1. 
Third, this conjecture explains one of the hidden symmetries. We know 
that 


Avr = Hg kefele 


If Conjecture 8 is correct, then the number of descending plane parti- 
tions with & — 1 parts of size r is equal to the number of descending 
plane partitious with r—& parts of size r. Fourth, Conjecture 8 unplies 
Conjecture 9 which, at the time it was made. lad no other support- 
ing evidence. When Conjecture 9 was proven to be trac, everyoue was 
convinced that Conjecture 8 had to be true. 


Surprise! 


Mills, Robbins. and Rumsey wanted to prove Conjecture 8. They could 
not. But they did prove Conjecture 9. Their proof emnploved standard 
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techniques of linear algebra, a very siniple simination formula fer ly- 
pergconiettic serics. and a good deal of ingenuity. Conjecture 9 unplies 
Audrews’s result for the total uumber of descending plane partitions, 
equation (1.15). The simplicity ef their proof suggested it might do 
inore. It did. They were able to prove Andrews’s Conjecture 7 for the 
generating fiction for descending plane partitions. In fact. they were 
able to find the generating function for descending plane partitions with 
largest part less than or equal to r and exactly k — 1 parts of size r. 

This emboldened them to look at Macdonald’s Conjecture 6. The 
kev to proving Andrews’s conjecture lad been the recognition that the 
number of parts of maximal allowed size was a critically inpertaut pa- 
rancter. They tried a parallel approach to the generating function for 
evclically svnnnetric plane partitions. It was harder. but it worked. We 
shall see this proof in Chapter 5. 

In retrospect. their suceess is not totally surprising. It is often the case 
that the kev toa good proof especially an inductive proof as this turned 
out to be - lies in kuewing which additional parameters to introduce. 
Tn recognizing the connection between descending, plane partitions and 
alternating sign matrices. they saw that the number of appearances of 
parts of size r was such a parameter. 

Move than the uvuuerical evidence for the refined ASM conjecture 
(Conjecture 1) or even its aesthetic appeal. this application of its fun- 
damental insight to au important unsolved problem convinced every- 
one that the conjecture of Mills, Robbins, and Rumsey had to be true. 
though it gave net the slightest hint of why it should be true or how it 
could be proven. 


A happy ending 


Dovon Zeilberger announecd a proof of Conjecture 3 in December of 
}992. and in the fall of 1995 he discovered a proof of Conjectures | and 
2. The story of the passage from the carly work of Mills. Robbins. and 
Runusey to the nllimate trinmph of Zeilberger will be told in Chapter 6. 
It is a tale of many explorers who fanned out across the lands that Mills, 
Robbins. and Rumuseyv had discovered. The final breakthrough came 
trout Greg Kuperberg (1996b). who discovered the tracks of previous 
explorers: Physicists specifically. these working in statistical nicchanics 

had been here first. They had been studving alternating sign matrices 
for years. onty they had called them “square ice.” 
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Figure 1.9. Square ice. 


Square ice is a two-dimensional arrangement of water molecules. 
H.O., with oxvgen atoms at the vertices of a square lattice and one hy- 
drogen atom between cach pair of adjacent oxygen atoms (see Fig. 1.9). 
Each molecule corresponds to an entry im an alternating sign matrix: 
horizontal iolecules are 1s. vertical molecules are —1s. and all other 
molecules are Qs. In order to get a one-to-one correspondence with al- 
termnating sign matrices, we must restrict our sheets of square ice to those 
with no hydrogen atoms above the top row or below the bottom row. 
The pattern of square ice in this example corresponds to the alternating 
sign matrix 


0 1 0 0 =O 
1 -1 0 1 =O 
0 1 0 -1 1 
0 0 1 0 
0 0 1 0 0 


Physicists are interested in the weighted suis of all possible config- 
urations occurring in vast. sheets of square ice, but Kuperberg realized 
that their methods could be applied to the modest counting problem 
that the mathematicians wished to solve. As we shall sec in Chapter 7. 
while the physicists had not solved the problein of couuting altcrnating 
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sigu liatrices, they had developed the tools that were uceded for the 


final ascent . 


Summary of the fourteen conjectures 


The fourteen conjectures around which this story is woven arc listed 


below for refcreuce. 


Ww 


or 


6. 


~I 


. The fornuila for Ay.4/An4~4+1- Page 7. Posed in Mills, Robbins, 


Rumsey (1983). Proven in Zeilberger (1996b). Proof given in 
Chapter 7. 

The formula for A,,.,.. Page 7. Posed in Mills. Robbins. Rumsev 
(1983). As shown in Section 5.2. this is equivalent to Conjecture 1 
aud thus follows from the proof in Chapter 7. 

The formula for A,. Page 7. Posed in Mills. Robbins, Riunsey 
(1983). First proven in Zeilberger (1996a). Next proven in Ku- 
perberg (199Gb). This is a special case of Conjecture 2 aud thus 
also follows frou the proof 11 Chapter 7. 


. The generating function for svimuctric plaue partitions. Page 14. 


Posed tn MacMahon (1899). Independently proven in Andrews 
(1978) and Macdonald (1979). Proof given iu Section 4.3. 

The number of totally svmunctric plane partitions. Page 15. 
Posed by Macdonald. Proven in Stenthridge (1995). Proof not in 
this book. 

The generating function for cyclically svinmetric plane partitions. 
Page 16. Posed in Macdouald (1979). Proven in Mills, Robbins. 
Rimusey (1982) as a special case of a general result that also 
iuplies Conjectures 7 aud 9. Proof given i Section 5.3. 

The generating finiction for descending plaue partitious. Page 21. 
Posed in Andrews (1979). Proven in Mills, Robbins. Rumsey 
(1982) as a special case of a general result that also inrplics Con- 


jectures 6 aud 9. Proof given in Sectiou 5.3. 


. The descending plane partition- ASM correspoudence. Page 24. 


Shown in Mills. Robbins. Rumscy (1982) to be equivalent to Con- 


jectures 1 and 2 and thus follows fron: the proof in Chapter 7. 


. The descending plane partition fommula. Page 24. Posed and 


proven in Mills. Robbins. Ruinsey (1982) as a special case of a 
general result that also implies Coujectiwes 6 and 7, Proof giveu 
in Section 5.3. 
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10. The refined descending plaue partition ASM correspondeuce. 
Page 193. Posed in Mills. Robbins, Raunsey (1983). This cou- 
jectaue is still wuproven. It nuplies Conjecture 8 and thus also 
Conjectures 1 and 2. 

11. The 3-count of ASMs. Page 193. Posed in Mills. Robbins. Ruim- 

sey (1986). Proven in Kuperberg (1996b) as a byproduct of his 

proof of Conjecture 3. Proof uot given in this book. 

12. The TSSCPP ASM correspoudence. Page 195. Posed in Mills. 

Robbins. Rumsey (1986). Shown in Andrews (1994) to be equiv- 

alent to Conjecture 3. Follows from the proof in Chapter 7. 


13. The orbit counting generating function for TSPPs. Page 200. 
Independently posed by Andrews and Robbins. This conjecture 
is still unproven. It implies Conjecture 5. 


Lt. The gog magog correspondeuce. Page 218. Posed in Mills, Rob- 
bins. Rumsey (1986). Proven in Zeitberger (1996a). As a result 
of Andrews (1994). this conjecture implies Conjectures 3 and 12. 
Proof not given in this book. 


Exercises 


1.3.1 9 For each of the following strict shifted plane partitions. find the 
corresponding cvelically svnimictric plane partition: 


a oe a 
% o 1. 

1 
b 5G 43 2 
4 5 % 1 

2 1 

‘ a a a oe ee 

5 5 } 3 
49 11 


1.3.2. For cach of the following cyclically symmictric plane partitions. 
find the corresponding strict shifted plane partition. 
a 3 3 2 
B 3 2. 


1.3.3 
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b 5 + 3 3 38 
5 4 3 9 
5 3.3 
5 2 | 
ae A 
¢ fod 4 4 3 7 i 
& 4 4 4 
a ae a 
Lt 4 4 4 
ee aaa 
1 
1 


Without actually constructing the cyclically svmmetric plane 
partition. find the munber of cubes in the cyclically syminetric 
plane partitions that corresponds to each of the following strict 
shifted plane partitions: 


a 4 3 3 1 
2 2 
1 
b 7 765 4 4 3 
644% 5 8 
a3 8 
2 | 
¢ 100998 88754 4 
{ 7 F @ H UY A 
6% & 6 8 2 
dd 4 3 
ae | 
if 


Find a general rule to determine the total number of cubes in 
a cyclically symuietrie plane partition that corresponds to a 
strict shifted plane partition with * rows and whose jth row 


IS @yy Qpyad oe Apr, Where rv) = a;j,;- 


Prove that 
| per fot 
| =] +¢q ‘ 
Jia Lams J iy 


This enables us to define the Gaussian pohnomial recursively: 


1.3.6 


1.3.7 


1.3.9 


1.3.10 


1.3.11 


1.3.12 
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GP[a_,0,q_] = 1; 
GP[a_,a_,qg_] = 1; 
GPla_,j_,q_] := GPla,j,q] 
= Expand[GP[a-1,j-1,q]+q7j GP[a-1,j,q]] 


Find the Gaussian polynomials when @ = 4. 5. and 6. What 
conjectures can vou make about properties of Gaussian polyno- 


: “| (5) 
lm | .| =([ . }. 
ali], \G 


Use Mathematica to evaluate the determinant in equation (1.12) 
and verify that it agrees with the product representation of 
the generating function for cyclically symmetric plane partitions 


mials? 


Prove that 


when 7 is less than or equal to 6. 

Use Mathematica to evaluate the determinant in equation (1.14) 
and verify that it agrees with the product representation of the 
generating function for descending plane partitions when r is 
less than or equal to 6. 


Prove that. for all r > 1: 


ll sake et | pe 
een = —. 
iaeae et ee args! 


Find the fourteen descending plane partitions with parts less 
than or equal to 4 and exactly one part of size 4. 

Given a descending plane partition with parts less than or cqual 
to r, if we remove the first row. we are left with a descending 
plane partition with parts less than or equal to r ~ 1. We shall 
call this a stripped descending plane partition. It is a 
descending plane partition that could have been obtained by 
removal of the first row of a larger descending plane partition. 
Show that there are descending plane partitions that are not 
stripped. Describe necessary and conditions for a descending 
plane partition to be stripped. 

Find the alternating sign matrix that corresponds to the square 
ice pattern 
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1.3.13 Find the configuration of square ice that corresponds to the 
alternating sign matrix 


0 


oo OF 


ors & 


oo rgd oO o 
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In 1875, the Johns Hopkins University, at Baltintore, was founded. and the 
Trustecs sought the advice of the president, Daniel C. Gilntan, in the selection 
of the professorial staff. He replied “Enlist a great) mathematician and a 
distinguished Grecia; your problem will be solved. Such men can teach in a 
dwelling-house as well as in a palace. Part of the apparatus thev will bring: 
part we will furnish. Other teachers will follow them.” Joseph Henry also 
advised that liberal salaries should be paid and the best mien in the world 
secured. He brought Sylvyester’s name prominently forward, and finally the 
latter was offered the post. of Professor of Mathematics. ... 

[Sylvester] found the conditions ideal. While uot being overburdened with 
routine work. le was surrounded by able assistants and talented pupils only 
too eager to aid him in his profound original work or to catch inspiration frem 
his lips. The mathematical staff was indeed very strong. including men of such 
capacity as Thomas Craig, W. E. Story, and Fabian Franklin, Sylvester's first 
class consisted of but one student, G. B. Halsted. This gentleman. since well 
known in science, had the most. beneficial effect upon his master, for it was 
owing to his enthusiasm and persistence that Svlvester’s attention was again 
called to the Modern Higher Algebra and the Theory of Invariants, anc a fruit- 
ful crop of new discoveries was almost the immediate result. Others. including 
Franklin, Durfee, Ely. and Hammond in Englancl joined in the investigations: 
a school of mathematics was founded; and the American renaissance in math- 
crnatics was au accomplished fact. 


P. A. MacMahon (1898) 
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l sent to the Comptes Rendus two or three days ago mv proof of the wonder- 
ful theorein (discovered by observation) [on] partitions of n into odd munbers 
and its partitions into unequal numbers. Fraiklin. Mrs. Franklin. Story, Hath 
away. Ely. and Durfeet were all at work trying to find the proof but 1 was 
fortunately beforchand with the theory and the only one in at the death. 


— J. J. Sylvester to Arthur Cayley (1883) 


Major MacMahou’'s investigations of plane partitions had grown out of 
his interest in ordinary partitions. representations of ai integer as a sun 
of positive integers. These have a rich heritage going back at least to 
1696 when Gottfried Wilhelm Leibinz wrote to Jean Bernoulli asking 
whether he knew how to enumerate the number of wavs of writing a 
positive integer as a sum of oe or more positive integers. The wurnber 
» can be expressed in seven different ways as 


» 441, 342, 34141, 24241, 2414141. or 141414141. 


These are the partitions of 5. The reason for Leibniz’s interest is that 
every homogeneous svmunetric polyuomial of degree five in at least five 
variables is a linear commbinatiou of seven basic polvuomials that are 
described by these seven partitions. He was interested in symmetric 
polvnonials because they are the kev to determining when the roots of 
a polynomial can be expressed as a simple functiout of its cocficieuts. 
Svunuetric polynomials and partition theorv are two of the basic 
themes that run through all aspects of the storv of alternating sigu 
matrices. MacMahon'’s work ou plane partitious would eventually feed 
} Except for William E. Story. who was an associate professor. these were Sylvester's 
graduate studeuts at Johns Hopkins: Fabian Franklin. Christine Ladd Franklin, 
Artliur Safford Hathaway. George Stetson Ely. and William Pitt Durfee. 


t That is to say. a fornmia in the coefficieuts involving, oly the four basic operations 
of aritlinretic plus the taking of square roots. 
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into Alfred Young’s investigations into the representation theory of the 
svmimetric group. itself a direct successor of the study of syininetric poly- 
nomials. A symmetric polynomial in the variables 2;..rg..... iy isa 
polynomial that is unchanged under any permutation of these variables. 
For example, 


f(a.y.z) = eyta?pP ta?yztarzta?2? + a2? + cy’z 


+ yz? + ee + yz + yz + yz" 
is asymmetric polynomial in x, y, and z: 


F(a.y.2) = Fly.2. 2) = fly.2.2). 


A homogeneous symmetric polynomial is a symmetric polynoinial 
in which each monomial has the same degree, That is to say, the sum of 
the exponents is the same in each monomial. Our example is the sum 
of a homogeneous polynomial of degree three: 


ey a eee ry? + re + yz + yz". 
and a homogeneous polynomial of degree four: 
ry? + av yz + rz? + ry? z + rye” + yz’. 


Once we know the first term of the homogeneous polynomial of degree 
3, there are lo surpriscs. Each of the other terms must be there if 
this polynomial is to he symmetric. For the homogeneous polynomial of 
degree four, everything is determined by the first two terms: x?y? and 
eye, 

Given a weakly decreasing sequence of non-negative integers, A, > 
Ag > ++) > XA, > O. we define the monomial symmetric function, 
My, .Ag.....d,,): tO be the smallest symmetric polynomial that contains the 
monomial x}"23? -- ad. We can now write our example very succinctly 
as 


f(a, y. 2) = may + M2,2) + Mara: 


If we have at. least five variables. then there are seven monomial sym- 
metric functions of degree five, one for each of the partitions of 5: 


= 5 5 
Ms) = ry tito tece. 
4 
Maa) = Lyla terre. 
32 
mga) = Myrg+resrs, 


peter 
Mya) = FpVar3 pr. 
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Zed varn oe 
MQ FF Up toryrs aes: 
Mada) FS Piva ges 


The space of homogeneous svnunetric polvnomials in 2 variables las a 
lincar basis given by the monoimial symmetric functions indexed by the 
partitions of 7. 


2.1 Generating functions 
So far as we know, Jean Bernoulli never gave Leibniz a good answer. 
It was Leonard Euler in the 1740s who discovered an efficient way of 
calculating p(m), the mmmuber of partitions of 7. His starting point is the 
gcucrating function for partitions: 


a 
1+ 5° pln)? = 14+ q+ 29? +397 +59) + 79? $e 
n=! 
We define p(0) = 1: the enrpty partition is the one partition of 0. 
This generating function cau be written as an infinite product: 


x x 


1 
no 
‘lode = Tae 


k=) 


lal <1. (2.1) 


es 
To sec how this product arises. we begin with a different generating 
function. If we expand 


CEP eye Pil By SS ee ee? Fe ek re, 


the coefficient of g” will be the number of ways of expressing n as a sum 
of distinct integers from the set {1.2,3.....:}. If we want to allow up 
to three repetitions of any of these integers. then the generating function 
is given by 


d+q4+@?4+@P) 1497+ 4+e)d+P+P+¢) er Cpe gy), 
If we want unlimited repetitions, eacli of the sums in parentheses be- 
comes infinite: 

(L+ytq?+: : Ng? ep ee ‘ jit eg -+)o+(14q™ ig? &. +), 


We now restrict ¢ to have absolute value less than 1 so that these series 
converge.f Since each infinite sum is a geometric series. we can simplify 


T Strictly speaking. this is not necessary since we cau treat them as formal series for 
which }+ q+ 97 +4? +->- is defined to mean 1/(1 — q). 
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Figure 2.1. The pentagonal numbers. 


(his: 
l 1 1 1 
l-gl-g@1l—@ 1l—gqi 


Tlis is the generating function for the number of ways of writing au 
integer as a sum of integers from the set {1,2.3,....m} with unlimited 
repetitions allowed. If we want to expand our set to include all possible 
integers. we necd to take an infirute product. 

At this point, Euler made a critical observation. If we expand the 
reciprocal of the generating function, we get a very mteresting power 
series: 

x 
[[a-@) a ogee? ar ey age al het ee Ogg 
k=l 


The coefficients appear to be alwavs 0. 1, or ~1, and most of thent are 0. 
Furthermore. the powers of g with non-zero coefficients appear to come 
in pairs that each time are one further apart. and the first power in cach 
pair falls into a sequeuce that Euler knew very well: 


These are the pentagonal numbers. The mth pentagonal muuber is 
the number of dots in a pentagonal arrangement with rn dots ou a side 
(sce Fig. 2.1). The rth pentagonal mumber is m(3i — 1)/2. 
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Theorem 2.1 (Euler’s pentagonal number theorem) 


x x 
[[u _ qh) eae ere Ss” a” ae 1)/2 ahs Ge ie: : (2.2) 


k=) ms 


We shall postpone the proof of this theorcim to Section 2.2. One of the 
reasons this theorem is hnportant is that it gives us a recursive fornia 
that cnables us to calculate p(r) cfficiently. 


Recursive formula for counting partitions 
If we mnitiply the left side of equation (2.1) by the right side of equa- 
tion (2.2). we get an infinite product times its reciprocal. 


so << 
(Seoima"] ( 4 So (-))” es ee) =e 


n—0 mal 
(2.3) 
When we multiply two power series. we get 
x x x 
n m ars 
) Qn | ) by g = ) OV q. 
n=0 m=aQ t=0 


where ¢, = eyby + a¢_yby + a¢_obg + +++ + ayh;y. The coefficicut of g’ on 
the left-hand side of equation (2.3) is 


(+50 yr p(t — m(3m — 1) )/2) ) + pt = mf (31 + 1)/2)]. 
m>)1 


We define the nuniber of partitions of a negative integer to be zero and 
take the sum over all values of rm for which the suimniand is not zero. 
The coefficient of g! on the right-hand side of equation (2.3) is zero for 
all f > 0 


pll)= Soi- Ly"? [p(t — (3m — 1)/2) + p(t — (3m + 1)/2)], t > 0. 
mo. 
(2.4) 
We know p(n) for 0 < » <5. To find p(6) through p(12). we use this 
recursiye formula: 


p(6) = p(5) + p(4) — pQ) 
ee Pak adit 
PIT) = p(6) + p(5) — p(2) — p(0) 


= 1147-2-1=15. 
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p(8) = p(T) + p(6) — p(3) ~ pd) 
= 15411-3~-1= 22, 


p(9) = p(8) + p(7) — p(d) — p2) 
= 904 he GeO 80, 


p(10) = p(9) + p(8) ~ p(5) — p(3) 
= 304+22-7-3= 42. 
pQl) = p10) + p(9) — p(6) — p(4) 
= 424+30—-11-5=56. 
p(l2)) = p(1l) + p(10) — p(7) — p() + p(0) 


= 56442-15-741=77. 


Another use for generating functions 


Ewer realized that generating functions cowd do more than give recur- 
sive foruuile: they could also be used to prove that two sets lad the 
same cardinality. Consider the sct of partitions of 7 into odd parts. For 
n= 5, there are three partitions: 


» 3+141. and 141414141. 


The generating function for po(n). the number of ways of writing n as 
a sum of positive odd integers. is 


~ 1 1 1 
1 vo(n) gt = ee 
We now manipulate this gencrating function. The following steps can 
be justified by taking finite products and then passing to the limit: 


it 1 1 - 1 1-7 1 #1-¢q 1° + 1-¢% 
l-qi-gi-¢ ~. Pegler sghi=agi lage b= 
wl goil-¢ 1-¢ 1-¢@ 
= yoo 


l-q 1-@ l-q l—-¢| 
(l+gQl+@)Q+@)+¢")--- (25) 


lI 
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We have already seen that this last product is the generating function 
for the number of partitions of n into distinct parts. pp(27): 


+gl+@?)d+@)l4+qt)---= eae n) 


n=l 


It. follows that 


1+ Y pom nj eS ae 


n=1 


and therefore we have proven the following theorem. 


Theorem 2.2 The number of partitions of n into odd parts is equal to 
the number of partitions of n into distinct parts: 


po(n) = pp(n). (2.6) 


We have seen that po(5) = 3. There are also three partitions of 5 into 
distinct parts: 


5. 441. and 342. 


Extensions and generalizations 


This is our first complete proof. It provides us with an opportunity to 
reflect on what has been accomplished. I hope that you now believe 
that partitions of n into odd parts arc ecquinumerous with partitions 
of 7 into distinct parts, but I probably could have convinced you with 
overwhelming numerical evidence. What is more significant. is that you 
have seen a technique that is easily gencralized. What happens if we 
take a finite product, 


nn ene a ee = 
l—gq 1 —-g 1 — g2m-} (1 — g™t1)(1 — g@*?)--- (1 — q?™) : 


Corollary 2.3 The number of partitions of n into odd parts less than 
or equal to 2m — 1 is equal to the number of partitions of n into parts 
less than or equal to 2m for which the parts must be distinct if they are 
less than er equal to im. 


What happens if instead of omitting even parts we omit multiples 


of 3. 
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1 1 1 1 


ql-gl—-gl-@¢ 1 go 


1-9 1-¢ 1-4? 1g? 


l-q l-q 1-g¢ l—¢ 


= (l+qt+@)1+P¢¢q) 14+) lte +e)? 


Corollary 2.4 The number of partitions of n auto parts not divisible by 


3 18 equal to the number of partitions of 1 in which each iuiteger appears 


at most twiee. 


What happens if we ont multiples of d? 


In the next section, we shall see a very different proof of Theoren 2.2 


that has its own exteusious and generalizations. 


2. 


1.1 


1.3 


Ll 
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Exercises 
Prove that if flr.y.2) = f(ya.t) = fly zr), then f is sym- 
uietvic dna, ye atid 2. 
If we lave three variables. how many distiict wonomial svin- 
metric fictions of degree five are there? How many distinct 
monoiial svinmietric functions are there of degree six in three 
vatiables? 
Find and prove a formula for the munber of distinct monouial 
svmunetric functions of degree n in two variables. 
Find and prove a formula for the uumber of distinct moucuial 
svmniuetric functions of degree v7 in three variables. 
Let ap) be the amunber of ways of rolling #& distinct dice to 
ect a total of 7. For example, @.(2) = 1. @2(3) = 2. ay(4) = 
Deeg @2(12) = 1.) Explain why the geuerating finctiou for 
dy(27) is equal to (a — eT )F/( — x). 
If we use dice iu which cue side has a 1. two sides have 2. and 
three sides have 3. find the geucrating function for the number 
of wavs of rolling v7 usiiug -& dice. 
Write down all the partitious of 6. Write down all the partitious 
of 10 into distiiet parts. Write down all the partitious of 10 into 
odd parts. 


Write a prograw that will list all partitious of a. 


2.1.10 


2.1.12 


2.1.14 
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How many dots do vou have to add to a pentagou with a: — 1 
dots on a side to get a peutagon with m dots on a side? Prove 
by induction that the ath pentagonal namber is 77(32.— 1)/2. 
Let j and fk be two positive integers. Show that 
BPA = 3h? +k 
, a: 


if aud only if j = k. You need to verify this when you have a 


plus sign on both sides or a minus sign on both sides. Show 
that if vou haye a plus sigu on one side and a minns sign on the 
other. then you cannot have equality. 
Write a program that uses the recursion iu equation (2.4) to find 
the number of partitions of 7 for all n < 100. Use this table to 
conjecture a sufficient condition for p(77) to be divisible by 5. 
Let £(7) be the mumber of parts in 7, called the length of 7. 
Let. |z} be the sum of the parts in 7. Let Pp be the set of 
partitions into distinct parts. Prove that 

(Q-nad-rya—rye = SD Evlm¢. 

TEP D 


Let P be the set of all partitions. Prove that 


: L(x) gle | 
(1—~ tx)(1 ~ te?)(1 Tere ul as 


TEP 


The following Mathenatica command, ModProd[1,m,n], pro- 
duces the terms up to q” of the expansion of [[(1 — ¢’) where 
J is restricted to lic in one of the residue classes in the set | (of 
positive integers) modulo m: 


ModProd[1_,m_,n_] := Series[ Product[ 
Product [1-g* (1[ [i] ]+m+t), 
{i,Length[1]}],{t,0,n}],{q,0,n}] 


Evaluate ModProd[{1,3,4},4,n] for various valucs of nm and 
conjecture a sunnnation formula for [[(1—q’). ¢ > 1.7 #2 
(nod 4). 

Find other sets of residue classes for other moduli for which you 
cal conjecture summation formule. 

Explain why the coefficient of g’ in Ij.0 — gq’) is equal to 
the number of ways writing n as a sunt of an even number of 
distinct positive integers minus the number of wavs of writing 
nas a stun of an odd uunber of distinct positive integers. 
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2.1.17 Prove that for any integer d > 2, the number of partitions of 1 
into parts not divisible by d is cqual to the number of partitious 
of n in which cach integer appears less than d times. 


2.1.18 Prove Theorem 2.1 by proving that ifn = 6j?+j for some integer 
j. then there is onc more representation of n as a sum of an even 
number of distinct positive integers. If n = (27 + 1)(3j +1) for 
some integer 7. then there is one more representation of n as a 
sum of an odd number of distinct positive integers. And in all 
other cases, there are the same number of representations. 


2.2 Partitions 


James Joseph Sylvester (1814-1897) was one of the most influential 
mathematicians of the nineteenth century. Although he attended Cam- 
bridge. he was not permitted to reccive his degree because he was Jewish 
and therefore unwilling to embrace the thirty-nine articles of the Church 
of England. For the same reason. he was unable to teach in any of the 
chartered universities. but gained employment at University College in 
the University of Loudon which had just been founded. largely to provide 
educatiou for English Jews, Catholics. Unitarians. and other dissenters. 
He received his MA from Trinity College, Dublin. in 1841, then went 
to the University of Virginia for a few turbulent months. Returning to 
England, be worked as an actuary, passed the bar in 1850, and in 1855 
began teaching at the Roval Military Academy in Woolwich. Forced into 
retirement at the age of fifty-five, he began a fresh career at Johns Hop- 
kins University. In 1883. he once again returned to England to becoine 
Savilian Professor of Mathematics at Oxford. 

Sylvester was responsible for much of matrix theory — mecluding the 
coining of the mathematical term “matrix” in 1850 — as well as for much 
of the invariant theory that would eventually lead to results such as those 
on Schur functions which we sliall sce in Chapter 4. But our interest in 
Sylvester rests on his work in partitions, especially what he accomplished 
in his unconventional memoir ~A Constructive Theory of Partitions, 
Arranged in Three Acts. an Interact, and an Exodion” (1882). We shall 
examine a bijective proof of Theorem 2.2 that comes from this paper 
and which will lead us into a proof of Jacobi’s identity. This paper is 
pure Sylvester in its exuberance and indulgence in flowery oratory. It 
is the fruit of a seminar he taught at the newly founded Johns Hopkins 
University. and contributions from his students weave in and out of the 
expositiou. 


Figure 2.2. James Joseph Sylvester (From the Ferdinand Hamburger. Jr 
Archives of the Johns Hopkins University). 


There are many natural bijections between partitions into odd part: 
ruid partitions into distinct parts. In exercise 2.2.6. we shall see a dif 
ferent bijection that was published by James Whitbread Lee Glaisher 
a Caaubridge mathenatician, in 1883. Glaisher is remembered for his 
work on represcutations of an integer as a sum of squares. Among his 
popular accomplislinents was the solution of the n queens problem: Ir 
how many ways can n queens be placed on an n x 1 chess board so thai 
ho two attack each other? 


Ferrers graphs 


Norman MacLeod Ferrers (1829- 1903) was a Fellow and Tutor of Gon: 
ville and Cains College. Cambridge. He became Master of the Colleg: 
in 1880 and Vice-Chanccllor of the University in 1884. Better knowi 
as a teacher aud administrator than as a research mathematician. lic 
nevertheless did important work on spherical harmonics. In the 1850s 
he wrote to Sylvester with a simple proof of an observation made bi 
Euler. that the number of partitions of 7 into exactly m parts is equa 
to the number of partitions of 7 whose largest part is n7. For example 
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there are four partitions of 7 into three parts: 
O+tl4]1. 44241. 34242. and 34341. 
and there are four partitions of 7 whose largest part is 3: 
3414141. 3424141. 34341, and 34242. 


If we represent cach part as a row of dots, the first set of partitions is 


The second set. of partitions consists of 


Each partition in the second set is the reflection across tle main diag- 
onal (ruming northwest to southeast) of the partition that lies directly 
above it. Tn general, if we take a partition with exactly m parts and re- 
fleet it about the main diagonal. we get a unique partition whose largest 
part is rm. and vice versa. This establislies a one-to-one correspondence 
between these two sects of partitions. 

Such diagrams are called Ferrers graphs. and tlie act of reflecting a 
Ferrers graph across the main diagonal is called conjugation. 

What we have just seen is a proof by exanrple, oue of the most prim- 
itive and unreliable and yet appealing methods of proof. Any proof by 
example relies on the acceptance that the example is truly generic. In 
this case, we must be convinced that for amy m and for any partition 
into exactly m parts, tls process that we have called conjugation will 
always produce a well-defined partition with largest part m, and that 
conjugation is uniquely reversible. Our next proof is another proof by 
example, but one of greater subtlety. 


Sylvester’s bijection 


To get Sylvester's bijection between partitions of 7 into odd parts and 
partitions of 7 into distinct parts, we start with a partition into odd 
parts and modify its Ferrers graph so that tle central dots in each part 
all lie in the same column. For example. we represent tle partition 
74+74+54543414+141 of 30 as 
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We now draw an angled line up the center column to the top row and 
then over to the right. The dots on this line represent the first part in our 
vurtition into distinct parts. There are eleven of them. For the second 
vat, we draw a line up the column to the left. of center to the first row 
and then ever to the left. This gives us seyen as our second part. For 
the third part. we go up the columm to the right of the center as far as 
he second row (so that we do not go through any dot twice) and then 
over to the right. Our third part is six. We contimie alternating sides 
of the center column, taking the closest column to the center which has 


rot vet been counted, drawing a line ip to the highest row which is not 
vet completely taken. and them nioving off to the left or right. depending 
ou which side of the central column we are on. 


fo oe ee 11 
4 ¢ 6 
¢ 2 
e 
® 
° 
ry 
6 


This gives us the partition 11+ 7+ 6+ 4+ 2 in whieli the parts are 
disttnet. To sce that this really is a bijection. we need to explain how to 
reverse this process. Given a partition into ft distinct parts, 


1. if fis odd, then the smallest part corresponds to a column of dots 
on the right, 

2. if f is even, then the smallest part corresponds to a row of dots 
on the left, 
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3. cach time we represent a part by an angle of dots om the right. 
the next larger part 1s represented by an angle on the left with a 
colinm of dots that is one longer than that of the colimim that 
has just been placed, 

4. each time we represent a part by an angle of dots on the left, the 

next larger part is represented by an angle on the right witl: a 

row of dots that is one longer than that of the row that has just 

beer placed. 


This establishes the bijection. 

The field of contbinatorics is sufficiently new and yaried that there 
are many iistances where proof by example is still the best proof avail- 
able. While more rigorous proofs can be given. they begin to obscure 
the simple patterns and relationships that the proof is intended to illu- 
mimate. As Sylvester gave his bijection and as I have recreated it here. 
the proof is sketchy. You should be skeptical. The exercises at the ene 
of this section will give vou the opportunity to play with this bijection 
and convince voiuself that it is. nideed. gencric. 


The triple product identity 


Carl Gustav Jacob Jacobi (1804-1851) will make several contributions 
to our story. Like Sylvester, he was Jewish. He went to the Univer- 
sity of Berlin where he graduated in 1824, but in order to obtain an 
acadeinic position he chose to convert to Christianity. Like Sylvester, 
Jacobi was instrumental in the development of matrix theory and the 
invariant analysis that accompanies it. Also as with Sylvester, we shall 
begin by looking at a different but not unrelated subject on which he 
worked: in this case, elliptic functions. 

In the eighteenth century, many mathematicians had wrestled with 
integrals of the form 


asf 
o Vat) 


where p and gq are polynomials and qg has degree three or four. The arc 


u(r) 


length of a portion of an ellipse gives rise to one of these mtegrals. hence 
the name elliptic integral. Adricn-Maric Legendre did a great deal of 
preparatory work on their evaluation. but in the 1820s it was two young 
mathematicians. Gustav Jacobi and Nicls Henrik Abel. who discovered 
the critical insight that one must treat ras a complex variable and then 
look at the inverse function. .. as a fiurction of u. In 1829. Jacobi traveled 


Fignre 2.3. Carl Gustav Jacob Jacobi. 


Paris to meet Legendre and the other Parisian mathematicians, stop- 
ag off in Gottingen to talk with Gauss. In the same year, he published 
3 great treatise on elliptic functions. Fundamenta nova theoria func- 
mum, ellipticarum. Euler’s pentagonal mimber theorem, Theorem 2.1, 
a special case of at identity that Jacobi presented. proved, and used 
his thesis. the triple product identity. 
We begin with an infinite product. 
ox 
iit + ag”) (1 + tah) 
k=1 
= (1+.2xq)(1+.2q7)(1+ 2q°)>- 

<a 0 ta gd pa le) 


f(x) 


us ifinite product converges when |g] < 1. It can be expanded as 
Laurent series in x, which meaus as a power series in which both 
sitive aud negative powers of 2 appear. The coefficient of each power 
wv will be a finction of g: 
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The svmmetry of this function tells us a great deal about these coel 
ficients. In particular. we have that 


flrq = (tre) tre) 42g) 
Ca a Gh eae cha Sa) 
1 gt = | 
= oe teers Xx (1 + rq (i + rq’)(1 ree eee 
x (is ec oe TG pap). 
= rig? fz). 


From this equation. it follows that. 


x x 


Ayr gq” = fi gf O hge 


ASS: uae xX 


If we conzpare the coefficients of xr” on each side, we sce that 
eo ome 
Gnd = (im 4t- (2.8) 
If we know ay. theu we can find ea, when n is positive: 
= eaai Oia? Cnet it Mi et 1G 
ay, = dag. a2. = gra; =—_7ag. a3 = |garg=— qa. 
oon HR B+ sn — nine) /2 
dy =F On-1 = ¢ cage uv ay. 
We can also find a, when no is negative by rewviting equation (2.8) as 
a wae . 
Qn-1 = Cyt 
ae eee er a = ae 
ay =| dy = ag. diy = Ya_; = gag. GG 3S |e» Yay. 


——— grata 14+2+--4(n—1) 


es = Dy 
pe (=n )=n+1)/ 


ag = “CQ. 


Putting this all together. we find that 


x 


flr) =ag s gi (2.9) 


kw, 


Finding «y 


All that is left is to find ag, which we kuow is a fiction of g. It is the 
coefficient of x° in the expansion of the infinite product 


(L+aqgU + rg?) +.rq°) (Ltn (ht fay t+ wolyryee 


hi other words. ag consists of those ternis in whieh the powers of 
cancel. Le will be a power serics iu g iu which the coefficient of g’” is the 
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number of ways of getting ag’ by takiug distinct terms. org’. from the 
first infinite product and an equal wunber of distinct terms. 7! ¢!. from 
the secoud. infinite product so that the sun of the powers of q equals a. 
As au example. the cocfficient. of g? in ag is 3: 
: _ : : 7 E = 2 3 
rp xet=aq@. re xargs. «rqxwte=adq 
‘The coefficient of gt is 5. There are four ways of getting gt by taking 
one term froin the first infinite product aud one term fron: tle secoud 
infinite product. In additiou, we cau take the first two terms from cach 
of the infinite produets: 


1 


gq X rg? Xo Xr “q=q 


The following leunna summarizes this technique for calculating the co- 
efficients of g tn ag. 


Lemina 2.5 The coefficient ag(q) is @ power series in q: 


eo 
mm 
ay = ; bing’. 
) 


nit 


where Dm is the number of ways of representing am as a sun of distinct 
clencents from the set {1.2.3....}. plus an equal number of distinct ele- 


If we work out the first few coefficients. we see that. 
ipo ghee? 2 3 3G tae es, 


Bs now. this series should be familar, at least sig Prost hig the following 
lohuna,. 


Lemma 2.6 The coefficient of ¢ in ag(g) is the number of partitions 
ofan. 


Proof: We need to show that the mnuber of partitions of 7 is always 
the same as the wamuber of wavs of representing mm as a stan of disthact 
positive iutegers phis an equal wmnuber of distinct non-negative mitegers 
nother words. we allow up to one 0). The Ferrers graph of the partition 
shows ais liow to do this. We draw a diagoual line just below the dots 
wong the main diagonal. The lengths of the rows to the right of this 
line give ns the positive integers. the lengths of the cobs below this 
line give us the non-negative integers. As an example. the partition 
Ht o¢ 54142417 of 23 breaks down as follows: 
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o—_-e—_0—_ o_o o> {j 
e—e—e—or 4 
o—eo—er 3 


oil 


We represent 23 as 6+4+3-+1 from the first set plus 5+3+1+0 
from the second set. It should be clear that each such a pair of suyns 
corresponds to a unique partition. 


Q.E.D. 


Since ao(qg) is the generating function for partitions, we know that 


x 


1 
aos |e 


j=l 


We have proven the Jacobi triple product identity: 


Theorem 2.7 (Jacobi triple product identity) For |q| < 1 and any 
x. we have that 
x oa 1 oC 


J[a@tea+e7e") =]; 7 yo ee 210) 


i=1 j=l NOS 


The name derives from the fact that this identity is usnally written 
with all of the infinite products on the same side: 
x «eM 
[[Gte)atetd jag) = So et dea. (2.11) 
t=1 n=O 
This proof of the Jacobi triple product identity Ulustrates two points. 
The first is the power of symmetry arguments as shown by the transla- 
tion symmetry between f(r) and f (vq) that leads to equation (2.9). As 
you will see in the exercises, this approach is easily extended to obtain 
series expansions for other products. Exploitation of symmetry will be 
a recurrent theme throughout this book. yielding many of our simplest 
and most insightful proofs. 
The second point is that good proofs are often hybrids. in this case a 
warriage of the purely algebraic argument that leads to equation (2.9) 
and the combinatorial argument that proves Lemma 2.6. There are 


Exercises 5] 


other ways to evaluate ag(q). but none as appealing. To those famihar 
with svumetry argmnents and with partitions. each piece of this proof 
ix imunediate and transparent and suggests generalizations and connec- 
tious. Most of the significant proofs in the remainder of this book will 
be hybrids. 


Proof of the pentagonal number theorem 


To prove Euler’s pentagonal unmber theorem. eqnation (2.2), we start 
with equation (2.11). replace cach q¢ by q°. 


an x 
[fc tary (lt am tg?) - 4) = > ele 
i=l ees 
aud they set r= —q7!: 
4 ea 
Tear hee se =e enn (2.12) 
vl 7° 


The product on the left can be rewritten as [[, (1 = 4’). 


Q.E.D. 


The simplest proofs of the pentagonal number theorem all proceed 
by first proving Jacobs triple product identity. which is easies to prove 
because it has more structure. 


Exercises 


20 A partition is self-conjugate if it is equal to its conjugate par- 
tition. Use the Ferrers graph to prove that the number of self 
conjugate partitions of 7 is the samie as the munber of partitions 
of 7 into distinct odd parts. 

2.2.2 Let A be a partition with parts Ay > Ag > «++. Define 6(A) to 
be the largest j for which A, > j and a(A) to be the largest 
J for which Aj; = Ay ~— 7 4.1. Calculate the values of these 
functions for the partitions 6+543+24+ 1.74643. and 
(2h —1)4+ (2h -~2)+---+(k +1) +4. Describe these functions 
in terms of the Ferrers graph. 


Eee Find the partitions of 50 into odd parts that correspouds under 


2.2.6 


2.2.7 


2.2.8 
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Sylvester's bijection to the partition of 50 into distinct parts 
given by 


90 = 1241049+4+8+4+6+5. 


Show that under Sylvester's bijection, the number of distiuct 
odd integers which appear in the partition iuto odd parts is al- 
ways equal to the number of runs in the partition into distinet 
parts, where a run is a maxnnal sequence of parts that are con- 
secutive integers. For example. 12+ 104+9+8+6+4+5 has three 
runs: {12}. {10.9.8}, {6.5}. 


Show that under Sylvester’s bijection. the total munber of odd 


parts is equal to the alternating suin of the corresponding dis- 
tinct parts: Ay — Ag + A3 —---. where Ay > Ag > AgZ > +> are 
the distmet parts. For example. 12—-104+9-8+6—5 = 4. The 
corresponding partition juto odd parts must be a sum of four 


mrtogers. 

Glaisher’s bijective proof that the number of partitions of n uito 
odd parts is equal to the ummber of partitions of 2 into distinct 
parts proceeds by counting the number of thnes cach odd part 
appears. representing that count as a sum of powers of 2. and 
then urultiplving each of those powers of 2 by the odd nuniber 
being counted. For example. 


File are ee en tet reas ae Pee ee, a ee, eae 
= (24174 (44195 4 (44 -2)3 4 (2)1 
14474+20+54124+6+42. 


I} 


Show that Glaisher’s correspondence is uniquely reversible, es- 
tablishing a one-to-one correspondence between the two sets of 
partitions. Prove that this correspondence is not the same as 
Sylvester's correspondence. 

Gencralize Glaisher’s correspondence} to prove that the number 
of partitions of n in which cach part appears less than d tines 
is equal to the number of partitious of n in which there are no 
nnultiples of d. 

Let a(m.n) be the munber of representations of m as the suns of 
integers in two partitions into distinct parts for which the first 
partition must have exactly n more elements than the second. 


+ This shows that Glaisher’s proof is, in some sense, closer to the generating function 
proof that we saw in Section 2.1. A fruitful line of inquiry has been to seck the 
generating function proof that corresponds to Sylvester's bijection. 
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and the second is allowed to have Os. If 2 is negative. then the 
second partition has exactly —2 more clenrenuts than the first. 
The cocflicicut a, = a,(q) defined in equation (2.7) on page 47 
is also given by 

Me 

an(q) = S> a(m.njg™. 

m=0 
Find a bijection between the partitions counted by a(n) and 
those counted by aQm —u.—n). Use the equal cardinality of 
tliese two sets to prove that a,,(y) = ¢"a—n(g). 

22.9 Continuing exercise 2.2.8, find a bijection between the partitions 
counted by a(m, —7) auc those counted by a(m.n—1). Use this 
to prove that a_,(q) = @,-1(¢). Combine this result with the 
previous exercise to prove that. 


1 
dy = age y/2 


2.2.0 Prove that 
xe x 5 
I[c a gi ya rs: ge ya oe q’?) = S> Cage +e 
gel ee 


2.2.11 Use the Jacobi triple product identity to prove that for integers 
a@and an. lL <a < m/2: 


I[c oa gee nr ye = ge ya = gq) 


x 


= a (Sign Here 2a]? 


no ke 


2.2.12 Consider the function 


a2) = [[d-2¢)a-27'¢) 
k=l 
x (1 rg ya _ gorge) 


il 
~ 
an 


By considering g(7/q) and g(a7!) in terms of g(r). show that 


24 
b, = q’'b,.3. and b , = —by—). 
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2.2.13 Conthming exercise 2.2.12, prove that b) = O and bo; = do. 
and therefore 


g(a) = ba(q) S- gar tn)/2 ee -_ EON, 
i o 


2.2.14 Continuing exercise 2.2.12, set 2 = —qg and use the Jacobi triple 
product idcutity to show that 


[hte ae Se er) 
k-1 
= bolq ) | IT [= go a) (1 - gue (1 = q*) 
7 ok 
$9? [lose ase) sa"). 243) 
hoy 


2.2.15 Continuing exercise 2.2.12. use the fact that [](1 + ¢*) = 
Eig) gt, shay that equation (2.13) is implies that 


bo(g) = TT, -— ¢*)7?, and therefore 
x 
[[eerAdee "phere 0-27 a=") 
k=l 
eS “ 
= os gb FP )/2 (430 7” ge ly, (2.14) 
n=-—xX 


This is called the quintuple product identity. 

2.2.16 Use the quintuple product identity to find the series expansion 
of [J] — ¢*) where the product is taken over k > 1 for which 
k = O.m,ta.in + a,or m+ 2a (nod 2m). provided 1 < a < 
m/2 and 3a 4m. 

2.2.17 The following identity is due to Lasse Winquist (1969)7: 


oO 


(1 ~ g*)? (1 — xg®')(1 — 2g") — yg") yt") 
k=l 


x (L— ay tg’) — eygk 1) ~ et yg*) (1 — a ty ta") 


+ Following Winquist’s discovery, several mathematicians including Carlitz and Sub- 
barao (1972), Dvson (1972), Macdonald (1972). and Stanton (1986, 1989) saw that 
this approach could be generalized. Infinite families of such product identities are 
now known. 
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><) x 
= S- S- (ay [a (a! = yh a pil (gdatt a ey] 
i=—x ja=-—x 
x Gil D/245BI-D/2, (2.15) 


To prove it, begin by defining 


oo 
(ae (1—2g*")(1— a1 @*) — yg) - tg) 
k=1 
x (L—ay7'¢g* 1!) - zy") 
x (L-artyg*)(1— a7"yt¢*) 
oo x 
=o S- S- Cnn (Q) ey”. 


Use the symmetries of t(z, y) to prove that 


Cmn = —C3—myns 

Can = —€n+1.m-~1- 

Cnn = Bg Tens 

Cin = slg? Girt 
Using these equalities, prove that coo = —¢1.-1 = ¢2.-1 = —Cy.1, 
and that ¢19 C20 = (11 = —¢21 = ca, = 0. and co.) = 


—Cy,-1 = 0. Now choose values of « and y and use the Jacobi 
triple product identity to prove that 


oC 


C0.0 = [[a —q*). 


k=l 


2.3 Recursive formulze 


tu this section, we shall use Theorem 1.1 to prove the recursive formula 
for plane partitions that is given in Theorem 1.2. We postpone the 
proof of Theorem 1.1 until Chapters 3 and 4 where it will provide an 
introduction to an assortment of techniques for finding plane partition 
acherating functions. 


It would be uice to have a result like Euler's pentagonal number the- 


orem for the product 


x 


[fa-¢y. 


pat 
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Unfortumately, uo such result is known. In the exercises, I invite the 
reader to use Mathematica to search for such a formula. We shall instead 
use a generic approach that is applicable to wanw different generating, 
functions. It begins by differeutiating cach side of equation (1.5). 

The product rule for differeutiation cau be written as 


d 
a [ffi 


I 
4 
3 


\| 
PS 
= 
= 


ei (2.16) 


If fx(q) = (1—9¢*)~*. then 


i) ee sa ee 
fr(q) 1l-qg 


Differentiating cach side of equation (1.5) vields 
oO . 


x oC. a x 1 
i (ee ie 
n=1 k=] peek 
ed k2 kt x 
- (SES Sma), 
koi r=( 
~ T ~ kegh ~ wn 
Se uppla)g™ = (> eae pp(m)q” |. (2.17) 
n=t k=} rr=0 


The first stun of the right-hand side can be written as 


= keg* = 20k . tk 
eeS = Sey 
kat k=] t#=0 
a ee 
=> See (2.18) 
k=1 t=0 


We now make the substitution 7 = A(f#+1). Once we have chosen the 
value of j. A can be anv positive integer that divides evenly into j (this 
is written k|j. read “k divides j”). 


ae hgh ead 5 
Sears yak u 
k=1 J=L kj 

x 


= Slarli¢. (2.19) 
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where 72(j/) is standard shorthand for Doi) k?. We substitute this back 
inte equation (2.17). On the right we set a = jy tan Ga = 2 —j) so that 
ouce vis chose. j can be anv positive integer 1p to vz: 


x x < 
S- npplayg’ = Ss ax(j)q’ S° ppt) q”" 
n=1 j=l m=0 
The W 
= SoS Coal) ppln — ja". (2.20) 
wel pat 


Theoren 1.2 now follows by compariug the coefficients of g” on each 


side, 


Counting alternating sign matrices 


Mills. Robbins. and Ruusev found the patterus that led them to their 
fovnuila for the muanber of alternatiug sigu watrices by actually commiting 
these matrices, but to do their counting efficiently. they used a recursive 
formula. We begin the process of finding this formila by looking at ow 
alternating sign naatrices in a different wav. 

Giveti au altcruating sign matitx. we first construct a matrix of 0s and 
ls in which the entry in the ith row. jth cohinm is the siun of the entries 
fron rows £ through 7 of the jth cohum of the alternating sign matrix. 
Because of the alternating sign condition. all of these sums nuist be 0 or 
|. We note that we can recover the original alternating sign matrix by 
laking the difference between cach entry and the entry above it. As an 
exanrple, we have the correspondence 


QO ol 0 O O 0 1 0 0 0 
0 0 L 0 0 0 Lt 1 0 0 
I -lL 0 O 1 = 10 1 0 1 
0 1 -1 1 0 ft 0 1 1 
0 0 1 0 0 11 t 11 


Since each row of an alcruating sign matrix has one wore 1 than —L. 
each row of the corresponding, matrix has one more | thau the row above 
its vow i will contain i ls and 2 —7 0s. We now construct a triangular 
AYangeiert ba which row ¢ records the munibers of the cohuimis thet 
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contain a 1: 


0 1 0 0 0 2 

0 1 1 0 0 2 3 
1010312: 1 3 i) 

1 10141 1 2 4 5 
1121 i1éi1 1 2 3 4 5 


A monotone triangle of size n is a triangular arrangemeut of n(n+1)/2 
integers takeu from the set {1,2..... n} with the following properties 
where a;j.1 <j <1, denotes the jth eutry in row 7, counted froni the 
top: 


1. Qiy S Gigs, 1l<j7 <1, 
2. ij Si-1j S@ijg1n, LS 7 <t. 


Au (7,k)-monotone trapezoid, 1 < k <n, is an arrangeinent that 
forms the bottom & rows of a monotone triangle of size n. For example, 
the followiug is a (6. 3)-1monotoue trapezoid: 


Au (n,n)-imouotone trapezoid is just a monotone triaugle, and the 
uumber of (m,7)-monotone triangles is the number of alternating sign 
niatrices of size n. At the other extreme, there is only one (7, 1)- 
monotone trapezoid: 


1 2 3 vee n 


Our recursive formula will use the number of (n, k — 1)-monotone trape- 
zoids to find the number of (n. k)-nonotone trapezoids. 

Given a positive integer n and S = {a1,@9...., ay}, a non-empty sub- 
set of {1.2,...,n}, we define the function MT,,(S) as the uurmber of 
(n. n+ 1—k)-monotone trapezoids whose top row consists of the inte- 
gers @,,@9,...,@,. The function AT, (j) = ALT, ({7}) is the uumber of 
monotone triangles with a j at the apex. This is the number of alternat- 
ing sign matrices in which the first row has a 1 in column j. The total 
uuniber of alternating sign matrices of size n is the sum ei MT, (j). 

We can now set up our recursion; A/T), ({@1.@2,....4,}) equals the 
sum of ALT, ({b;.52,....b¢41}) over all possible rows 1 < b; < bg < 
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oe Opa, Son that might sit below ay < ag <--- << ap: 


MT, ({a1.@2..... apt) 


= ; MT, ({b).b,-.-- bray }). (2.21) 
by Say Sby<ay sys: Sap Shp yy 
ISby<bydhya bp tan 


For exauple, 


AMT5({1,3.5}) AIT5({1.2,3,5}) + ALTs({1, 2, 4.5}) 


+MTs5({1, 3, 4.5}) 
= MT,({1.2,3.4.5}) + AITs({1, 2.3.4. 5}) 
+MTs5({1.2.3,4,5}) 


= 3. 


In the exercises, there is a Afathematica algorithm for implemeuting 
this recursion. Each iteration ris quickly, but if 1 is large there are 
a tot of intermediate values to be calculated. There are 2” subsets of 
41.2....,7}. The empty set does not occu, aud A/T, (9) = 1 whenever 
S contains n or n—1 clements, but that still leaves 2” —17—2 values to be 
caleulated and stored. This can be tmproved, but a recursive approach 
to finding the uuniber of alternating sigu matrices of size n can ouly be 
iniplemented up to about nm = 20. Fortunately, that is more than far 
chough to see the patterns that are cnicrging. 


Exercises 


i 


3.1 Ifm and 1 are relatively prime integers, then each positive divi- 
sor. A’, of mn has a unique representation as k = kha where ky 
is a positive divisor of mm aud #2 is a positive divisor of n. Use 
this fact to prove that if m aud 7 are relatively prinic then 


a(n) = ge(injog(n). (2.22) 


2 Is equation (2.22) ever truc if m and n are not relatively prime? 


eon 
5 OWN 
NY 


2.3.3 Show that if pis a prime, theu 
a2(e) = Lt py +p tes +p = (pret? — 1)/(p? - 1). 


and. therefore. 


60 


2.3.4 


2.3.5 


2.3.6 


2.3.8 
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where the product is over all primes that divide n aud a, Is the 
largest integer for which p*» divides 7. 

As in Section 2.1, we let peo(nm) deuote the number of partitions 
of 7 into odd parts. Usiug tlic fact that the generating fwuction 
for these partitions is given by T[(1 — g?"7!)7!. prove that 


pola) = a) \poln — 7). 
ee 
where do aa(J) is the swm of all odd divisors of j. 
As iv Seetiou 2.1. we let pp(n) denote the wunber of partitions 
of rn into distinct parts. Using the fact that the generating 
function for these partitious is given by [[( + q’”). prove that 


poli) = 3 gat()) pola — J). 


where ¢ = adj Real) ay 

Give two e that for all positive integers j. goaa(j) = oar(J). 
This can be proved directly or by using the two previous excr- 
cIses. 

Differentiate (x — a7)*/(1 — )*. the generating fuuction for 
a(n), the umnber of wavs of rolling & distinct diee to get a 
total of n (sec exercise 2.1.5), to find a recursive formula for 
ap(n). 

Given the infiuite product he ,(1 — q?)~**, where the a; are 
ahy integers (positive. eee or zero). use the method for 
finding the recursive formula for plane partitions to prove that 
the coefficients in the power series expansion of this product, 
1+ 5°b,q". must satisfy 


nb; = 3 Djbyp_,. where D, = S- dag. (2.23) 


j=l dlj 


The following Mathematica code will convert from the sequence 
{ay..... a, } to the sequence {1,b,..... bn}: 


A2B[list_] :=Module[{b,d}, d[j_]:=d[j]= 
Apply([Plus, Divisors[j]* list[[Divisors[j]]]]; 
b(0]=1;b[n_] :=b[n] =(1/n)Sum[d[j] bIn-j],{j,n}]; 
Table[b[n] , {n,0,Length[list]}]] 


2.3.10 


2.3.12 
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Use the recwsion in equation (2.23) with ay = —d to find at 
least the first ten cocfficieuts in the power series expansion of 
TTji: (1 —q')?. Is there any apparent pattern? 

Show that equation (2.23) inplies that 


m—\ 
nd, = Dy - S- dag, where Dj, = mb» — S- Dy by). 
dln. d<n yal 
(2.21) 
The following Mathematica code will convert from the sequence 
{Dy...-. b, } to the sequence {ay..... ay}: 


B2A[list_]:= Module[{a,d,alist, pdiv},al1]=list[[1]]; 
d[{n_] :=d[n]=n*list[[n]]-Sum[d[j]list [{n-j]], 
{j,n-1}];alist[n_] :=Table[alj] ,{j,n}]; 
pdiv[n_] :=Delete [Divisors[n] ,Length [Divisors[n]]]; 
a(n_]:=al[n]=(1/n)(d{n] - Apply([Plus,pdiv[n] 
*alist [n-1] [[pdivinj]]]); 
Table[al[n] , {n, Length[list] }]] 


Prove that every power series with constant term 1 and integer 
coefficients has a wnique representation as au infinite product 
of the fonm [](1 — @)~% where the a, are integers. Note that 
equation (2.24) iniplies that they must be wiique and that ja, 
miust be an iuteger. 

Use the fact that j? = 14345+---+(2j— 1) to prove that 
yl /. -~ q)1— q)---(1 — ¢’) is the generating function for 
partitions into exactly j parts that each differ by at least two. 
It follows that 


i = a 
ae er (er nae s 


is the generating function for partitions into parts that differ by 
at. least two. For cxanrple. the partitions of 10 into parts that 
diffey by at least two are 10. 9+1, 8+2. 7+3, 644, 64341. How 
many such partitions are there of 12? The following Mathemat- 
tea conunand will gencrate a list of the coefficients of g through 
q" in the power series expansion of this gencrating function. 


RR1 [n_] :=Drop[CoefficientList [Normal [Series[ 


1+Sum[q*(j*2)/Product [i-q7i,{i,j}], 
{j,Floor[Sqrt [n]]}] ,{q,0,n}]],q],1] 
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2.3.13 


2.3.14 


2.3.15 


2.3.16 


2.3.17 


2.3.18 
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Use B2A[RR1[100]] to find the first hundred yalues of a,. There 
is a pattern here that has been independently observed aud then 
proven by many of the important players in our story including 
L. J. Rogers (1894), I. J. Schur (1917), S. Ramanujan (1919). 
aud R. J. Baxter (1981). What is the identity that they found? 
It is known as the first Rogers-Ramanujan identity. We 
shall see a proof of it in the exercises to Section 5.2. 


Explain why 


x Jota 


vi 
142 Gaga- a0 #) 

is the generating function for partitions into parts that differ by 
at least two and are greater than or equal to 2. Find the mfinite 
product that should be equal to this sun, what is known as tlie 
second Rogers-Ramanujan identity. 

Find the alternating sign matrices that correspond to the fol- 
lowing mionotoue triangles: 


a 3 
1 4 
1 2 4 
1 2 3 4 
b 3 
2 4 
1 3 5 


1 2 3 4 5 6 


Given a monotone triangle, low do you recognize how inany 
—ls are in the corresponding alternating sign matrix? 

Define the set of monotone triangles that correspond to perimu- 
tation matrices (alternating sign matrices without any —1s). 
Explain why \/T,,(S) = 1 whenever S contains n or n — 1 ele 
ments. 

The following Afathematica commands allow you to calculate 
MT[n] [$8] = /7,(S) aud ASM[n], the total munber of 2 x n 
alternating sign matrices. Explore the values of AIT,,({1.7}). 
1<i<n, and conjecture a formula for these values. 
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nextlist[n_,alist_] := Select[ 
Distribute[Apply [Range, 
Partition[Prepend[Append[alist,n],1], 2, 1], 1], 
List], # == Union[#] &]; 
MT [n_] [blist_] :=MT[n] [blist]=If [Length [blist]>=n-1, 
1,Plus@@Map [MT [n] ,nextlist[n,blist]],{1}]; 
ASM [n_] :=Sum(MT[n] [{i}],{i,n}] 


2.3.19 Prove the conjecture you made in exercise 2.3.18. 


2.4 Determinants 


It should come as no surprise that determinants are caught up in the web 
spun by the theory of partitions. They are, after all, summations over 
the svmunctric group. Their evaluation can often be accomplished by ex- 
ploiting this link to groups of symmetries. A fundamental determinant 
that will reappear throughout our story is the Vandermonde determi- 
naut, named for Alexandre Théophile Vandermonde (1735-1796): 


BT a. aan ES 
a rn 
Il Gas = (2.25) 
lSi<jsn Ly r2 Ln 
1 1 1 
n 
= See le. (2.26) 
cES, i=l 


where Z(¢) denotes the inversion number of the permutation ¢, the 
hunimal number of transpositions of adjacent elements needed to get 
from the identity permutation to a. On occasion, it will be useful to 
reverse the order of the rows and to write this identity as 


n 
IT @-a#)sle = Sv TT] 255- 

lsicpcn ceS, i=1 
In 1772. Vandermonde published “Mémoire sur l’élimination,” out- 
lining a general method for solving systems of linear equations. While 
Carher mathematicians including Leibniz. Maclaurm, Cramer, and Euler 
were aware of determinants as they are used in finding the solution of a 
system of lmear equations. Vandermonde’s treatise was a benchmark in 


Figure 2.1. Augustin-Louis Canchy (From the American listitute of Physics 
Emilio Segré Visual Archives). 


the clarification of rules for the evaluation of a determinant of arbitrary 
size. Vandermonde. however, did not discover the general product iden- 
tity that carries his name. This was found by Augustin-Louis Caueliy 
in 1812 (Cauchy 1815). 

Cauchy was then a young lieutenant in Cherbourg working on prepa- 
rations for the invasion of England and writing mathematics in his spare 
time. He was actually studying alternating functions. Tlicse are func- 
tions that change sigu when we transpose any two of the variables. The 
title of Cauchy’s paper defines alternating functions: “Memoir on func- 
tions that can only take on two equal values of opposite sigu when they 
are acted on by transpositions of two of their variables” (1815). 

In this important paper, Cauchy gives general rules for evaluating 
determinants, becomes the first person to use the term “determinant” 
in our modern sense. and gives the first prooft that the determinant of 
a product of two matrices is the product of the individual determinants. 
Cauchy's first definition of the determinant is expressed in ters of the 


+ Binet presented a different proof of this same fact on the same day. 30 November, 
1812. Both men agreed that their proofs had been discovered independently. 
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Vandermonde product. To find the determinant of 


FO.0 FO ek LO.n-1 
To Tha ary L1n-1 
Mn-1.0 @n-11 7" pa-ln-1 


you expand the product 


I] (a, ae Xi), 


O<i<jsn-l 


and then replace cach ce by 2)... For example, 


va *, on 420 
(71 — 2o)(@2—co)(t2—- 21) = xgrtre t+ xyeing + rpetry 
ca So pl ge rata? — ror2ad 
ot 1 t2 ott, ater 
and therefore, 
| T9Q.Q  LO.1  ©o.2 


pees Kya Pig | = Loolyil2.2 + Voit1.272.90 + Po.2%10£2.1 


M200 Fad 2,2 — Fort 1.02.2 7 To.201182.0 7 T0.071,.272.1- 


Cauchy later shows that this definition is equivalent to the ouc with 
which we are familiar, expressing the determinant as a summation Over 
permutations. 


Proof by exploitation of symmetry 


Our proof of the Vandermonde determinant formnla, as well as the proof 
of Proposition 2.8. comes directly from Cauchy's 1812 paper. It shows 
that. in some sense, this is not a very deep or difficult result. If we 
transpose any two colunms of Gry ok we change the sign of the deter- 
ininant. Tt follows that the determinant of this matrix is an alternat- 
ing polynomial of degree n(n — 1)/2 in the variables xy. rz, .... tn. 
The Vandermonde identity is now a simple consequence of the follow- 
ity, proposition which will be an important tool for investigation in the 
remaining chapters. 


Proposition 2.8 Ef f(trewo...... Yn) ts an alternating polynomial of 
degree dy then 


Pry. Pa... tn) 
iejac vm ary) 


sa symmetric polynonial of degree d— n(n — 1)/2. 
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This proposition implies that det(2”*)/ [[(2: — 7,) is a constant: 


det(z?")=C |] (@i~-2;)- 


lsi<gcn 


To sce that C = 1, we compare the coefficients of ry~!a}7 43 Ge ON 


each side. 


Proof: This proposition says three things about f/[[(«;—z;): that it is 
symmetric, that it is a polynomial, and that it has degree d—n(n—1)/2. 
Since Lh<icjen (ti — @;) is itself an alternating polynomial of degree 
n(n — 1)/2, the only piece that needs to be proven is that our ratio is 
still a polynomial. 

We view f as a polynomial in 2; with coefficients expressed in termns of 
the other variables. Since interchanging the first two variables changes 
the sign, we have that 


fle, ¥2,....%n) = —f (v2. 22,..-, Ln), 
which can only happen if f(z9,%9,....2%,) = 0. Similarly, our polynomial 
is O when a) = wy.4ry....,2,, and so we have identified n — 1 distinct 
roots: 
mh 
PO Pi ty) = Urs Bae ee ha) [[™ — 2) 
jae 

where g is a polynomial in 2). 22,....%,. If n = 2, then 

f (21.22) 

g(ay.02) = 
Vy V2 


is a symmetric polynomial in x; and x2. 

If 7 is larger than 2, then we can proceed by induction on the number 
of variables. We consider g(a), %2,...,2,) aS a polynomial in r2,....2y, 
with coefficients expressed in terms of x;. This is an alternating poly- 
nomial in the n — 1 variables r2,...,a,. By the induction hypothe 
sis. g(a1,%,+...2,)/ [seizes (x, — #;) is a symmetric polynomial in 
2,....4%y. Since the denominator does not involve 21, it is still a poly- 
nonual in r,. Therefore, we have that 


FQ, 82.05 %n) g(r, 2... +2) 


Thicicjen(* ~ 45) Tecrcj<n(* 05} 


is a polynomial in 74, %9,..-,2n.- 


Q.E.D. 
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Krattenthaler’s formula 


In 1990. Christian Krattenthaler published the following extension of the 
Vandermonde formula. We shall use it in our first proof of the gencrating 
function for plane partitions. 


Theorem 2.9 (Krattenthaler’s formula) Given arbitrary values for 
Paros Wns Ue rc en a,. and by...., b,,. we have that 


it 


det (Cay + dn) +++ (a, + ajgr) (a; +)) 6° (re + b2)); sa 


= |] Ges). JT Ge) (2.27) 


1<i<jsn 2s 7Sn 


Proof: The determinant on the left side of equation (2.27) is an al- 
ternating function of 74,....a, and so is equal to the Vandermonde 
product times a svimmetric polynomial in 7y......07,. As a function of 
w,. the deterninant. is a polynomial of degree 7 ~— 1. The Vandermonde 
product is also a polynomial of degree n — 1 in r,, and therefore this 
unknown symmetric polynomial must be constant with respect to 7. 
Since it is symmetric in the ws. it must be coustant with respect to 
every other w,. We have established that 


2 


det ((@j + Qn) -+: (me + 4,41) (i +O;) ++ (+ bo))F saa 


= II (a; — 2). 
isicjcn 


where C’ may depend on the a; and 6, but is independent of the x,. 

To find C. we set 2; = —a, for 2 <i <n. All of the entries in our 
natrix below the main diagonal become 0. and the determinant is just 
the product of entries on the main diagonal: 


(ry + ay)+++ (ay + a2) 


x [[(ai tan): a, + aj41)(—a; +) +++ (—ai + b2) 
1=2 


= Clr, +a2)--- (91 + ay) II (-a; + 4,). 


201<j<n 


Comparing both sides of this equality, we sce that C is the desired 


product. 
C= JI (:-a)). 


251) Sa 


Q.E.D. 
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The Weyl denominator formula 

The Vandermonde determinant identity is a special case of a general 
detetminant evaluation fornrula named for the great geometer and al- 
gebraist Hermann Weyl (1885-1955). Weyl used it to simplify the de- 
nominator of a particular fornma, which is how it got its name. We 
shall need another special case of this formula in Chapter 4 when we 
prove MacMahon’s conjectured gencrating function for symmetric plane 
partitions. 

The Weyl formula is expressed in terms of root systems, sets of vec- 
tors in R” that satisfy certain symimetry conditions. The Vandermonde 
formula corresponds to the set Ay = f£(¢;- 6) | 1 <i<y<n4l1}. 
where ¢ is the unit vector in the ith direction. (Note that despite ap- 
pearances, this set lies in an n-dimensional space since the sum of the 
coordinates of auy point in this space is 0.) The other infinite families 
of root systems are 


Da 2 Ager Ut +e LS Peg Say. 
Bu : D, U {te |1 <i <n}. 
6... = Det a Seat 


We shall state the specific form of the Weyl denominator forma for 
each of these three families of root systems. Those interested in the 
general statement of the formua can find it in Carter's Simple Groups 
of Lie Type (1989. chap. 10). 


Theorem 2.10 (The B,, C,, and D, Weyl denominator formu- 
las) The first equality restates the determinant as a sum over permuta- 
tions and subsets S C {1,2,....n} for which i is in S if and only if we 
choose the second term of the binomial in column i. row a(i). The Weyl 
denominator formula is given in the second equality which expresses the 
determinant as a product. 


By: 
j2n—l _ > 2n=l 22rn— 1 
Loa 1-97 1-24, 
2n-2 2n—-2 n2r— 2 
Py Py LQ ~- 25 Py re 
det 
acer all nd wn n-i n 
xy Ty ats 5 rat rh 


Ss 


S- Carrer le lee" 


ES, 1eS 1€S 
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= {[[C@--) T] Gee sles, =D } G28) 


iat I<i<jsu 
Ch 
21 won Ai epett 
bar LIES Laur; 
2n-1 : 2n-1L 2Qn-l 
ry ry rg 5 yp ee 
let 
wa] n+l al wetl sd ttl 
Ty eG wg 9 ay Fae eae 
2n+1—-alr a(i)-] 
ne 5 aa aes Ss II" + ) Il“ (2) 
oESy eS a 
sau nb 
n 
= 2 7, — > po fe 
= [[[@ea) IT] @ -a)eiz,-)}. (2.29) 
i=1 I1<i<yj<n 
D,: 
2n- 2n-2 a3 
tee 2 eee eee 1+ .6r2" 2 
2n—3 2n—-3 ; ays 
By tay ro tay" Pee 
cet ‘ 
na] lta] ut] weal nine tad nd] 
Py Fay wg ~ +d'9 YO iach 
2n—-f— a(t) -t 
= S (are) II : ae [fe 
a i 
acs ies igs 
sci ny iS ‘Z 
202) |p tet pe@g aps (2.30) 
I<r<ycn 


Proof: We shall prove only the formula for B,. The others are proven 
sinularly. The first equality follows from first writing the determinant 
as a stun over permutations and then expanding each of the binomials 
(7 is an clement of $ if and only if we choose the second term from the 
binomial). The substance of this theorem is in the second equality. 

Let G,(2)....0%,) denote the determinant in equation (2.28). We shall 
prove the second equality by induction on n. It is easy to verify that 
(his eqnality is correct for n= 1 or 2. We assuine that 


Oe E TD chs M)= [[a —1;) Il (7, -7,)(r, - 1) 


7=2 221s 
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When w) = 1. each entry in the first cohunn is 0. When ry =r, for any 
) larger than 1, the first and jth colrmms are identical. When 2 = ao 
for any j larger than 1, then the first column is 7; 722+! tines the jth 


column. In each of these cases. the determinant 1s veiw If we view ow 


determinant, G,(r,.....2,). as a polynomial of degree 27 — 1 in 1), we 
see that it las roots at lowe, ...u'y.- ete wat)? This tells us that 


nu 


Greta) = er —1) [fs = 2) - 271) 
y=2 


rt 


So setlpyay) Thor) [Ij — 2, )(r 2, — 1), 


J=2 


where ¢ does not depend on 21, though it may depend on the other 


I 


variables. The coefficient of r{"~! on the right side of this equation is 


Dips 
. In the determinant, the coefficient of r{" lis 
2u-2 dn 
ro - to eed te hee 2 
~ det : : = srg ty Gyo (ees Ti) 
n- |} uv wd .u 
To ee) Ey my 


Therefore. ¢ equals —re-+ + tnGn—y(te, an). 


Q.E.D. 


Exercises 


2.4.1 Exercises 2.4.1 to 2.4.6 lead through a combinatorial proof of 
the Vandermonde determinant formula that is based on one 
published by Gessel (1979). A tournament on n vertices Is 
a complete. directed graph with n labeled vertices. Let J, be 
the set of all totwwnaments on n vertices. Given a tournament 
T € T,,. let U(T) be the number of upsets. defined to be the 
number of edges directed from the vertex with the larger label to 
the vertex with the smaller label. Let w(z) be the out-degree 
of vertex 7, the number of directed edges goimg out from 7. Show 
that the Vandermonde product can be expressed as the following 
sun over tournaments: 


l<i<pj<u TET, 1) 
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A tournament is transitive if it docs not contain any cevcles. In 
other words, ita transitive tournament, if i beats j and 7 beats 
k, then s must beat &k. Find a natural one-to-one correspondence 
between transitive tournaments on n vertices and permutations 
of n letters. 

Prove that the number of upsets in a transitive tournament is 
equal to the inversion number of the corresponding permuta- 
tion. Show that this implics that the determinant side of the 
Vandermonde identity can be written as a sum over all transitive 
tournaments. denoted by 7)": 


S> (1h Ile”. 


Tet? i=} 


The identity that we want to prove has been shown to be equiv- 
alent to 
rh 


eae) le” = S- (ape Wea 
i=l 


TET, Ter? =i 


Let 7,7 denote the set of tournaments on n vertices that are 
not transitive. As we saw in the last exercise, the Vandermonde 
determinant formula is equivalent to 


S> eye Te” =), 
i=1 


TeTsT 


Explain why this will be proven if we can find a bijection f 
from 7,7 to itself such that f(f(T)) =T, each vertex has the 
same out-degree in T as in f(T), and U(T) and U(f(T)) have 
opposite parity. 

Prove that in a non-transitive tournament, there must be at 
least two players with the same number of wins. Hint: The 
number of wins for each player must be at least 0 and at most 
n-— 1. Show that if cach player has a different number of wins, 
then the tournament must be transitive. 

Prove that the following function f satisfies the criteria of cx- 
ercise 2.4.4 and tlius concludes the proof of the Vandermonde 
identity. Given a non-transitive tournament, T. define f(T) as 
the tournanient that vou obtain when you switch the labels on 
vertices 7 and j where (i,j) is the smallest pair of integers for 
which w(i) = w(j). 
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m . rT 
2.4.7 Evaluate det ( % as ) . 
J ry=0 


2.4.8 Prove the Wevl denominator formula for the roots systems Cy 
and Dy. 
2.4.9 Prove that 


1 WT 
det. (=, ) 
Dry py ot 
tag 


= II [te ye Sa) II (l—a7,y,)7'. (2.32) 
l<i<j<n bel 
Hint: Use the fact that [[( — rjy,)det(1/(1 —-r,y,)) is an 
alternating polynonual in the x2; and also in the y,. and it is of 
degree n ~ 1 in each of the variables. 
2.4.10 Prove Kuperberg’s determinant evaluation (1996b): 


(; ra mo) 
clet aes ae RT er 
— pity ol 
| eo ysl 
" 


: : ey oe 
sage 30 arf 2+ /6 Il (L Pn Hohe II 1 st (2 33) 
(amos 
i<r1<cy<a hp) 
Hint: ne show that the deterutinant isa polvnomial of degree 
at most 2 ins. Next identify the roots. This polynomial has 
a root of ordeu at least » at s = 1. For 1 < hk < 2. show that 
each vow vector of the matrix ((1-= PUTTY) /(L= #477 1)) is 


a linear combination of the vectors 


1 pho E p2k-2 pA 1) 


and therefore this matrix has rank at inost &. It follows that 
y=? js a root of order at least n—k. Similarly. there is a root 
of order at least 7 — hk at s = t7*. Finally. use equation (2.32) 
to prove that the constant term in this polynomial is 


cap ae G = aan 
il [3-07 (2+0/6 II < ffl “ TI /a itl 


b<t<pun hyd 


3 


Lattice Paths and Plane Partitions 


Cessel and Viecnnot have developed a powerful technique for enumerating vari- 
ous classes of plane partitions [1985]. There are two fundamental ideas behind 
this technique. The first is the observation that most classes of plane parti- 
tions that are of interest — either by association with the represcut ation theory 
of the classical groups. or for purcly combinatorial reasons can be interpreted 
as coufigurations of noniutersecting paths in a digraph (usually the lattice Z’). 
The second is the observatiou that the nmuber of r-tuples of nonintersecting 
paths between two sets of r vertices cau (often) be expressed as a determinant. 


Johu Stembridge (1990) 


Partitions of integers have been studied extensively because thev lic at 
the crossroads of several mathematical disciplines including symmetric 
functions and modern algebra as well as elliptic integrals and the theory 
of modwar forms that grew from them. They also appear as soon as 
one begins to probe the structure of the binomial cocfficient. 


mtn\ (m+n)! 
m mint ~ 


one of the building blocks of combinatorics. This quantity expresses 
the number of ways of choosing m objects from a set of m+n objects. 
Following Richard Guy, it is read as “n2+n choose nr.” There are many 
ccnivalent ways of interpreting what. the binomial coefficient counts. We 
shall focus on lattice paths. 
How mauy ways can one travel from the origin, (0.0). to the point 
“.m) ifn and wv are nov-negative integers and if each step is one wnit 
“ther up (north) or to the right (east)? We take a total of ni +1 steps. 
Exactly nz of these steps must go north. And we can take a step north 
any thne. From the set of a+ steps, we can choose auy rm of them 


=I 
te 
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to be the steps north, so the answer is 


m+n 
i ‘ 


The lattice path from (0.0) to (6.5) shown below corresponds to choos- 
ing the first, fourth, sixth, ninth, and tenth steps as the steps to the 
north. 


es ra a eet (6,5) 
} 1 } | \ } 
Lpctaleacat \ 
i} } } 
} 1 1 
ana ae Sah 
i i } 

id shad 

1 | | 
i ) i } i 
ee ds ae ee 
} } i 1 | 
(OO) ee iS cell ne Me eo) 


We can vecord ow steps as a sequence of 1s and Os, 0 for a step to the 
north and 1 for a step to the east. Our sample lattice path corresponds 
to the sequence 


01101011001. 


3.1 Lattice paths 


There are thirty squares in the rectangle that delimits possible lattice 
paths from (0,0) to (6,5). Each lattice path splits these into two subsets: 
those to the northwest and those to the southeast. If we put a dot inside 
each square to the northwest of the lattice path. we get the Ferrers graph 
of a partition. Our sample path corresponds to the partition 5+5+34 2: 


fe Pa Spar ese gee (6,5) 
i @ !/ @ | @ | @ | @ | 
ees Coane sxe 
} \ 
| | 
t ay 
i} } 
L ieee 
{ 
| | 
Aarsiy 


(0,0) ae eres eee Gene 


Lattice paths from (0,0) to (6.5) produce partitions with at most: five 
parts, and cach part will be loss than or equal to six. The correspoudence 
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one-to-one; cach partition into at most five parts with cach part less 
than or equal to six defines a muque lattice path from (0.0) to (6,5). 
We have established the following result. 


Proposition 3.1 The total number of partitions inte at most m parts 
mon 


with cach part less than or cqual ton is equal te ( a 


This proposition suggests a gcneralization of the binomial cocfficient. 
lustead of counting the total mnnber of partitions into at most m parts 
with cach part less than or equal to a, we shall look at the generating 
function for such partitions. Since we cannot have more than mn dots i 
the Ferrers graph. the coefficient will be 0 when the power of g is greater 
than inn. The coefficient of g’’" is 1: There is exactly one partition of 
wn that will fit inside this rectangle. This means that the generating 
function is a mouic polynomial of degree nin. 

For nr = 5, 2 = 6, the polvnomial is 

fosl@) = L+ q+ 20? +39? +.5q' + 7¢? + 10q° + 127 + 16q" 
+ 199° + 23g"? + 25g"! + 29q'* + 30g"? + 32g" + 32q"° 
+ 32g! fia 30g!* + 294° + 25q) + 23q70 ae 19q?? ts 16q7" 
4 12973 + 10g24 + 7q2> + 5q26 + 3927 + 2428 + G29 +”, 


There are two casy observations to be made about this particular 
polynomial which tin out to be true for all such generalizations of 
binomial coefficients. Furst. they are palindromic: The coefficients 
read the same forward or backward. This is uot hard to prove. and 
exercises 3.1.11 and 3.1.12 lead to two different proofs. The second 
obseryation is that they are unimodal, that the coefficients are weakly 
increasing when less than mn/2, and weakly decreasing thereafter, This 
was first proven by Sylvester (1878). It is surprisingly difficult to prove. 

If we set g = 1 in the generating flmction. fin.n(q). then we are adding 
Up all of the coefficients, which means finding the total number of par- 
(tions that fit inside ow m x v rectangle. We kuow that this number 


In nea e 
mon 
fm.nQ) = ( in ) , 


Vhis means that our gencrating function is a gencralization of the bino- 
‘ual coefficient, and for this reasou we use a notation that suggests this 
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similarity, 


nebn : . 2 
instead of finan (gq). 
mm ‘ 


iniess the 


It is common to drop the subscript q and just write [777] 


variable is something other than gq. 


The Gaussian polynomial 


Our polynonial generating function is called the Gaussian polynomial 
because it was first described and used by C.F. Gauss. He needed it for 
his evaluation of the Gaussian sum: 

k= 


2 ee i 
; wo. as ecm eh fk 


j=0 

where k is a positive odd iteger and /) is relatively prime to k (Rade- 
macher 1964. chap. 11). Gauss discovered that these polynomials could 
be written as a ratio of products in a manner that parallels the formula 
for the binonral coefficient as a ratio of factorials. 


Proposition 3.2 [fim and n are positive integers, then 


eu _ (1—g)(1—@?)---(l— gt") 
mE hi Chee eC he tue yeh ang) 


m , 
“ier? 


—_ 
= Wea (3.1) 


i=1 


It is often convenient to employ the notation 


(ga), = Ugo ste"). 
In this notation, equation (3.1) is written as 
mtn] — (¢:@)man 
m i (8G) m (On 
Note that this is analogous to the representation of the binomial coeffi- 


cient as ( erg 


a ) =(m+n)i/mlnt. and it immediately implies that 


ii + ‘| i" + "| 
i 1) fe Ny 


Proof: This proof will illustrate a gencral technique of combinatorial 
arguments. ay approach that generalizes proof by induction. We verify 


3d Lattice Paths TT 


vliat each side of the equation to be proven, equation (3.1). satisfies tlie 
wine rectusive formula and the same bowidary conditious. Since each 
ade is uniquely deternuned by the bomidary values and the reciusive 
formula. the two sides ust be etal. 

For ou problem. the bomidary yalues are at me = 0 and at n = 0. 
tn cither case. there is exactly one lattice path from (0.0) to (nr); all 
-teps are to the north if» = 0; all steps are to tlic cast ifm = 0. The 
only possible partition is the cnipty partition: 


Pr) =["J=1 a 


The binomial coefficient is completely determined by these bouudary 


be epi 
conditious. ( a) = 


S (2) = 1, together with a recursive fornia, 


mm 


m+n m+tn—) mt+in—tl 
- + . mon > 0. 
m m n—1 


There is a similar recursive formula for Gaussian polynomials. Given a 
partition ito at most m parts, each less than or equal to 7. there are 
two mutually exclusive possibilities: 


1. All of the parts are strictly less than n: the generating function for 
these partitions is 
i +n-1 


™m 


2. The largest part is exactly a: we record this part with q” and then 
observe that what remains is a partition ito at most m — | 
parts. cach less than or equal to n: the generating function for 
these partitions ts 

nim+n—1 
: m—1 


Vhis establishes the recursive formula 


mon n+n—1 mtin- li . 
+q" (3.3) 


m m m— 1 


The Ganssian polynomial is uniquely defined by the boundary condi- 
ows of equation (3.2) and the recursive formula in equation (3.3). We 
m fine the product in equation (3.1) to be 1 when an = 0. This produet 
Woalse equal te 1 when n = 0. [fit satisfies the same recursive formula. 
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then it must equal the Gaussian polynomial. It is easy to check that it 
does: 


m m 


= 7 a 1— gids m~1 1- ge 
= —+ 4" rear e 3.4 
IT l-¢ I] }-q , II l-¢' Ro) 


Q.E.D. 


Proposition 3.2 may not look impressive. In fact. it is powerful. It 
provides a combinatorial interpretation for the coefficients of the polyno- 
mial (9: @) nan/(G Qm(gi gn. Whenever we haye such a concrete grasp 
of any polynomial or power series, we have a depth of understanding of 
the function that cau lead us to new insights. In this particular case, 
Proposition 3.2 implics a polynomial identity for which the Jacobi triple 
product identity is a lmmiting case. 


Another proof of Jacobi’s triple product identity 


The Gaussian polynomial is also known as the g-binomial coefficient 
because of its role in a gencralization of the binomial theorem. 


(L4tarjy" = S- eS ae: 


i=0 


Theorein 3.3 The ¢-binomial theorem For any positive integer n, 


n 
n 
(L4aq)(1+a¢7).--(1 +29") = Ss [| Gh FU gt (3.5) 
1=0 
Proof: If we expand the product (1 +aq)(1+ 7q7)---(1+2q"), we get 
a polynomial in 2 im which the coefficient of 77 is a polynomial in gq? 


cas 


(1 +.rg)(1 +.rg?)++-(1 +.rg") = S- a,(q).w’. 
i=0 


For example, 
(14 rg) 4+ rq’)(1 + rg) (1 + xg’) 
= 1+4+(q+ G+tPtqyrt(Pt+ e427 + ge eg er 
hs (8 Sg? teas pyr 2 goat 


4 |) sage 4 ate 
1+ | gu + 3 | gae+ 3] Ge Ee 
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‘The polynomial a;(q) is the generating function for partitions into ex- 
actly 7 distinct parts, each of which is less than or equal to 7. 

(iven a partition into exactly 7 distinct parts. cach of which is less 
than or equal to m, we can subtract 1 from the smallest part, 2 from the 
second smallest part, and so on up to? from the largest part. This leaves 
us with an arbitrary partition into at most i parts, cach of which is less 
than or equal to m — i, and we know that the generating function for 
these is eeu = ['']. We have subtracted 1+ 2+-:-+7=7(¢+1)/2 
from each partition, so the generating function for partitions into exactly 
i distinct parts, each of which is less than or equal to n, is 

outg) = gee? ["), 


Q.E.D. 


We can use the g-binonial theorem to give a different proof of Jacobi’s 
triple product identity. We take equation (3.5), set n = 2m, 


2m 
eid eee) eS se A GG DI? ah, 
2=0 


and then replace 7 by xqg7™, 


(tag!) 4 2q?-™) + (1 +2)(1 4 eg)(1 + rg”) ---(1 4 2g™) 
2m 
= s ea git femme pt 
i 
i=0 
For 0 <j <m-— 1, we rewrite (1+ 2q7?) as rq77(1 + alg): 
apy a ea ne alg?) ss goign) en (1 +4 a) 
x (1+ ang)(1 + 2g?) + (1+ aq”) 
2m 
= 3 pr hit /2=me yi. 
=o 
We now moye the powers of 7 and q to the other side by multiplying 


each side by go gin’ 1/2 


(+ arg)(L+ tg (Lea xe (ibe Pea gel eae tg) 
2m 


Se Ss P| ger ieaaparim ti yom. 


t 
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We introduce a new yartable of summation, j = i— 7. aud uote that 
JU #41)/2 = ( ~ mG — or + 1) /2 = 1 + 2) /2 = ei + tae — 1)/2. 


The q-binomial theorem iuplics that 


m mm 

: 2m ; 
[Ju teatente) a p hee QartyP re, (3.6) 
k=] jJao7m : 


This is a finite version of Jacobi's triple product identity. 
We now let m go to infinity and require that |g) < 1. Since g™ 
approaches 0, the Gaussian polynomial becomes 


my 1 fas ght x 1 
im TT l—¢q sa lesa 
i=] i=] 

Exercises 


3.1.1 0 Find a oue-to-one correspondence between partitions into at 
most ra parts, cach less than or equal to aw. and partitions ito 
at most #7 parts. each less than or equal to aw. This proves 


mf m+n 
nl nW 


3.1.2 Verify equation (3.4). 


3.1.3 9 This exercise and those up to and including exercise 3.1.10 ont- 


cOmnbinatorially that 


line Gauss’s evaluation of the Gatssian sunt Gla) = Sar 
where a@ is a primitive Ath root of mitv such as e?7'/* and 
the simmuation is taken over all residue classes, j. uredulo k, 
where k is odd. This evaluation was Gauss’s origmal reason for 
definiug Gaussian polynomials, 


Define 
f(gm) =1- Pal + [| sree $ (1) "| ‘ 


3 . =i = mol 
Use the recursive formula, [| = ie +g" le : to 


prove that 


(qin) = (1-4 “!Yy Fg. = 2). 


3.14 


3.1.6 


3.7 
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Now prove by induction that 


if m is odd. 


). 
Flan) = { (1—qg)(l—-q’)---—@q""!)__ ifm is even. 
(3.7) 
Let k be odd. Show that 
tea age oh 
1—a’ 


Use this to prove that 
¥ — " = (1a IUtD/2, 
Jj om 


and therefore 


kl 


fla.k-1) = Sa” G41) /2_ 


7=0 


Use the fact that if k is odd and a is a primitive kth root of 
unity. then so is a7? to prove that 


k=-1 
fla k=l) & a7 kV) /2)? Yan 
J=0 
= a (+ Gra), 
Use equation (3.7) to prove that 
Gla) = (@ — a7!)(a® — a73)--- (ak? — a 7), (3.8) 
Use the fact that a®73 — av") = ~(a/ — a~/) to rewrite 


equation (3.8) as 


Gla) = (-1)"- P(e? — a? (at — a4). (a = a PHY), 


(3.9) 
Combine equations (3.8) and (3.9) to show that 
kl 
Gla)? = (-1) DP gkF-D? TT (1 — a7), (3.10) 
J=1 
Show that 
k—-1 ko 
[[(@-07?) =" a= 14 r+r?4 SNe ae 
ve SS 


J=1 
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3.1.9 


3.1.10 


3.1.11 


3.1.12 


3.1.13 


3.1.14 
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and therefore 
Gla)? = (—1)"- YP p, (3.11) 


Use equation (3.9) to prove that 


(k= 1)/2 
Cenn = ep e I] (rr arg) 
=l 
(k-1)/2 Ans 
= (1) 9/29) D/2 ay. (9 
(-1) (21) II sin = ( ) 


Prove that i sin(An j/k) is positive fork = +1 (mod 8) 


and negative for k = +1 (mod 8). Combine this with equa- 
tions (3.11) and (3.12) to prove that 
G(e2M Mh) = MF-DPP Jp, (3.13) 


Prove that a polynomial. f(g). of degree m is palindromic if and 
only if f(g) =q@" f(q7!). Use this characterization to prove that 
all Gaussian polynomials are palindromic. 

™+"1 the coefficient 


of g’. 0 <i <mn/2, will always be the same as the coefficient 
‘| J 


Prove that in the Gaussian polynomial [ 


of g’’"~' by finding a one-to-one correspondence between par- 
titions of 7 into at most m parts. each of which is less than or 
equal to n, and partitious of mn — i mto at most nz parts less 
than or equal to n. 

The following identity for Gaussian polynomials was discovered 
by Kathy O'Hara (1990) and Doron Zeilberger (1989): 


fe | = Ie ae I] i + 2) — M,-1 — Migs 


J ay Ma IMAL 
(3.14) 


where the swum is over all partitions of j: my +--+. +m, = J; 
m, >m2>--6>m, > 0. where AL, = my +++-+m,, and where 
we define my = Afo = m)41 = 0. Prove that this equation is 
correct for 7 = 1 and j = 2. The next three exercises use this 


identity to prove that the Gaussian polynomial is unimodal. 

We define the mean power of a polynomial to be the average 
of the highest and lowest powers with non-zero coefficients. The 
mean power of 3rt 4+ .r9 — 77 + 2r° is (4+ 9)/2 = 6.5. Prove 
that the sum of two palindromic unimodal polynomials of mean 
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power 77 is also a palindromic waimodal polynomial of mean 
power im. 

34.15 Prove that the product of two palindromic unimodal polynomi- 
als of mean powers 77, and rr, respectively, is a palindromic 
unimodal polynomial of mean power m+ Moe. 

31.16 Assmue that for 6 < j ora < m4 j, eal is a palindromic 
unimodal polynomial of mean power b(a — 5)/2. Prove that 
each sutumand on the right side of equation (3.14) is a palin- 
dromic unimodal polynomial of mean power nj/2. Given equa- 
tion (3.14), complete the proof that the Gaussian polynomial is 
unimodal, 

3.1.17 Prove that equation (3.4) is correct whenever 77 is a positive 
integer, Show that m docs not have to be a positive integer. 

3.1.18 The notation (4g; ¢)n is a special case of the more general 


(a:@n = (1 —a)(1 -ag)--- A - age: 


With this notation. the g-binomiual theorem. equation (3.5), can 
be written as 


n 
: WM) (atty/2 1 
20 On = =r)" 
(29:9), ae: (—2) 
7=0 
Explain why, if |g] < 1. then the g-binemial theorem is equiva- 
lent to 


3.1.19  Luterpret the coefficient of x in the power series expansion of 
1 1 


(rg: Qa (1 = rq _— rq) wed (1 =s xg?) ; 


Use this interpretation to prove that 


l “J fati-l ; 
aa - | i he 


3.4.20 Prove that 


u—r+1, 


(q Or Seg VE te teas 


ahd then use this to prove that 


(tr gx = 3 (q 


Crg™t@)e Fe (aed): 
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Why are we allowed to take the sum all the way to infinity? 
3.1.21 In equation (3.15), restrict lq] < 1 aud then show that when vou 
take the limit of each side as n goes to infinity, von get 


x 2 tit) /2at 


[[a + rg‘) = S> q 


(3.16) 
k=l mo (ED: 


3.1.22 Prove equation (3.16) by interpreting the coefficient of x? in the 
power series expansion of [[,5,(1 + xq"). 

3.1.23 A result from complex analysis says that if two functions are 
both analytic (can be differentiated arbitrarily often) on the 
sanie opeu set and if they both agree on an infinite sequence of 
points that converges to a point inside this open set, then they 
must agree evervwhere on this open set. Use this result and 
exercise 3.1.20 to prove that for any complex number a: 


(atid) as Saab at (3.17) 


3.2 Inversion numbers 


At the beginning of this chapter. we saw that there is a oue-to-one cor- 
respondence between lattice paths from (0,0) to (m,m) and sequences 
that consists of n 0s aud m 1s. This implies that we have a correspon- 
dence between partitions into at most n parts each of which is less than 
or equal to m and such sequences. It is not particularly difficult to move 
back and forth between them. Each 0 represents a step to the north 
which marks off the end of one part in the partition. The size of that 
part is the mamber of 1s that le to the left of that 0: 


2 
<4 
01101011001 


Each finite sequence of Os and 1s corresponds to a partition. The 
sun of the parts in the partition is called the inversion number of the 
sequence. and we denote it by Z. 


T(01101011001) =5+54+3+4+2+0= 15. 
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Asa corollary of Proposition 3.2, we have that 
me ; 
: mon 1l—q"t 
ee a = {|—. (3.18) 
mm. l-q 
se€S(n.m) r=] 


where S'(7.77) is the set of all sequences of n Os and m Is. 
We can also define the inversion number of a sequelice as the sum over 
all Is in the sequence of the number of Os after that 1. We note that 


this gives us the coujugate partition: 


4 
> A 
3 


2 
2 
r> 0 


01101011001 


The g-multinomial coefficient 


Given auv sequence of integers, we take each term in the sequence aud 
count the number of terms to its left that are strictly larger. The sum 
of these numbers is the inversion number of tlie sequeuce, 


L( 362241536241) =0+04+24241454143404+64+34 10 = 33. 


The nuniber of sequences with m, 1s. mz 2s,..., 7m us is giveu by the 
multinomial coefficient: 


(™ t+mogterrt -) (my + mg +++. +m, )! 


Me MQ cee My unl mel-++ my! 


Ts 


If instead of adding 1 for each sequence s, we add g?'*), we get the 


¢multinomial coefficient defined by 


mytmg+eretmy => Lis) 
my. ny a a 4 ‘ 


sés 
Where S = Sry. Mae... nt,) is the set of all sequences with my, 1s. me 
me... om, ns. As with the gbinomial cocfficient. the subscript q is 


Usually dropped unless something other than g is used as the base. 
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Proposition 3.4 The q-multinormial coefficient is equal to the following 
rational product: 


my bang bers ay | (G2 Diy bie be mn (3.19) 

Wy Ma eee My (4. Q mi (4 Gm (Om, 
Proof: We shall prove this proposition by induction on nm, the munber 
of distinct integers. The theorem is trivially true when n = 1. and 
it is Proposition 3.2 when mn = 2. We assume that it is true up to and 
including n— 1. Given a sequence $ in S(my,.™m9,..., m,,). 8 corresponds 


to a unique pair of sequences, s’ € S(71ny,...,My—2-™Mn—-1 + ™,) and 
t€ S(m,p-1.™,,) where 3’ is obtained from s by relabeling each 7 as an 
rr —~ 1 and t¢ is the subsequence of s that consists of the n — 1s and the 
ns. We see that ¢ tells us which m — 1s in s’ were originally ns. 

The inversion number of s is the inversion number of s’ plus the in- 
version mumber of t. We therefore have that 


ya = S- a 
acs ses! ter 


We can use our induction hypothesis: 


rae = (GG) insti ecy aa) ; (g:@)m, yma 
seS (95-0) vie (fe ams (ED inn (G¢:@)m,_1(4 Ding 
Q.E.D. 


The inversion number of a permutation 
We ean represent a permutation of {1,2...., n} as a sequence in which 
the zth entry is the image of ¢. For exainple, the permutation 


a(lb=1l. of2)=3. o(8)=5. ao(4)= 2. ofS) =4 


can be written as the sequence 13524. We can then define the inver- 
sion number of the permutation as the inversion number of the 
corresponding sequence in which m, == 12 = +++, = 1. For example, 


T(13524) =0+0+0+4+241=3. 


Corollary 3.5 If we let S, denote the set of permutations on n letters, 
then 


S> gf = (gia shed). (3.20) 


oe (1 os q)" 
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lt is worth noting that if we take the limit as g approaches 1 of each 
ide of this equation. the right side becomes n!. This polynomial is 


~1 


therefore referred to as the g-factorial. [7!],. 


WW, = 1. 

2, = l+¢@. 

San S Dee oe? 4 ge, 

Be Se Aare 6g? Libya Bye ae g® 

Sy = 14 4q¢49q? + 15q* + 20g* + 229° + 209° + 15g? 


€ 
+ 9% + 4g? + g??. 
The Ganssian polynomial can be expressed as a ratio of q-factorials: 


[mg (alla | 


The inversion number of a permutation is a measure of how far the 


m 


permutation is from the identity. Given any permutation written as 
a sequence of integers. it is always possible to turn it into the iden- 
lity permutation by transposing adjacent clements. For example, three 
trauspositions will turn 13524 back into 12345: 


13524 13254 12354 12345. 


While there are other routes back to the identity, for example, 


13524 13254 —> 13245 12345, 


all of them require at least three transpositions. The inversion nunaber of 
a permutation is also the smallest number of transpositions of adjacent 
clements required to turn the permutation back into the identity. 

There is an iniportant observation that we shall use in the next section: 
aay transposition of two adjacent elements in a permutation will cither 
increase the inversion munber by 1 or decrease it by 1. From this it 
follows that a transposition of any two elements in a permutation will 
change the parity of the inversion mumber. 

The inversion number of a permutation appears in the calculation of 
determinants. The determinant of the matrix 


Can be written as 
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For our purposes, it is convenient to take this as the definition of the 
determinant, 


The inversion number of a matrix 


If we describe a permutation by the permutation matrix of Os and 1s, 
then there is an easy way of calculating the inversion number directly 
from this matrix. The inversion number will be the number of pairs of 
1s in this matrix for which one of the 1s lies to the right and above the 
other. There are three such pairs in the matrix 


100 0 0 
001 0 0 
000 0 1 
010 0 0 
00 0 1 0 


Equivalently. we could calculate the inversion number by taking all pairs 
of matrix entries for which one of them lies to the right and above the 
other (in a 5 x 5 matrix, there are 100 such pairs; see exercise 3.2.16), 
multiplying each pair of entries together (which gives us 0 unless they 
are both 1). and then adding up all of these products. 

This is a procedure that cau be applied to any matrix. In particular, 
we can use it to define the inversion number of an alternating sign 
matrix. The inversion number of 


0 1 0 0 0 
0 0 1 0 0 
1 -1 0 01 
0 1 -1 1 0 
0 0 1 0 0 


is 5. There are seven pairs whose product is +1 and two pairs whose 
product is —1. 
No one has found a uice identity for 


Ss Gi). 
BEA, 


where A, is the set of n x n alternating sign matrices, but if we let N(B) 
be the number of —1s in B, then 


ye Qh (Lt gy s®) 
BEA, 
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ean be factored into a product of linear polynomials. In exercise 3.2.14 


vorare asked to use Mathematica to experiment. with this sum and make 


vailr owh conjecture about the formula. This sum will appear again in 


a more general context tn Section 3.5. 


lo 


IW 


Ww 


Exercises 

Given a sequence, s, of Os and 1s, we define the major index 
of s, maj(s)., to be the sum of the positions of the 1s that are 
inunediately followed by Os. For example. 11aj(01101011001) = 
34+5+8 = 16. Find maj(11001010100). What is the inversion 
number of each of these sequeuces? 

The Mathematica commands given below will calculate Inv, the 
inversion muuber, Maj. the major index, and Perms[m,n]. a list 
of all permutations of m Os and n ts. The argumeuts of Inv and 
Maj must be entered as a list such as Maj [{0,1,1,0,1,0,1}]. 
The conunand Apply [Maj ,Perms[2,3]] will calculate the ma- 
jor index for each of the permutations of two Os and three 1s. 
Compare the sequence of answers with what von get when you 
apply Inv to Perms[2,3]. Compare the sequences of values that 
vou get with other nmubers of Os and Ls. 


Perms[x_,y_]:=Permutations[Join[Table[0,{x}], 
Table[1, {y}J]]; 

Inv [x_] :=Count [Flatten[Map[Drop[x,#]&, 
Flatten[Position[x,1]]]],0]; 

Maj[x_] :=Plus@@Intersection[Flatten[Position[x,1]], 
Flatten[Position[x,0]]-1] 


Prove that the followmeg gives a bijection between the set of 
partitions into at most yn parts. each less thau or equal to i. 
and the set of sequences of 7 Os and n Is in such a way that the 
stun of the parts in the partition is equal to the major index of 
the corresponding sequence. Show that this implies that 


S* gris = m+n 
mM 


seES(m.a7) 

Let A be a partition with at most n parts. each less than or 
equal tom. Let Ap > Ag 2 +e+ > Ay SO be the paris. Start 
with a sequence of a Os. For j = le... no ILA, > j. tsert al 
into the sequence so that there are A, = j Os and no 1s to the 


3.2.4 


3.2.5 


3.2.6 


3.2.7 


3.2.8 


3.2.9 
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left: if A, <7, insert. a 1 into the sequence so that there are A, 
1s to the right and no 0 immediately to the right of the new 1. 
Define the major index of any sequence to be the suin of the 
positions of Ictters that are immediately followed by a smaller 
letter. For example maj(324142231) = 1+345+48 = 17. Prove 
that 


S> qmails) on fe tim) +--+ + np 


Thy. TM, «2.2, MN 
sE€S(mi....,mx) ! as k 


Prove that if n > 2, then 


So (-1)? = 0. 


gES, 


Use juduction to prove that the juversiol number counts the 
least number of transpositions of adjacent elcinents required to 
turn the given permutation back into the identity. 
Differcutiate each side of equation (3.20) to prove that 

S> T(a) = nin(n— 1)/4. 

aéS,, 
Then find a direct proof of this fact that does not use the gen- 
erating function. 
Given an alternating sigu matrix, B, let r, be the set of integers 
in the ith row. counted from the top, of a monotone triangle 
that corresponds to B. Let 7, — riz, denote the set of elements 
of r; that are not in rj4,. Let N(B) be the number of —1s in 
the alternating sign matrix B. Prove that 


n—-l 


N(B)= De Irs — ryaal. 


Let r; be defined as in exercise 3.2.8. Let [[k]] = {1.2,.. .,k} 
and {[0|] = {}. Define 


Prt) = S> |[[& 2 1] = Tis 


kErigirt 
Miri) = 2 [k-U)-resil. 
kEry.—iity 
Prove that the inversion number of B is equal to 


n-1 


y, Pry yaa) — M4. rai): 


i=l 


3.2.10 


S15 
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Define 


MT, (x.q) = S> gh Bg NB), 
BOA, 


Using the results of exercises 3.2.8 and 3.2.9, prove that 


MT, (%,q) = ee a where 
MT, (rizv.qg) = oe Prem pM Oat gr lm Pied 


x MT, (i413 2%, q@). 


and MT,,({1,2,...,n};2,q) = 1. We define 5>* to be the sum 
over all possible rows r;,, that could lie directly below r;. 

The reeursion given in exercise 3.2.10 can be eneoded in the 
following Mathematica program. Usc it to see if there is any 
pattern to ASMf[n,1,q]. the sum over all n x 7 alternating sign 
matrices of g to the inversion number. 


nextlist[n_,alist_] :=Select [Distribute [Apply [Range, 
Partition[Prepend[Append[alist,n],1], 2, 1], 1], 
List] ,# == Union[#] &]; 
Pl[alist_,blist_]:= 
Plus@@Map [Length [Complement [Range [#-1] ,blist]]&, 
Complement [blist,alist]]; 
Milalist_,blist_]:= 
Plus@@Map [Length [Complement [Range[#-1] ,blist]]&, 
Complement [alist,blist]]; 
Nmo[alist_,blist_] :=Length[Complement [alist,blist]]; 
ASMf [n_,x_,q_]:= 
Expand[Sum[q*(j-1) MTf[{j},n,x,q],{j,nh]]; 
MTf[1_,n_,x_,gq_]:=If [1==Range[n] ,1,Plus@@Map[ 
q* (P1[1,#]-Mill,#]) x*Nmo[1,#] MTf[#,n,x,q]&, 
nextlist[n,1]] ] 


Choose sinall values of & and look for any patterns in 

ASMf [n,k,1] where k is a fixed integer. What can vou prove? 
Prove that Z(B) > 0 for any alternating sign matrix B. 

Find a closed formula for ASMf[n,1 + 1/q,q]. 


Sg ZB) Lag eco 
BEAL 


Prove that Z(3) > N(B) for auv alternating sign matrix B. 
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Figure 3.1. Xavier Viennot (left) and Ira Gessel. 


n 


3.2.16 Show that in ann xn matrix. there are exactly (3S) pairs of 


entries in which one is north and east of the other. 


3.3 Plane partitions 


We now have the tools to prove Theorem 1.1. the product form of the 
generating fiction for plane partitions im B(r.s.t), This will be done 
in two stages. First. we use our lattice paths to prove that. the generat- 
ing function for plane partitions that fit inside B(r. s.t) is given by the 


degre) ale 
BST al eae 


Then we use Krattenthaler’s fornnila to prove that this determinant can 


deterniinant 


be expressed as the product 


i4j+k—1 


l-gq 
I {= gitath— 2° 
(aj A)EB(r.s.t) 


It is left. as an exercise to show that as r. s. and ¢ approach: infinity, this 
product becomes [J 1/(l-q@). j > 1. 

MacMalhon’s proof of the gencrating function for plane partitions in 
B(r.s8,t) was published in 1912. It has secn many improvements and 
clarifications. In the carly 1980s. Xavier Viennot and Ira Gesscl showed 
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yow to shuplify the proof by presenting the argiments in terms of lattice 
paths (Gessel and Viennot 1985). 

Vheir work was presaged by Bernt Lindstrém (1973). who worked with 
lnttice paths in representation theory. but who missed their poteutial as 
1 combinatorial tool. Gessel and Viennot had begun their work inde- 
pendently. They joined offorts when they discovered that they had each 
round the same key results. 


We begin with MacMahon’s representation of a plane partition which 
oan be thought of as a bird’s-eve view of the stacks of unit cubes. We 
replace each stack by a single integer that counts the number of cubes i 
that particular stack. The plane partition given in Figure 1.3 on page 10 
is represented by 


65 5 4 3 3 
6 4 3 3 1 
6 4 3 1 1 
4 2 2 1] 
3 1 1 
11. 


It is this particular two-dimensional or planar representation that leads 
to the name plane partition. The fact that the cubes are stacked into 
a corner is reflected in the requirement that the cutrics are weakly de- 
creasimg as we move to the right across auy row or down any column. 

If onv plane partition fits inside the box B(r.s.t), then this planar 
representation las at most r rows. at most s colunums. aud the largest 
part 1s less thau or equal to ¢. Each row is. itself. au ordinary partition 
into at most . parts. each less than or equal to t. Allowing for some 
of the partitions to be curpty. we sec that each plane partition inside 
Bir.s.t) is a sequence of r ordinary partitions, each of which has at 
INost s parts, and each of these parts is less than or equal to f. 

If our r partitions conld be chosen independently. then the generating 


finction would be 
' 
stt 
s , 


OF course. they are not indepeudent, The jth part of the ith partition 
thust be jess than or equal to the jth part in the é — Ist partition. 
We can account for this relationship between successive partitions if we 
'Cpresent cach partition as a lattice path, and then nest the successive 
hu tice paths. 
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The first path (corresponding to the partition given by the top line 
of the plane partition) goes from (0,0) to (4,8). The uext path above it 
(corresponding to the second line) goes from (—1,1) to (t-—1,s+1). The 
condition that the 7 part of the second partition must be less than or 
equal to the jth part of the first partition is equivalent to the condition 
that these two lattice paths arc not permitted to touch, The third line 
of the plane partition is encoded as a path from (—2, 2) to (t — 2,5 + 2) 
which is not allowed to touch any other path. 

We count our lattice paths beginning with the topmost path, the one 
that corresponds to the lowest partition. In general, the ith lattice path 
goes fran (-~r +1,r —7) to ((~r+%,s+7r—i) and corresponds to 
the (r + 1 — i)th lime of the plane partition. If we consider our sample 
plane partition as sitting inside the box B(7,6.6) (seven lines with at 
most six parts to each line and each part less than or equal to 6), then 
it is represented as seven lattice paths shown in Figure 3.2. The first of 
these lattice paths corresponds to the empty partition which is always 
represented by a lattice path that heads due north and then due east. 
We shall call any such collection of lattice paths a nest of lattice paths, 
or, more sinply, a nest. 


How to count non-intersecting lattice paths 


Rather than trying to establish the generating function. we shall begin 
with the slightly simpler problem of counting the total number of ways 
we can construct r nested, non-intersecting lattice paths, each of which 
goes ¢ steps to the east and s to the north. If our paths were allowed to 
imtersect, then it would be easy to count them. The mumber would be 


Gol 


To get rid of the paths that do intersect, we have to do an inclusion- 
exclusion argument of a rather special type, a sum over permutations. 

We consider a larger set of nests, cach of which contains r lattice 
paths which always move east or north; each path begins at one of the 
vertices (—r + j,r— 7). 1 <j <r: each path ends at one of the vertices 
(t-r+ti.s+r—1),1<i<r: and no two paths start at the same vertex 
or end at the same vertex. This allows for some very tangled uests, such 
as the one shown im Figure 3.3. 

Each nest defines a pernrutation of the integers 1 through r as follows: 
The ith path is the path that ends at ((-r+i.str—i). The jth starting 
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(0. 0) 


ligure 3.2. The plane partition of 75 represented as a nest of seven lattice 
paths. 


point is (—7r+j.r—j). Ifthe 7th path starts at the jth starting point, then 
we define a(i) = j. The tangled nest given in Figure 3.3 corresponds to 
the permutation 


3517246. 
If we are given the permutation. ¢, then the ith lattice path in the 
Nest must begin at vertex (—r + o(2),r — a(t)) and end at vertex (¢ — 


h+is+r—d). It takes t+ 7% — (2) steps to the east and s — i + a(t) 
steps to the north. The number of such lattice paths is 


¢ ey 


Tho number of nests that correspond to the permutation @ is 


t+s 
ieee ck 
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(0.0) 


Figure 3.3. A tangled nest of seven lattice paths. 


Theorem 3.6 Given positive integers r,s, and t. the total number of 
plane partitions that fit inside B(r.s.t) is 


Eco HS) (Da 


aéS, j=1 ijol 


Proof: Our determinant. is tle sum over all possible nests where each 
nest is counted as +1 if the inversion number of o is even and as —1 if 
the inversion number of o is odd. Any nest of non-intersecting lattice 
paths nist correspond to the identity permutation, and so is counted 
as +1. We must show that everything else in this summation cancels. 
We shall do this by separating all nests of intersecting lattice paths into 
pairs of uests which cancel each other out: one nest in each pair will have 
an evet inversion uurmber and other will have an odd inversion munber. 

Given a nest with at least one point where two paths meet. we choose 
the intersection point that is furthest to the right. If there is more than 
one iutersection poimt in this cohimu. we choose the one that is highest. 
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lor the exaruple given in Figure 3.3. this is the point at (5,6). We now 
switch the paths at this point (if they cross, we change them so that 


they just mect: if they just meet. we change them so that they cross): 


4 


Lhe effect of this switch ts to trauspose two adjacent ternis in the cor- 
responding permutation. In our exanrple. the new permutation is 


3517264. 


Q.E.D. 


The generating function 


Yo turn this result into a generating function. we have to do mrore than 
just replace each binomial cocficient with a Gaussian polynorial. A 
problem arises when we switel: the tails of two iutersecting lattice patlis. 
lf we assign to each nest not just the mumber 1, but a power of g tlrat 
corresponds to the munber beitrg partitioned. then changing those tails 
wH change the muumber that is partitioned. Taking our exanrple (sec 
Fig. 3.4), the first path corresponds to the partition 8+ 8+ 3 +4 1 (the 
closed cireles). The secoud path corresponds to 3+ 343+ 3 (the open 
citcles). All of these parts add up to 32. After switching the tails of 
the paths the first partition becomes 8+ 3-4 1. and the second partition 
hecomes 6 + 3-+3+3-+4 3. These add to 30. 

lit Figure 3.4, we can see what is happening. Because of the way we 
Chose our intersection point, the two paths that we switeh will always 
't Consecutive (see exercise 3.3.2): let us call then: paths i and i+ 1. If 
TW) > o(i +1). then when we switch the tails. we pick up an additional 
1) -— oa 4+1). Th ou the other hand. (7) < o(i 41), then switching 
the tails decreases the total partition by o(7+ 1) — (7). In either case. 
Witching tails increases the total ammount partitioned by o(7) — o(i +1). 

We ean compensate for this if we define the total amount that is being 
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Figure 3.4. Switching the tails of the last two lattice paths. 


partitioned as the sum of the amouuts partitioned by cach lattice path 
plus 
“ 

S> ii = o(i)). 

w=) 
When we transpose the ith and (7+11)st integers in the permutation, this 
summation decreases by a(i) — o(i +1). When we have a nest. of non- 
intersecting paths, o is the ideutity permutation and this summation is 
zero. For a nest of uon-intersecting paths, the amouut partitioned is the 
sunt of the amounts partitioned by each lattice path. 
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We have found a deterniiuant that gives us the generating function 


we seck,. 


Theorem 3.7 Given positive integersr. 5, andt, the generating function 
jov plane partitions that fit inside B(r.s,t) is 


So eel t+ s 
__4\Z(e) iG-—alé 
Econ genmn [, ft 


aes, 
= det (ger a |) (3.22) 
SUVS § jet 


Conclusion 


To evaluate this determinant, we use Krattenthaler’s formula (Theo- 
rem 2.9 on page 67). For each i, we factor (q: q)sa+/(q: g)s—r.4r Out of 
the ith row of our matrix, and for each j we factor 1/(q:q)r4,~-1 out of 
the jth column. The determinant that. we want to evaluate is equal to 


Il (a: Q)s4t 


Osada (Oo Digien 


x det. (q-0 _ eee = gar) oon (1 = Geet) 


tti-j+l fta—p+2 ttl 
Pega aay a ea Sg te 
We now isolate the g' in each of the binomials inside the determinaut so 
that this becomes 


p 


II (G. Datt 


Y: Gs—itr(G: Q)t41-1 


se ilet ((-1" 1 OD gil) gt) /2 


(gi G (qi — gt"). (q agitith) 
“(gig tt yg — gq ft3-?)..- (gi - eo 
= (HL) D2 grins DP ay a0 Ue 
G4) 5— a Q)t+i-1 
x det ((y' — GT (gq! eee qhtath) 
Syed rae g ey hye hae 


We can now apply Krattenthaler’s formula with .r, = qq’. Sayre 
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“Thr-l) Phe proof of Theorem 1.3 has been reduced te 


and 6, = —4y 
verifving, that 
a3 
(—1)' (1/2 gda. PUL) ret? pay /2 I] (Date 
(2 Os (G a rpi-d 


i=] 
i —t+;—! a+. 
x [ff W-¢) RS ag 
I<r<jsr 2<1<) <r 
? t 


soe Rear ee es 
{leave this as an exercise. 


Q.E.D. 


This has been our first inajor proef. As promised, it is a hwbrid of a lat- 
tice path argument to reduce the problem te evaluating a determinant, 
and then a specialization of a result proved by svuunetry argmuents to 
evaluate the determinaut. In broad terms. this will be the structure of 
each of om three big proofs, the proofs of Conjectures 4, 6, and 1. 


Exercises 
3.3.1 Prove that 
: J —agititk- a 1 
lan I] . >= —, 
re ae 1 ~ ghtute— (1 — qi )4 
(fp A)EB(ris.t) Jal 


3.3.2. Prove that the chosen intersection point will always be an in- 
tersection of two cousecutive paths. 
3.3.3 Prove that 


is the unigne function of ¢ € S, that is zero when a is the 
identity permutation and decreases by o(7) — a(i + 1) when we 
transpose the ith and ¢-+ Ist integers in the pennutation. 

3.3.4 Prove that 


, 


(~1)PP-D/2ghi- =D rit? $1) /2 


x I] (y' — @) I] Gage is Fag) 


b<i<yjdr 2ecyp<cr 
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= TT 0-0) ET a-eteny, 


lso<ysr 2<75 p80 


3.3.5 Prove that 


1 _ 
Nica rar we oo = yer et 


3.3.6 Complete the proof of equation (3.23) by showing that 


t 


II an Il (L— git -TfT]a- gry, 
7=1 


qi g a + Ete 
[sot 2Si<j<r gs! 


3.4 Cyclically symmetric plane partitions 
In this section we shall lav the groundwork for proving Conjectures 6, 
7. and 9. We shall derive the generating functions. expressed as deter- 
minants, for evclically svnunetric plane partitious, for descending plane 
partitions. aud for cach of these when we specify the numiber of times 
that the largest possible part appears. We shall sce how Mills, Robbins. 
Ruusey evaluated these determinants when we get to Section 5.3. 

We have seen (Section 1.3) how to separate a evclically symmetric 
plane partition into shells aud then eneode it by describing the bottom 
level of each shell. If the plane partition fits inside an r x r x r box, 
then the bottom level of the outermost shell naust consist of at most 7 
parts. each less than or equal to r, with the additional restriction that 
the largest part must eqnal the number of parts on this level. This 
restriction guarantees that three copies of the bottom level cau be put 
together to form the outermost shell. From Fignre 1.7 on page 20. we 
sce that on the next level. forined by taking the bottom of the next shell. 
there is no part directly above the largest. part. of the bottom level. and 
each part on the second level must be strictly less than the part directly 
below. 

If we encode each level as an ordinary partition, then each suecessive 
level is indented one from the previous level. and we must have strict 
decrease down each columu. Our example, the evclically syminetric 
plane partition of 75. encodes as 


6 5 5 4 3 3 
3 2 2 
1 


A plane partition in which each row is iideuted one from the row above 
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is called a shifted plane partition. It is a strict shifted plane par- 
tition if we have strict decrease as we move down any column. From 
this deeonposition into shells, we see that the number of cyclically sym- 
mietric plane partitions that fit inside B(r.rr) is equal to the number 
of strict shifted plane partitions with largest part less thau or equal to 
rand such that the wunber of parts in each row is equal to the largest 
part in that row. 

We now represent cach of these rows as a lattice path, but the situation 
is somewhat different from the last. section because the number of parts 

and thus the ending point — for each lattice path depends on the size 
of the largest part in that row. We need to know the largest part in 
each row before we can determine how to set up our lattice paths. Let 
m be the number of rows in the strict shifted plane partition. aud let a;, 
1<i<m. be the largest part (aud also the munber of parts) in the ith 
row. counted from the botton: up so that 1 < ay < a2 < +++ < dm <r. 
We call a; the ith row leader. 

Since we know the largest part in each row, we can remove it and 
concentrate on the partition that remains. In the ith row from the 
bottom, this will be a partition with exactly a, — 1 parts. We can 
subtract one from each of these parts. This leaves us with an arbitrary 
partition ite at most a; — 1 parts. each of which is less than or equal 
to a, — 1. We know that the number of such partitions is 


2a, —2 
a; — 1 ; 


The strict shifted plane partition with row leaders 1 < a, < ag <--+ < 
fm <r is represented by m lattice paths. The ith lattice path encodes 
the partition in the ith line. It is a partition into at most a; — 1 parts, 
each less than or cqual to a; — 1. 

Specifically, the ith lattice path goes from (0. r—a,;) to (a; —1.r— 1). 
Iu our example. the row leaders are a, = 1, a2 = 3. ag = r = 6. The 


partitions to be encoded as lattice paths are the empty partition, 1+ 1, 
and 4+4+3+4+2 + 2: see Figure 3.5. 

To count the number of strict shifted plane partitions with row leaders 
Q1.49..... Am. we count all nests of lattice paths with starting points at 
(0. r—a;) and ending points at (@;—-1,r—1), so that no two lattice paths 
lave the same start or end points. As in the last section. each nest of 
lattice paths determines a permutation of {1,2..... m}. If we take the 
number of nests of lattice paths for which the inversion number is even 
and subtract the uumber of nests of lattice paths for which the uversion 
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(0.0) 


Figure 3.5. The cyclically symmetric plane partition of 75 e1coded as a nest 
of strict shifted plane partitions. 


uumber is odd. we are left with the number of nests of non-intersecting 
lattice paths. Given a nest of lattice paths with at least one intersection 
point, we find the other nest in exactly the same manner as before: We 
find the intersection points that are furthest to the right, and among all 
intersection points in the same coliunn we take the highest. We then 
interchange the tails of these two paths. This gives us the following 
result. 


Lemma 3.8 The number of strict shifted plane partitions with parts less 
fhan or equal to r. with m rows, and such that the tth row, 1 <i<m, 
starts uith the part a; and has eractly a; parts is 


= Pe eae SD a;ta;—2\\"™ 
Scam (wey) <a ("E05 7) 


oéS,,, i=l tga 


We now translate this into a generating function for cyclically symmet- 
ric plane partitions. Because all paths start with the same z-coordinate. 
switching tails docs not change the sum of the parts, and so we do not 
veed the extra factor of g/~2) in the entries of the determinant. The row 
loaders of the strict shifted plane partition correspond to the skeleton 
of the shells. the darkened blocks in Figure 3.6. A row leader of size a; 
represents 3¢, — 2 cubes in the plane partition. The remaining partition 
tu (he ith row. a partition into at most a; — 1 parts less than or equal 
(oa, ~ 1, determines how the remainder of that shell is filled in. This 
bartition is reproduced three times, once on each side of the shell, so 
we heed to replace q by ¢@ in the generating finction for partitions into 
at ost a; — 1 parts, each less than er equal to a; — 1. The generating 


Figure 3.6. Darkened blocks show the skeleton of the shells of the cyclically 
syinmetric plane partition. 


function for all possible cyclically symmetric shells with row leader a; is 


genic 2a) =e 
aj 1 @B : 


The generating function for all nests of lattice paths with row leaders 
(4, dQ..... a,, and for which the ith path starts at (0.7 — a, i)) is given 
by 


lle? a, + Qa(i) — 2 
a; —1 a 


i=l 
Lemma 3.9 The generating function for cyclically symmetric plane par- 


tition that fit inside BOr.r.r), with m shells and row leaders 1 < a1 < 
(lg St SA SP is 


m 
‘ ,+a —2 
asi] L(c) 3a,-2 | Gr a(2) 
S ie) I a,~1 n 


TESin 
rhe 
= det (ve i +a, — "| 
a,—1 Bey. 
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Summing over sets of row leaders 


fo get the generating function for cyclically svmmectric plane partitions, 
we sun the generating fimection given in Lemma 3.9 over all possible sets 
ol vows. In other words, we sum over all subsets of {1,2,..., rh: 


tine 


- 3a, - a, + Ag) — 2 
y ye Ie 4 ries fe 


fapedges an OAV 2 cosas r} GES, 


The next theorem shows how this can be accomplished by taking the 
detevniinant of the matrix that is constructed by first putting 


gi? ' af A "| 
(as qh 


in vow 7, column j. and then adding 1 to each entry on the main diagonal. 


Theorem 3.10 Let G, denote the matrix 


G,- (er ee | . (3.24) 
eS q’ 534 


The generating function for cyclically symmetric plane partitions that fit 
inside Bor. rir) is given by 


¥ oc . 3i—2 i+o i}—2 
cet (I, + G;) = S- (a1)7! TI [so +q° 2 | oa | ) 3 
i=l q 


acs, 

(3.25) 
where dé, =lifi=j.=O0ifiF). Lf we place the additional restriction 
that there are exactly k parts of sizer. 0 <k <r, then the generating 
function is the determinant of Gy.,, the matrix formed by replacing the 
last row of L. +G, by (0..... 0.1) when k = 0 and by 


pearl r-1l—-k rok r—-2-—k 
l-k e. 2—k ye r—k q? 


whenQok<r. 


Proof: If we expand the summation side of the generating function in 
“(ation (3.25), we get a sum over all permutations on r letters and, 
lor cach 7 such that a(i) = t. a choice of either the first term, 1. or the 


Second term. 
s—2 | 21-2 
q 4 : 
(os Pp 
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If c(t) is not equal to ¢ or if o(i) = 7 and we choose the second term (the 
one that involves the Gaussian polynomial), then 7 is an element of our 
subset {a1,d2,...,@m}. If o(i) = 1 and we choose the first term, 1, then 
iis not an element of our subset. This gives us our sum over all possible 
subsets, including the full set {1,2,....r} when we never choose 1, and 
the empty set when a is the identity permutation and we choose 1 every 
time. 

Given {@).@2,...,@m} and a permutation, 7. on m letters, is embed- 
ded in a permutation, 7, on all r letters. The permutation r is defined 
by 


1. if 7 € {@1,@2....,Gm}, say J = a;, then r(j) = Gey). 
2. if 7 € {a1,G9,...,@,}, then r(7) = 7. 


To complete our proof, we need to show that (~—1)7(7) = (-1)?. This 
is equivalent to proving that the inversion numbers of o and 7 have the 
same Parity. 

As an example. let r = 10 and take {2.5.6,8. 10} as the subset with 
m = 5. The perinutation ¢ = 51423 € Ss has inversion number 6. The 
elements of our set are ordered as 


102856. 


This also has 6 inversions. To find the corresponding permutation in 
Siy. we first place the inissing clements, 


1_ 34 (cee: ee 


aud then insert the elements from our set in the specified order 
r= 11034287596. 


This has inversion number 16. 

Each transposition of adjacent elements in o corresponds to a trans- 
position of two clements that might not be adjacent in 7, but any trans- 
position changes the parity of the inversion number (see exercise 3.4.1). 
We can restore 7 to the identity using Z(c) transpositions, each of which 
changes Z(r) by an odd amount. It follows that Z(a) and I(r) have the 
same parity. 

This completes the proof of the first part of Theorem 3.10. the gen- 
erating function for cyclically symmetric plane partitions that fit inside 
Bir.r.r). We now consider the second part of the theorem where we 
specify that there are & parts of size r. 
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Phe key to evaluating our determinant and so proving Conjecture 6 is 

ro work with the gencrating function iu which we specify the mumber of 
ijimes r appears in the representation as a strict shifted plane partition. 
This munber, which we shall denote by k, could be as small as 0 or as 
large as Tr. 
If kis zero: In this case our strict shifted plane partition has no parts 
of size r. In other words. r is not an element of the set {a1,....@p,}. 
Our generating function corresponds to those terms in the expansion of 
the determinant for which o(7) = r and we have chosen the first term, 
1. We let G* denote G, with the bottom row replaced by a row of Os. 
[he generating function when k = 0 is the determinant of J, + G*. 


If is positive: In this case our strict shifted plane partition has at 
least one part of size r. This means that r is in our set {a,..... Gm } 
aud so d;, = r. The nest of m lattice paths will have the mth path go 
fron: (0.7 = @g(my) to (r — lr — 1). More than that, we know that this 
path ends with a step to the cast followed by & — 1 steps to the north. 
Iu other words. the last path must pass through the point (r — 2.r—k). 
and once it reaches that point. the rest of its tail is uniquely determined. 

‘The generating function for paths from (0,7 ~ @g¢mj) to (r — 2.7 —k) 


is 


pa 2 @e(m) 7 k 
Ue(m) —k 


The mth path then takes one step to the east followed by & — 1 steps 


r=) 


vorth. which contributes gq! —) to the generating function. 


gh DED r—2+4g¢m)—* 
To(m) —k 


The generating function for paths from (0.r — @o(m)) to (@m ~ l.r — 1) 
occupies the amth row and agi,,)th column of our matrix. Therefore, 
the entry in the rth row and the j column of our matrix must. be 


vi —2 Br YRV) | = gbk(r-)41 a a 
jor @ *) ~—k @ 


Note that if @g(m) = J is less than fk, then there are no possible nests of 
lattice paths. 


Q.E.D. 
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The generating function for descending plane partitions 
A sitnilar argwnent will also enable us to represent the generating fiumic- 
tion for descending plane partitions that fit iuside an r x r xr box asa 
determinant. 


Theorem 3.11 Let H,. denote the matrix 


ae (a tl (3.26) 
a 1 rgal 


The generating function for descending plane partitions that fit inside 
B(rvr.r) is given by 


rol e 5 
o ; ital 
tetthatHeand= SAPO TE (mote ]). 


ceS, 4 i=l 


where di; =lifi=j.=O0ifi fj. [f we place the additional restriction 
that there are eractly k parts of sizer, 0 < k <r—1. then the generating 
function is the determmant of Hy ,~1. the matrix formed by replacing 
the last row of 1, + Hy by (O...-, 0.1) when k =0 and by 


nr [lek r+1l~—k 2r-2—k 
cane ola reese ee ey a ce r-1-—k 
when O<kor—l. 


The proof of this theorem parallels that of Theorem 3.10 and most of 
it is left for the exercises. We note that a), the smallest row leader, must 
be at least 2. Since we have only r — 1 possible choices for row leaders, 
ow generating function will be the determinant of an (r — 1) x (r = 1) 
watrix. aud the row leaders are chosen from {74+ 1|1 <i < r— 1}. 
We also note that if a, is the row leader for the ith row, then after we 
remove this part. this row consists of at most a, —2 parts. cach of which 
is less than or equal to a@,, and such partitions are represented by lattice 
paths from (0.r — a,) to (aj.r — 2). 

The restriction that the ith row nist have at least a,_, parts is equiv- 
alent to the condition that no two paths intersect at a point on the line 
r= 0. This is subsumed wader the more gencral condition that no two 
paths are allowed to intersect. 


The tough part of finding these generating finctions lies im evahtating 
the determinants. What makes the determinants difficult to evaluate 
is the 1 added to cach ternt on the main diagonal. Withowt it. we get 
deteriinants that are easily evaluated using Kratteuthaler’s fornia. 
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Exercises 
Prove that. anv transposition of two clements in a permutation 
ean be executed by performing an odd uumber of adjacent traus- 
positious. 
Let f be any fuiction defined on all pairs of integers taken front 
fle Deven: a}. Prove that 


det (6,, + f(ai-a;)) 


Me 


= S- S- (-1)7 | fles-eacy)- 


{ay.ag.... Mae ed Lie es r} cS, f=1 
In exercise 1.2.8 of Section 1.2. vou were asked to show that the 
coujectured geuerating function for evclically svumuictric planc 
partitions that fit inside BQr.r.r) can be written as 


r 2at+t—-i 2142)4+21—2 


Il 1-4 Il l-—g 

ia qet—t J [is geitei—2 
r=I Sic ySr 
Use Mathematica to show that this conjectured geucrating flunc- 
tiou agrees with det(/, + G,) for 1 <r < 5. 
Audrews’s conjecture. Conjecture 7, is that the geucrating func- 
tiou for descending plane partitious is given by 


rti+)—1 


ees 

1 = gettin t 

lsigysr 

Use Mathematica to prove that for 2 <r < 6, this is equal to 
the determinant of J,~, + A) 1. 

Let Ay. Ay. .... Ap be nx nm matrices that are identical except for 
the last row which is (a) .al) ash) in Ay. Prove that the 
sunu of the determinants of the A; is equal to the determinaut 
of the matrix that agrees with these matrices in the first 2— 1 
rows and whose nilt row is the vector sum 


f 
k k k 
Sa) 
Prove that 


“fr-24+j—k r—-24+ 7 
: = Dlls Seepage «(907 
| jk ( joi oe ek 


Hint: Use the combinatorial description of ‘eas as the 


munber of paths from (0.0) to (r — 1.7 — 1). 
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3.4.7 


3.4.8 


3.4.9 


3.4.10 


3.4.11 


3.4.12 


3.4.13 


3.4.14 
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Prove that 
ze a) deem _9 : 
~ oe! ' oe “]=a |’ we laps, 
Use this result and exercise 3.4.5 to prove that 


S- det (Ger) = det(L, + Gy). 


k=0 


Prove that 


: 
S— det( Apr) = det(I, + H,). 
k=0 
Show that there is a one-to-one correspondence betwee de- 
scending plane partitions with row leaders 2 < a, < ag <-++< 
@m <r aid uests of non-intersecting lattice paths in which the 
ith path gocs from (0,7 —4a,) to (a,.r — 2). 
Prove that the generating function for descending plane parti- 
tious with row leaders 2 < ay < ag < +++ < dm <r iS given 
by 


_4\L(e - a, a; + Agi) ~ 2 
cal ae 


o€S,, rel 


which is equal to det (a laa . 


a, 
Use the result in exercise 3.4.10 to prove that the generating 
finction for descending plane partitions that fit inside B(r.7, 7) 
is the determinant of J,_1 + H,_1. 
Explain why the generating function for descending plane par- 
titions in B(r.r,r) with no parts of size r is equal to the deter- 
nunant of Hp ,—1. 
Let 1 < k < r-1. Prove that the generating function for 
descending plane partitions with row lcaders 2 < a, < a@2 < 
+++ << Om =r and exactly k parts of size r is given by 


m1 
(rt btdgy,-~k-2 a, + Agi) — 2 
S- eayhl@lghe a(7) | a, : 
oes ( ) Qo(m) oer elt 5 : aj 


Complete the proof that the generating function for descending 
plane partitions that fit inside B(r.r, 7) and have exactly k parts 
of size r is the determinant of Ay. -~1- 
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3.5 Dodgson’s algorithm 


David Robbins and Howard Rumsey discovered alternating sign matrices 
a the course of analyzing aud generalizing a determinant cvaluation 
algorithm published by Charles Lutwidge Dodgson (1866). Dodgson’s 
algorithm is based on the Desnanot—Jacobi adjoint matrix theorem. 

riven a matrix, AJ, we let M; denote the matrix that remains when 
the 7th row and jth column of AT are deleted. If we wish to delete more 
than one row or column, the numbers of the deleted rows are listed 
ay superscripts, the numbers of the deleted columns as subscripts. We 
shall use absolute values around a matrix to denote its determinant: |A/| 
means det (AS). 


Theorem 3.12 (Desnanot—Jacobi adjoint matrix theorem) [f A 
mann xn matric. then 


in 


n — 
n 


Lagrange discovered this theorem for n = 3 in 1773. Desnanot. proved 
it for 2 < 6 in 1819. Jacobi published the general theorem in 1833. 
Jacobi played an important role in the development of the theory of 


(3.29) 


wr 


determinants. In 1841, he published three major papers on the sub- 
“On the formation and properties of determinants” (1841a) which 
contains a second proof of Theorem 3.12, “On functional determinants” 
I841b) in which the Jacobian matrix — a matrix of partial derivatives 
- is defined, and “On alternating functions and their division by the 
woduct of the differences of the elements” (1841c) which includes the 
Jacobi- Trudi identity that we shall sec in Chapter 4. According to Muir 
1906), ~The three memoirs together constitute an excellent treatise on 
the subject [of determinants], and are known to have been markedly 
influcntial in spreading a knowledge of it among mathematicians.” 


Jacobi, now thirty-seven years old. was reaching his zenith. Two years 
later, he became gravely ill with diabetes. His friend and colleague, Peter 
Gustav Lejeune Dirichlet, arranged for a special gift from the kaiser, 
Friedrich Wilhelm IV. so that Jacobi could go to Italy for his health. 
Dirichlet and Jacobi spent a year there. When they returned, Dirichlet 
«ranged for Jacobi to join him at the University of Berlin. In 1851, 
Jacobi contracted smallpox and died. 

This section begins with a proof of the Desnanot—Jacobi theorem, fol- 
owed by an explanation of Dodgson’s algorithm for calculating determi- 
Hauts, We shall then see how this algorithm leads to the A-determinant 


] 
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of Robbins and Rumsey. and couchide with a remarkable theorem that 
ties all of this to alternating sigu matrices. 


Proof of the adjoint matrix theorem 


The proof of Theorenr 3.12 uses the cofactor matrix. Given an n x n 
matrix, A, the cofactor matrix, A/©. is the matrix whose entry in the 
ith row and jth coluum is. up to sign, the determinant of the matrix 
that remains when the jth row and ith column of AF are removed: 


i| ~|A?| ve (a2 arr 
uote | Au vee (1)? | AEP | 
= rym laey ¢ “aye [ap] Ale 


If we take the dot product of the ith row of AL with the ith column 
of the cofactor matrix. we get 


(=) TT Qn [AQ] = mg [AB] Fe + (- Day [ALE] = [AL 


On the other hand, if we take the dot product of the jth row of AJ with 
the ith cohuun of ALC. 7 A 7, this gives us the determinant of the matrix 
in which row 7 las been replaced by a second copy of row j. and the 
determinant of this matrix is zero: 


AD | eit): (PAD: 


If we multiply a matrix by its cofactor matrix. we get 


ML | mM )2 [AB seek an ne 


O°. Qe aa 0 
wate Os NEE Or sen. 00 
O:. oes 


Since the determinant of a product of two matrices is the product of the 
-{ALC| = jAL\". This equation can 
be viewed as a polynomial identity in n? variables, m1, through mp.n 
which means that we can divide cach side by the non-zero polynomial 


two determiuants. we see 


represented by | ALI: 
wee la. (3.30) 


We proye Theorew 3.12 by repeating what we lave just done with a 
modified form of the cofactor matrix. Starting with AZ, we replace the 
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euiry in row 7, colwnn j (2 <j <n— 1) by 0 if i Aj and by 1 if7=/j. 
ye call this matrix A/*: 


Mi | Or Sr ie Or eee 
= het 1 0 Q (~1)"? MB | 
|ALL| 0 1 0 (143 Ae | 
A= 
(-1)" |Al3_,| 0 0 Te APRs 
(-1)r+} Az 0 O 0 | Are | 
If we multiply AL by Al*. we get 
[AZ| my2 mize 0 
O moe mMa3, sO 
AL AP = 0 1739 133 weer 0 
O Whe Nias P+ [ME 


The deterininant of this product is Af le 
of MM is [ALE] [ALE | — [ABT 


At}? |. and the determinant 


Th 


Ar |. We have demonstrated that 


AL| ( 


Att | 


Mr|- 


ag}| |are|) = [ag|? |ag2|. 


Again. we view this as a polynomial identity in my, ) through m,,., 
and divide cach side by | AL]. 


Q.E.D. 


Dodgson’s determinant evaluation algorithm 


The Roverend Charles L. Dodgson. better known under his pen name of 
Lewis Carroll, used Theorem 3.12 to devise an algorithm for calculating 
determinauts that required calculating only 22 determinants. He called 
his method condensation of determinants. 

We are given ann xn matrix, Wf = (a,;). whose determinant we are 
ua lind. The algorithm works on pairs of matrices, (A.B). Initially, A 
our matrix MW and Bis ann —-—1x1—1 matrix with each entry equal 
lo |, 


If none of the entries of B is zero. then we constrict a new pair of 
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matrices: A’ which is n — 1x n—1 and B’ which is n — 2 x n — 2, ag 
follows: 


Qj = (GQ; j@igtj4) ~ Ai j4i1rgi.y) [diye t.3 = Lssaaecc es 1 


/ > ® 
ee Sei gy: RH le = 2 


In other words, A’ consists of the determinants of the 2 x 2 adjacent 
submatrices of A divided by the corresponding element of B, and B’ is 
A with the outer cdge of entries removed. 

This procedure is iterated until either 


e at least one of the entries in B is zero (we are stuck at this point; 
Dodgson suggests that we go back to the original matrix, reorder the 
rows, and try again) 

e or. A has a single entry and B is empty. In this case. the value in A 
is the determinant. 


Exaniple: 
1 -2 -1 3 
2 1 -1l 2 Ree 
A= B= 1 ol], 
-l - 1 -—3 ‘ 
0 -1 -1 2 
4 
5 3 1 
A=| -3 -1 1 B= { ; a. 
—-2 1 
1 3. -l 
4 
“" 4-4 ” 
— B = — 
ea) pa 
4 
A™ = ( —8 ) Be i Vee 


The determinant is —8. 


Why it works 


A minor of a matrix is a determinant of a submatrix obtained by delet- 
ing entire rows and columns. An adjacent minor is the determinant 
of a submatrix in which the rows and columns that remain were consec- 
utive in the original matrix. The central minor is the determinant of 
the submatrix obtained by removing the first and last vows and columns, 
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Ln 
ln 


mean that it is the determinant of a j xj submatrix. We know that A’ 
consists of the 2 x 2 adjacent minors of Af. If we want to find the 3 x 3 
adjacent minors of A, Theorem 3.12 tells us that we can use the 2 x 2 


what we have denoted by A/,°,;. When we say that a minor is j x j. we 


adjaeent minors, as long as we then divide by the central clement: 


[) 20" Sh 

det 2 1 -l 

-l -2 1 
1 -2 1 —1 -2 —-1 2 1 
2 1 —2 1 1 —l —-{ -2 

1 
5(—1) — 3(-3 
~ Haase) Ly 


When we calculate the 2 x 2 adjacent minors of A’ and divide cach one 
by the corresponding ceutral eloment of the 3 x 3 adjacent submatrix 
of A. we are actually calculating the 3 x 3 adjacent minors of A. The 
matrix A” is the matrix of 3 x 3 adjacent minors of A. 

In general. we let A®) = A’, A) = A”..... and suppose that A&~) 
is the matrix whose entries are the # x k adjacent minors of Af and that 
B-!) is the central submatrix of the matrix of k — 1 x k —1 adjacent 
minors. Theorem 3.12 implies that A“) is the matrix whose entries are 
the #+1xk+1 adjacent minors of AJ. By definition, B™ is the central 
submatrix of the matrix of k x k adjacent minors. By induction. this is 
true for all k. In particular, A(— is the matrix of nxn adjacent minors 


of AJ. But there is only one n x n minor of AL. It is the determinant of 
AM. 


The \-determinant 


The central feature of Dodgson’s algorithm is that it builds arbitrary 
determinants out of 2 x 2 determinants. Robbins aud Rumsey asked 
the qnestion. What happens if we generalize the definition of a 2 x 2 
determinant to 


Gy, 12 
= 041@22 + AGyo02;? 


» 


G2, G22 


Using the idea of Dodgson’s algorithin. we can use indnetion to build 
the \-determinant for an arbitrary square matrix. 
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As an exaniple. the 3 x 3 A-determinant. is 


Gi) G12) 413 
G21 422 A223 


Q31 432 233 d 


=  [(ay1 @22 + Aaqe a21){ag2 ax3 + AMg3 432) 
+ Alay2 do3 4+ Ady3 A29) (21 @32 + Ade 433)] fare 

= 41 999 €33 + AQq2 G91 433 + Ady G93 G32 + A219 Ayy 493 032/ O99 
+ Ad 12 @23 421 €32/A22 + M7 a13 @21 A32 + A744 2.293 O31 


3 
+ AP G73 G29 43). 


This occurred during the early 1980s. David Robbins had just received 
his first computer algebra package (ALTRAN) and decided to play with 
it. letting it find the next several A-determinants. He stared at the 
output for several days before realizing that there was a pattern. These 
A-determinants coud all be expressed as a sum of monormials in the a;; 
and their inverses. cach monorial multiplied by a polynomial in A. The 
monormials that appeared were quite restricted. They were all of the 
form 


n 


p= 


where By; was the entry of row 7. cohunin j of ann x n matrix of 1s, 
—Is, and Os with row sums 1. colunnr sums 1. and alternating signs on 
non-zero entries. i other words. (B,;) was an alternating sign matrix. 
Furthermore, the polynoniials in A had a simple expression m terms of 
the inversion wunber of B aud the number of —1s ir B. He and Howard 
Rumsey eventually proved the following theorenr (1986). 


Theorem 3.13 Let AI be ann x n matrie with entries a;;. A, the set 
of nx n alternating sign matrices, I(B) the inversion number of B, and 
N(B) the number of —1s in B. then 


n 
Mises Se DN) lila (3.31) 
BEA, y= 


Out of curiosity, Robbins now asked himself how many summands 
there would be. The alternating sign matrix coujecture was about to be 


ciscovered, 


oe | 


Evrereises 1] 
The generalized Vandermonde product 
ia exercise 3.5.6. you are asked to we the inductive definition of the 
» deterininant to prove that 


[ae vile os I] Gy + At, ). 


i<r<jsn 
When we combine this with Theorem 3.13. we sec that 


ty 


eG (n-i)B,, reo 
T] Gn tar) = SO ae aye TT x = (3:82) 


(ors pS BEA, KS. 


Soicht Okada (1993) has found similar formule generalizig the other 
Wevl denomimator formule. Okada’s residts for the root svstems By 
and Cy, involve suns over alternating sign matrices that are invariant 
ander L80° rotation. 


Exercises 


3.5.) Use Dodgson’s algorithur to evaluate the determinant of 


2 0 1 3 
-l 2 | 
OP sho 41 3 


2 4 -3 2 
3.5.2. Prove that for | <i<r<naudl <j <s <n, the Desnanot 
Jacobi adjoint matrix theorem can be generalized to 
[AL ALT) — \AL |AZy| 
aig . 
its | 


pve 


3.5.3 The theorem that Jacobi proved in 1833 was actually more gen- 


oral than Theorem 3.12. Let (WO) 7" be the upper left 


ny xX m corner of the cofactor matrix. Jacobi proved that 


jury] = fay 


(3.33) 


Prove this equation, Show that it implies both equation (3.29) 
aud (3.30), 


35.1 Use the Desnanot Jacobi adjoint matrix theorem to prove the 
Vandermonde formula by induction on the number of variables. 

ye 

e9 Prove that if we define the A-determinant by equation (3.31). 


then the ordinary determinant is what we get when A= |. 
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Use the inductive definition of the A-determinant to prove that 
m—et ae , yp. 
a I =a I] (a. + Ax;). 


lsicycn 


Given an alternating sign matrix B, let B(j) be the number of 
times that 7 appears in the monotoue triangle tlat corresponds 
to B. Prove that equation (3.32) can also be written as 


T] Git ae = SD O14 ah TY FO 


ISi<j<n BEA, j=l 
(3.34) 
Verify equation (3.32) for n = 4. 
Using equation (3.32), prove that 
S- et] ag MY) = (1 eg Po Uye: 
BEA, 
Using equation (3.32), prove that 
S- gNh(B) = grt) /2. 
BoA, 


A 


Symmetric Functions 


The reader must be warned that, although there is little doubt that this result 
[the generating function for symmetric plane partitions] is correct. its truth 
at present rests upon the fact that it represents faithfully every particular 
case that has been examined, and that some consequences deduced from it 
also appear to be correct. The result has not been rigorously established. .. . 
Further investigations in regard to these matters would be sure to lead to 


valuable work, 
— Percy A. MacMahon (1916, p. 267) 


Plane partitions might have remained nothing more than a mathematical 
curiosity were it not for the rise of a field within modern algebra known 
as representation theory. Given a group sucli as S,,. the symmetric 
group on n letters, a representation of this group is a map from the 
group to a set of matrices, a map that preserves the group action. For 
S,. we have already scen such a map; it is the one that takes cach 
permutation to the corresponding permutation matrix. 

Recall that multiplication of permutation matrices exactly follows 
composition of permutations. For example, if o is defined by the se- 
quence 4145312, 


and + is defined by 35124, then the composition ¢ o 7 is described by 
32151, 


Vhis relationship is maintained (though nuultiplication is taken in reverse 


119 


120 Chapter 4 Symmetric Functions 


order) when we look at the correspouding matrices: 


0 0 1 0 0 000 1 0 0 0 1 0 0 
000 0 1 00 0 0 1 0 1 0 0 0 
1 00 0 06 0 0 1 00)=4] 0 00 1 =°0 
0 t 0 0 0 1 0 0 0 0 00 0 0 1 
000 1 0 0 1 0 0 0 1 0 0 0 0 


Up to isomorphisin, this is the only one-to-one representation of Ss, 
but S; does have other represeutations. We could map every clement 
to the 1 x L matrix 1. Slightly: more interesting is the representation 
that takes a permutation to +1 if its inversion mumaber is even and to 
—1 if its inversion number is odd. To say that this is a representation is 
equivalent to the statement that 


De aay 


The study of the synimetric group has always been closely related to 
the study of the svmainetric fuuctious that were defined in the ntroduc- 
tion to Chapter 2. In fact. auch of group theory arose as an abstraction 
of the study of symmetric functions. In the decades spanning 1900, 
svanuetric functions reappeared as powerful tools in the analysis of rep- 
resentations of S,. We have scenu that svmunetric frictions are related 
to the counting of partitions. Inthe early 1900s, Alfred Young pioneered 
the use of planar objects. what are today kuown as Young tableaux, to 
study representations of the svminetric group and derive identities in 
the group algebra. At the same time. Issai Schur and Georg Frobenius 
were demonstrating how to use a family of svimmetric functious that 
had been known to Cauchy but which todav we call Schur functions to 
study characters of represeutations, swus of the diagonal clements m 
the matrix representation. 

Youug tableaux can be viewed as plane partitious: Schur functions as 
sums of monomials indexed by cohumm strict plane partitions. The ma- 
chinery of the theory of representations of the svimmetric group provides 
insight into plane partitions. It is from this vantage that Jan Macdonald 
discovered his proof of MacMahon's conjecture (Conjecture 4) for the 
generating function for svminetric plane partitions inside B(r.7r.t). 


4.1 Schur functions 


The original impetus for studving, syminetric functions came from the 
problem of finding a fornmla for the roots of a polynomial. a formula 
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that could be expressed in terms of the coefficients of that polynomial 
asing the four arithmetic operations and the takmg of square roots. The 
quadratic formula does this for polynonmals of degree two. Formule 
for cubic and biquadratic (degree four) polynomials were discovered in 
the 1500s by Scipione del Ferro, Niccolé Tartaglia, Lodovico Ferrari, 
and Gerolamo Cardano. By the late 1700s, it was beginning to appear 
that no such formula existed for the general quintic polynomial, a result 
that was finally proven by Niels Henrik Abel in 1824. But there are 
specific polynomials for which there are such formule. The procedure 
for deciding whether or not such a formula exists and deriving it when 
it does is what Galois theory is all about. 

The kev to tackling this problem was the realization — going back at 
least to Francois Victe m the 1500s — that the coefficients of a monic 
polynomial with distinct roots are, up to sign, the elementary symmet- 
nic functions in those roots. The elementary symmetric function, 
ep(ty.0%2.-..,%n), is the monomial symmetric function (see page 34) 
that corresponds to the partition with & 1s: 


€9 = 1, 
€y = Xy+tloate++ ly, 
€2 = 1% 4+%1X3 + +++ +@@n_-1Xy, 


Cjm = ) Py Vig Vip 
1Sty Sigs <ipsn 
Viete realized that 
aD 


[[@ =e) Sh ep ed Pe eee (-1)"en. 


i=l 
This is equivalent to the generating function identity that can be used 
to define the clemeutary symmetric functions: 


n oO 
[[G +i) = €(7),%2,..-,Xn) bt. (4.1) 
jel i=0 
Note that for i larger than n. e;(@1,-.-,%n) 18 Zero. 


Elementary symmetric functions as basis 


As we saw in the introduction to Chapter 2, each homogeneous syi- 


Metre i és . . : 2 
Netvic function of degree n is a linear combination of the monomial 
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svinmiettic functions iidexed by the partitions of mn. Another way of 
saving, this is that the mouonnal svanmictric functious form a basis of 
order p() for the space of all homogencous svnnuetric functions of de- 
eree nm. fn 1762. Edward Waring proved that we can also construct a 
basis out of products of the elementary svunuctric functions. This im- 
ples that any svinuietric function in the roots of a polynomial can be 
expressed as a sum of products of the coefficients of that polynomial, 
Given a partition. A. we define the corresponding, basis clement by 


OX CON Nase No) ORO EN, 


The five basis elements for the homogeucous syminetric functions of 
degree four in four variables, rp. a. .rg. ay. are 


Cy = kPa yey. 
C31) = (ry tery tay Powys +o yptawy + L030 4) 
x (4) tag 4+ 73 +4) 
C2 = Wyta tery barry + rats + rata + tye) 
Casa) 2 (ite tits bor pri t+ rots + tore yaa) 
«x (rp tlg tay t+ ry). 
Cita Se <p tus try). 


Proposition 4.1 The set of ex. where X ranges over all partitions of n 


is a basis for the homogeneous symmetric functions of degree rm. 


Proof: We first define a complete order on all partitions of 2. Given 
partitious A= (Ay > Ag > > A, SO) and pe = Gay > pg 2 2 
ly, > 0). we find the smallest 7 such that A; A yz,. We consider A to be 
larger than ye if and only tf A, > y,. For example. the partitious of 7 are 
ordered by 


(7) > (6.1) > (5.2) > (5.1.1) > (4.3) > 
> (4.2.1) > (11.1) > (8.3.1) > (8.2.2) > (3.2.1.1) Se. 
Giveu a partition A, we let A’ denote its conjugate (sce page £4). We 
observe that ¢ equals my plus a sun of monomial svnnuctric funetions 


indexed by partitions that are strictly Jess than A’. As an example. the 


basis clements of deeree four are 


Cy SM LaLa 


Giga, = Ml te bet aie 
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(2.2) = Maa + 2m) + OM at): 
Caray = Mega + 2.2) + 45a iay + L214). 
Cray = may + 43.1) + Grr (2.2) + L2rreaay + 24m aia: 


Since the monomial syimiuetric functions give us a basis for the ho- 
miogencous synilnetric functions of degree n. we only need to show that 
ea h mononial svinmetric function can be expressed as a sum of ele- 
mentary syinmetric functions. This is clearly true for Mary) = en We 
now proceed by induction. moving up the order on the partitions of n. 
We assnue that for the partition A, ify <A. then m, can be written 
as a stun of elementary synumietric functions. From our observation, we 
know that 7) equals ey minus a sum of monoimial syimnetric factions 
indexed by partitions less than A. Since cach of these other mouonial 
svunnetric functions is a linear combination of elemcutary symuuctric 
functions. so must be my. 


Q.E.D. 


Complete symmetric functions 
A third basis is given by the complete symmetric functions. We 
deine b, to be the sum of all onomial syminctric functions of degree 7. 
and then extend this in the same way we did for elementary svuimetric 


functions: 


The five complete symuietric functions of degree four (in four variables) 
are 


Ay = may tme3ayt Meat Mera + Marsa): 
hegay = (my + Meany + Meaaay)may : 
Aes = (me, +ma.ay)? 
harry = (m2) + maay)Mmry 
Mataay = May. 


Mu seucrating function for the complete symmetric functions is 


1 
iat eer = hae (4.2) 
jst ! 
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While both the clementary and complete syminetric functions will have 
a role to play in this chapter, the basis that most intercsts us is one that 
is defined in terms of determinants, the Schur functions. s),, where 


den(as ) 


det(a"~") 


Y 


dann ) 


These jen (2 = eyy: 


(4.3) 


As an example. we take n = 3 and look at the Schur functions for the 
partitions 


A= (2,11): 
rt yt ot 
x2 y 2 
Tr Yu pa 


Sxl yt) = (a — y)(a — 2)(y — 2) 


aty?z — e?yte — xtyz? + ryt2? + a?yz4 — zy? z4 


ay — ay? —r22 4 yPet are? — yz? 


= az yz an nyt ate yz. 


d= (4.1.0): 
Fag yf 78 
ry 2? 
1 1 1 


Sar o(@.y-z) = (x — y)(x — z)(y — 2) 


= gxtytate+ayi+ytzt+azet ty" 
4 wy? 4 a2? 4 w2y8 + yP2? 4 2228 + ye 
+ Qr8yz + QryPz + Qeyz° 
+ Qe? y?z + Qe? yz? + Qay?2z?. 

If A is a partition of mm. then the determinant in the numerator of 
$\(71,.++-Tn) is an alternating polynonnal of degree m + n(n — 1)/2. 
From Proposition 2.8 on page 65, we know that s)(2),....2,,) is a sya 
metric polvnonial of degree m, 


Schur functions are named for Issai Schur (1875-1941). who used them 
in his work im iwariant theorv. but they are much older. In his 1815 
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papel Cauchy described these functions and proved that they are sym- 
netic polynomials. In 1841, Jacobi (1841c) showed how to express 
these polynomials in terms of the complete symmetric polynomials, the 
Jacobi “Trudi identity which we now state. Nicolas Trudi (1811-1884) 
win a Neapolitan mathematician who gave a simplified proof of this 
‘dentity in 1864, 


Proposition 4.2 (The Jacobi-Trudi identity) Let \ = (Aj..... An) 
be a partition into at most n parts. We have that 
k 
SA(Tivee sn) = det (hd, 45-1); jar: 
Proof: Our proof uses the generating functions for the elementary 
and complete symmetric functions, equations (4.1) and (4.2). Let a = 
(7. MQ.0+¢.Q_) be any sequence of non-negative integers, and define the 
kx kt matrices 


Ag = (27s Hy = (ha, beg)s M= (ayy) : 


—t 


where of?) , denotes the (k — 7)th elementary symmetric function in all 
of the Gaaubles except z,. We shall prove that for any a, A, = AaAl. 
aud therefore 


det (H.) = det (Aq) / det(AL). (4.5) 
We begin with the geucrating functions identities for the coniplete anc 
elementary symmetric functions: 


k k 


1 
m 

Y lin t 3 Oe a II <a I[a Ent) 
m=0 m1 nr=1 
n#l 

1 ‘ 

= = loaytt+r7t?+-: 
1—2xt ; : 


When we compare the coefficient of t on cach side of this equation, we 
see that 
k 


kj et!) _ oo 
at ln —k+j(~1) pet 


This is the sane as saying that H, Al = A, 
When a = (h-l,k-2..... 0), Ha has 1s on the inain diagonal and 
Ys below the main diagonal, so its determinaut is 1. This implies that 


det (A) = det (27 '). 
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Equation (4.4) is the special case of equation (4.5) in which 


4.1.1 


41.2 


4.1.3 


4.1.7 


4.1.8 


a= (Ay +h -— 1LAg + k— 2,..., An). 


Q.E.D. 


Exercises 

What are the partitions of 29 that immediately precede and 
follow 7+6+6+4+4+4+ 2 in descending order? 

Calculate e3(1.1,1,1,1). What is the value of e, when there 
are m yariables that are each set equal to 1? What is the value 
of Ag(1,1,1.1.1)? What is the value of h,, when there are m 
variables that are each set equal to 1? 

Prove that if o and 7 are any two permutatious on 1 letters, 


then 


(~1yFeoor) = (-1)F0( 17. 


Prove that (—1)2(7 ") = (-1)7@), 

Find the expansions of the five monomial symmetric functions 
of degree 4 in terms of the elementary symunctric functions. 
Prove that 


: +r 
Pelee oe = " - | ‘ 


Prove that 


Prove that 


ey = det(Ay—i4,)7,-, and (4.6) 


he = det(etang a (4.7) 


The first of these equalities implies that the couplete homoge 
neous synunetric functions of degrce n form a basis for the ele- 
mentary symmetric functions of degree n. It follows that they 
can be used as a basis for all homogencous svmuuectrie funetions 
of degree n. 
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11.9 Use cquations (4.4) and (1.6) to prove that if we work with 
svhnnetric functions in & variables, then 


: n—J 
Sage = Pagieh ye Qa p26b—] + De RCH oe se (-1) Daghs 


where X= a+ 1.1? is the partition with one part of size a + 1 
and 6 parts of size 1, 


4.2 Semistandard tableaux 


The cocficicnts of the monorpials in any Schur function are always uon- 
negative integers. They count something. We shall prove that the cocf- 


ficient of af has? ae in sy (ay.....2n) ts the munber of ways 1m which 


n 
we can replace the dots in the Ferrers diagram of A with our variables 
Piasaks r, so that for each 7 we haye a, copies of x, and such that the 
subscripts are weakly increasing as we move from Icft to right across 
anv row and the subscripts are strictly increasing as we move down any 
cohunn. For example. the cocfficiont of #2302422 in 8(4.4.3.1) Is 7. One 
of the seven arrangements is 


Tr Ty £2 @3 
Cy 3 4 v4 
Py 4  W5 

hs 


[invite the reader to find the other six. 

For simplicity, we wually record just the subscripts m what is called 
a semistandard tableau of shape 4. This is the Ferrers diagram 
of \ in which the dots have been replaced by positive integers with 
the vestriction that these integers are weakly increasing across rows aud 
stvictly increasing down colunins. An example of a scinistandard tableau 
of shape (5.3.3.2. 1.1) with 1 = 6 is 


1 1 3 3 4 

2 3 4 

3°50 ~=5 

1 6 

5 

6 
Given a tableau T. we will denote the corresponding wiouomial by x". 
Ii this case xt = rirorgetesr2. We are now ready for our second 


det nition of the Sclnw function. 
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Theorem 4.3 An equivalent definition of the Schur function is given by 


CLUES eee ie aut (4.8) 
T 


where the sum is over all semistandard tableaux of shape with entries 
chosen from {1,2,...,n}. 


This representation makes it easier to describe the Schur function 
associated with a particular partition, though it is not at all obvious 
from this definition that the Schur function must be symmetric. 


Proof of Theorem 4.3 
We shall prove that 


Sy x? = det ed) Gag ; (4.9) 
TET n 


where J), is the set of all semistandard tableaux of shape A with entries 
taken from the set {1,2,...,2}. The theorem then follows from the 
Jacobi-Trudi identity. 

We specify a partition X= (Ay > Ag > ++: > Ae = O) and a positive 
integer n. There is a natural way of representmg cach tableau in Tn 
as a nest of lattice paths. Let T;; be the entry in row 7, column 7 of the 
semistandard tableaux T. The ith lattice path (counted from the top) 
encodes the ith row of the tableau, It goes from (1, k—7i) to (n, k+\i—4): 
It makes \; steps to the north, and the jth step to the north is made 
along the lme a = Tj;. 

As an example, the semistandard tableau 


4 5 


aD Te NO 

am Be Wr 

or WN 
an 


corresponds to the nest of lattice paths given in Figure 4.1. [t has weight 
Cea arr Sara 

We have established a one-to-one correspondence between the semi- 
standard tableaux in Ty , and scts of non-intersecting lattice paths with 


the specified start and end pots. The condition that cach colum® 
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(1,0) 


Figure 4.1. A semistandard tableau represented as a uest of lattice paths. 
Vertical steps along the ine x = j represent occurrences of the letter 7 in the 
tableau. 


of the tableau is strictly increasing is equivalent to the statement that 
the paths are non-intersecting. The power of «; m the weight of any 
particular nest of paths is the number of steps to the north taken along 
the vertical line x = 7. 

We now play the same sort of trick that we used in Chapter 3. We 
take all nests of lattice paths m which each path starts at onc of the 
points (1,4 — 3) and ends at one of the points (n,k + A; — 7), insisting 
that no two paths share the same start or end points. but allowing the 
paths to intersect. As before, this defines a permutation, ¢. The ith 
bath starts at (1.k — o(i)) and ends at (n,k +A; — i). Its weight is 
the product. over j of x, to a power equal to the number of vertical 
steps along the line z = j. The weight of the ith path is a monomial 
of degree \, + a{t) — t. The sunt over all possible lattice paths from 
(Lk ~ a(i)) to (wk+2,—7#) is just the sum of all possible monomials of 
“esree A, + 0(i) — i m the variables 21.22,....a,. This is the complete 
“Snunetric function Ay, pa(2)—a 

The weight of a nest of lattice paths is the product of the weights of 
the individual paths, multiplied by (—1)7(%. It follows that the sum 
over all possible nests of lattice paths with these particular starting and 
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euding points is 


bh 
Se Cy | ripe cet ba) es 


TES, r=l 


where we define lig = 1 and 1, = 0 if m is a negative integer, 

Exactly as tu Chapter 3. we can pair up and cancel all of the inter- 
secting paths. As before, we switch two tails. This chauges the parity 
of the inversion wumnber of the permutation. but it does uot change the 
location of the vertical steps. so it does not change the corresponding 
monomial. This ineans that the sum over all possible uests of lattice 
paths is cqual to the sum over all nests of non-intersectiug paths (for 
which the pernuitation oust be the identity). This proves equation (4.9). 


Q.E.D. 


Using Schur functions 


Schur functions give us a lot of flextbility tu constructing generatmg 
functions for plane partitions. If we rewrite the tableau on page 127 m 
terms of the variables. it is 


Py PL 3 30 4 
Po My Wy 


VG 


Each of these six variables can represent stacks of cubes of different 
heights. For example. we might want to set .r, = y®: Each wy represents 
a stack of six cubes. If we set ro = Qeoarg = glory, = ghiurs = q’, 
and rg = g. then our example represents the plane partition given m 
Figure 4.2. The power of g in the corresponding monomial will be the 
total mumiber of cubes in the plane partition. 

This implies that s(5.3.321.(¢-@-¢').@. @.g) is the goncrating func- 
tion for cohuam strict planc partitions with all stack liciglits less than 
or equal to 6 and with row lengths given by the parts of A: 5. 8. 3. 2. 
Lo and 1. We shall use this fact to give a simple proof of MacMahon’s 
ecucrating function for plane partitions that fit inside an rox s x f box 
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Figure 4.2. The plane partition defined by the sample tableau. 


{ Vheoren 1.3): 
Ios Grist 
HII ero 
i=1h=1 4 
In the next section. this idea will provide the foundation on which we 
prove MacMahon’s conjecture. 


Proof of the generating function for plane partitions 


Let A= s’ be the partition with r copies of s. The Schur function s) 
evaltated at ay = ght! org = git Ph... rey, = dis the generating func- 
tion for eohunn strict (strict decrease dowu colunms) plane partitions 
with exactly r rows, caelt of length s, with the largest stack of height 
less than or equal to ¢+ r. If we remove one cube from each stack in 
row r. two eubes from each stack in row 7 — 1, and so 6n up to r cubes 
froay cach stack in the first row. then we are left with precisely what we 
Went: a plane partition that is a subset of B(r.s.t). Sinee cach plane 
bartition inside Bir. s.t) can be obtained uniquely in this manner, the 
gchorating fnnction that we seek is 


ge POPE? gs (gi + staat q). (4.10) 


hae 


s. ifl<i<r, 
r, oom ‘ ; 
QO, ifr<i< 
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We use the definition of the Schur function to write s\(qft"..... q) as 
a quotient of determinants: X/Y where 


Giese : tar—jtlyt+r~—isa, itr 

X = det ((q ply ae 

aa I] (gtr — gi tosh, 
l<acj<t+r 


We begin by simplifying X. For each i, we take a common factor of 
g¢+"-*+™ ont of the ith row. This gives ns 


X= eer se det Ca) ; 


We can simplify this using the Vandermonde formula, 


X= querer le I] (q" rata, __ gi tr~j-4 »1) ; (4.11) 
l<i<y<tt+r 


We take a factor of g out of each of the (t+ r)(t +r — 1)/2 terms in Y. 
This yields 


Y = qittrht+r-/2 I (get Peg rly, (4.12) 
l<i<j<ttr 


We put our representation for the geuerating fuuction, equation (4.10), 
together with equations (4.11) and (4.12). This establishes that our 
generating fiction is eqnal to 


t+r—7+Ar r—j+a, 


+ teat 
gare -D/2 | | q q 
i Gite? = gitrJ 
isi<j<t4+r 


When i and j are both less than or equal to r. the quantity inside the 
product is 


t+r—i+s tir—j+s 


gitt—t — gitP-3 = 9. 
There are r(r — 1)/2 such pairs (7.7). and so this cancels the power of 
q in front of the product. When i and j are both larger than r, the 
quantity inside the product is 1. The only terms that are now left are 
those for which 1 <i < r and r+1 <3 <r +t, and therefore the 
generating function is 


r +t torts 


q t4+r—) 


-~q 
ghtrot — qi 
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. pultiply munerator and denoininater of cach term by g/7*7": 
We ps vg 


\\c now replace the index 7 by k +r and the index 7 by r +1—7¢ to put 
ilus at the desired form. 


£24 


4.2.6 


Q.E.D. 


Exercises 


Find the other six arrangements of 27 73.73 .rj.vz in the Ferrers 
diagram for \ = (4, 4,3.1). 

Use Theorem 4.3 te find the coefficient of 7 2323.74.22 in the 
Schur function $(5,4,3.1)(71, £2.73. 04,75). 

Use Theoreim 4.3 to prove that s, equals m) plus a sum of mono- 
mial symmetric functions indexed by partitions smaller than 4. 
Use this fact to prove that the Schur functions of degree n form 
a basis for all homogeneous symmetric functions of degree n. 
Prove that if A is the partition 4; > Ag > --- > A,. then 
sr(q",q"-|,...,q) is equal to the generating function for all 
plane partitions whose bottom level is the Ferrers graph for 4, 
for which the stack in the ith row and jth colunin is strictly 
shorter than the stack in the 7 — Ist rew and jth column. and 
that has no stack with more than n cubes. 

Let A) be the 7th largest part in 4’, the partition conjugate to 
A. Let k be the number of parts in A’. Prove that 


k 
8. = detlen apse jer 


In the next section, we shall prove that 


rm 


Sat. e=T— TT ao 4) 


1l-a2;2; 
r j=l I<icj<n mo 


where the summation is over all partitions, A, with at most n 
parts. Use equation (4.13) to prove that the generating function 
for colunm strict plane partitions is given by 


ee al 1 1 
a I L— qs -i (1 — grylr/21* 


1=1 l<ic? =) 
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where [12/2|, read the ceiling of 2/2. is the smallest integer 
greater than or equal to 7/2. 

4.2.7 Use equation (4.13) to prove that the generating function for 
columin strict plane partitions in which cach stack has odd height 
is given by 

ox 


1 1 “ 1 
<r Il peers eae Jeger 


i=l l<i<) n=} 


where v(n) = 1 if n is odd and v(n) = |n/4] if n is even. 

4.2.8 Use equation (4.13) to prove the gencral result of Bender and 
Knuth (1972) that if S$ is anv set. of positive integers. then the 
generating function for coluunn strict plane partitions in which 
cach stack height is an element. of S is given by 


1 1 
ee ll tas 


1ES eyes 
an 


4.3 Proof of the MacMahon conjecture 


The proof of MacMahon’s conjecture (Conjecture 4) is the first of three 
major proofs we shall study. It was a watershed in the history of plane 
partitions and of algebraic combinatorics, a dramatic example of the 
application of tools developed for algebraic studies to a problem that 
had been posed as purely combinatorial. 

Macdonald’s proof appeared in Symmetric Functions and Hall Poly- 
nomials (1979), a book that consolidated much of what was known, 
advanced new understandings, and suggested many rescarch problems. 
It is difficult to assess cause and effect. but its publication coincided with 
increased activity at the intersection of algebra and combinatorics. Nei- 
ther this chapter nor this book does justice to algebraic combinatorics. 
Its methods are more sophisticated than anything presented here. Nev- 
ertheless, the proofs of MacMahon’s conjecture and of the refined alter- 
pating sign matrix conjecture hint at the power and excitement of this 
field of exploration. 

We recall that a plane partition is symmetric when there is a cube 
at position (i.j,k) if and only if there is a cube at position (j.i.k) (see 
Fig. 1.5 on page 13). Ian Macdonald and George Andrews first entered 
our story with their proofs of MacMahou’s coujecture that the generating 
function for svmmnictric plane partitions that are contained in B(r.r. t) 
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o)Léaeeaye tl qa theony) 71 — ght Od). which is the same as 
pexercise 1.2.8. page 17) 


ia gi ttl ll _ grittrti 1) 4 7 
II ! aac qe 1 — geiti-l) : . ) 


is 1<i<ysr 

In the late 1960s, Basil Gordon (1971b) proved the special case of 
\lacMahon’s conjecture in which we take |g} < 1 and let the vertical 
bound, ft, approach iufinity. The first step tn his proof is also the first step 
in Maedonald’s. It is to express the generating funetiou for svmmetric 
plane partitions in terms of Schur funetions. 


Lemina 4.4 The generating function for symmetric plane partitions 
that are subsets of B(rvr.t) is 


ACP } 


where the summation is over all partitions X with at most r parts. each 
of which is less than or equal to ft. 


For the second step, we shall prove Macdonald’s formula for the sun 
of all Seluur functions whose partitious, A, fit inside an r x ¢ rectangle. 


Lemma 4.5 The sum of Schur functions, sy, taken over all partitions 
mito at most r parts. each of which is less than or equal to t. satisfies 
the equation 


j-1 epee 


det (227? — 2 . 
SS 8x(tie cee te S (4) a =H . (4.16) 


Nara’ det(ayd" — rj 


The final part. of the proof is to use the Weyl denominator formula for 
By. Theorem 2.10 on page 68, to rewrite both determinants as products. 
The hardest part of the proof of MacMahon’s conjeeture is Lemma 4.5. 
Macdonald derived it fron: a general identity for a nulti-paraincter faimn- 
ily of symmetric functions known as the Hall-Littlewood polvnonials. 
Sco we need ouly this special case. we shall take a much niore direct 
Approach and prove it by induction on the number of variables. 


Proof of Lemma 4.4 
We noed to prove that for each integer 7 there is a one-to-one corre- 
“Pondeuce between svinmetric plane partitions of 7 that are contained 
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Figure 4.4. Decomposing a symmetric plane partition into angles. 


in B(r.r.t) and column strict plane partitions of n with stacks of odd 
height contained in B(r,t.2r ~— 1). The latter set of plane partitions 1s 
counted by sy\(q2"7t "73... q°.q) (see exercise 4.2.7 on page 134). 
We begin with a svinmetric plane partition and decompose it into 
levels, subsets of points with the same height (see Fig. 4.3). Each level 
is itself symmetric about the « = y plane, and naturally decomposes into 
angles (see Fig. 4.4). The first angle cousists of cubes that lie in either 
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Figure 1.5. Plane partition with strict decrease down columns and stacks of 
odd height. 


the first row or column of that level. In general, the jth angle consists of 
cubes that are in the jth row or column but not in any previous angle. 
Each angle contains an odd number of cubes and the total number of 
crbes in each of the successive angles is strictly decreasing. Given a 
partition into strictly decreasing odd integers, this process is uniquely 
reversible, Each angle consists of at niost 27 — 1 cubes; there are at most 
r angles per level: and there are at most t levels. 

We uow recompose our elements into a plane partition in which the 
ith stack of the jth column consists of those cubes that had been in the 
ith angle of the jth level (sce Fig. 4.5). Since each level of the original 
plane partition does not overlap the level on which it sits, the new stack 
at position (7,7) is at least as high as the new stack at position (i,j +1). 
We get the promised set of plane partitions inside B(r, t, 2r—1) for which 
every non-empty stack has odd height and a non-empty stack at position 
(7.7) must be strictly taller than the stack at position (¢ + 1,7). 


Q.E.D. 


We now pause to observe that, following exercise 4.2.8 on page 134, if 
We can prove that 
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n 


So sabrie ste) = T] I] a er (4.17) 


: Llawry)rj 
» =] l<r< psn : 


then we have proven Gordon's result that the generating function for 
svinmetric plane partitions with at most 7 rows or columus is given by 


1 1 
ea Ul Cpe. 


lsi<y<r 


While equation (4.17) ts a special case of Lemma 4.5. we shall give 
a proof here because it illustrates the essential elements of the proof 
of Lemma 4.5 while avoiding many of the technical difficulties. Equa- 
tion (4.17) was first proven by Issai Schiw (1918). 


Proof of equation (4.17) 


We proceed by induction ou the number of variables. When n = 1, A is 
restricted to be a partition with a single part, in which case sy, (7) = 2". 
It follows that 


x 


ones 


A ,=0 


— 


We assume that equation (4.17) is correct for fewer than n variables 
and we write 


det Caren =P 


Thescjen (mi —F)) 


II --- pes ae 


l<r<ycn : 4 TES i=l 


SKU eee TS 


l 


The quantity for which we want to find a compact forniula is 
1 n 
ae ob tbr, ~t 
DO ed ee reread Pe as Dee 
SS al a 
1<ri<jycn rX GES), r=1 


We take this summiation and first sunt over the possible values of Aa 
and a(n). If we subtract A, from cach of the parts in A. we are left 
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with a partition, jz. into at most 7 — 1 parts. We use IT to denote the 
Vaudermonde product in front of the sumnration: 


w= [J @-ez yh 


pP<i<y<n 
n-t 
= Te 1)7(9) : yan et fame 
» = > ; ) ) Uyprek [[« 
» BE ( 1 tn) a(t) 
AnmOk=) po eeSn = 
o(nysh 
© Fs n—l 
_q Lye Ly be >» Ss (- (pms) I] penis 
1— Terre Py 5 ee) 
k= eESy t=1 


a(n yh 


We can now use our induction hypothesis on the sum over ps and 
pevnutations ¢ € S,, for which (7) = k. In this summation. the 7 —~ 1 
yaliables exclude xy. We do have to be careful about the inversion 
noanber. The difference between the inversion munber of ¢ and the 
iv crsion number when & is removed is just the number of integers larger 
thaitand to the left of # ina. Since & is the last letter of c. this difference 
In — Ae 


iv) 
ie ae oe 
we 
as I] 1 I] iu Py Vy, 
fay Oe ae ee (Ciera Tr) ye, (ee rj) 
n 
x S-( Pee ies re) [Ja ~ £iep) I] (27) 
k= rk b<r<ysn 
1g Hh 
We have reduced what we need to prove to the following identity. 
GE Si crexaa) II (Ey) 
I<i<jsn 
nn 
ry rr) (=1)"" pd -an) [GQ -22) I] (eas) 
k=l ixk arena 
rg eR 
(4.18) 


This can be proven by induction on 7 with the use of Proposition 2.8 
(Daye 65). I leave it as an exercise to verify that equation (4.18) is 
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correct for n = 1 or 2. I also leave it for you to check that the right 
side is an alternating polynomial in x71..... Ip (see exercise 4.3.2). If we 
divide the right side by ]](a; —.7r;), we get a symmetric polynomial in 
Fin Pen z,. Let us call this new polynomial Fy(ay...... In): 


1-— ULE 
Fy (ay.. ie Ly) = 21° Sa eet a rk) I] a (4.19) 


As a polynomial in x). F), is a polynomial of degree n, divided by a 
polynomial of degree n — 1, and therefore it is a linear function of 2. 
I leave it for you (exercise 4.3.4) to verify that this function is 1 when 
xL, = Oand, using the induction hypothesis, that it is equal to l—rg--- a, 
when 2; = 1. This implies that Fy,(a.....,¢@p) = 1 ~ ayes an. 


Q.E.D. 


An alternate form of equation (4.18) (whose equivalence is left as 
exercise 4.3.3) is 


Proof of Lemma 4.5 


Our first step is to rewrite the lemma using the definition of the Schur 
function given in equation (4.3) and the B,, form of the Weyl denomi- 
nator formula as given in equation (2.28). Note that in the definition of 
the Schur function, we set nm = r and take the transpose of the matrix. 
Equation (4.16) is equivalent to 


det (rt? — af 4?) 
Tail ~ 28) Ti cicger (ti — 2i)(@i ty ~ 1)’ 


which, when we clear the denominators, becomes 
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2 
S2 det(2; ee) Tada) YT] (ery -1) =det(ait - 2), 
ee i=1 isicysr 
(4.21) 
We shall prove equation (4.21) by induction on r. the number of vari- 
ables. It is easy to sce that it is true for r = 1. I leave it as an exercise 
for vou to verify that it is correct for r = 2. Our induction hypothesis 
that this equation is correct when we have at most r —~ 1 variables. 
We write cach determinant as a sum oyer permutations. For the de- 
termiuant on the right, we must also specify a subset S of {1.2..... ry, 


gt tere ® a(ij— a 


the values of 7 for which we choose —z rather than 2; 


Si (-1)7'” [Jeo IIa 7 x) II (x; rj- 1) 


do i=l i=l 1<a<gsr 
= S7(-rts II gooey I gr} (4.22) 
a8 ies gS 


where the left-hand sum is over all partitions A into at niost r parts. 
cach of which is less than or equal to f, and permutations og. and the 
right-hand sum is over all permutations o and subsets S$ of {1,2..... ry. 
This identity is equivalent to our icmma, and this is what we shall prove 
by induction. We assume that it is correct when we have fewer than r 
variables. 

Let LHS denote the left-hand side of equation (4.22). For each par- 
tion A = (A, > +--+ > A, > 0), there is a corresponding pair (4. A,) 
where 4 is the partition obtained from A by subtracting A; from each 
of the first r - 1 parts, py = Ay -— Ap 1 <i <r—1. For each per- 
huitation ¢ € S,, there is a corresponding pair (r./) where k = a7 '(r) 
and 7 is a one-to-one mapping from {1...., or}\{k} to {1..... r—1}. If 
a ‘(r) =k. then the sequence that corresponds to ¢ has an 7 in position 
k and therefore 


To) =r-k4+TZ(r). 


We can rewrite the left-hand side of equation (4.22) as 


LHS = y ie lee re Mee [[& xp — 1) 


A, =Ok=1 ifk 
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We now apply our induction hypothesis to the sum on jt and 7: 


LHS = 3 er OL ~ FE) Pp tas ee [[™ rR 7 1) 
dy, =0k=1 ixtk 
x So (=D 5 I eo $2(r-1)-o(2) ae" 
a eS icS 
= s S a So(-1 yr pile) | S10) Ee Cree [ur 2 1) 
A,;=O0k=1 0° S itxhk 
x [[ +1 Lae T[er” Il Oe 
igS 1€S rE S ics 
where S$ is a subset of {1l,.... r}\{k}. S is the complement of S in 
{lew... rh\{k}, and o is a one-to-one mapping from {1..... r}\{k} to 


{Taos r— 1h. 


We can also sumplify the summation on o using the Vandermonde iden- 
tity: 


wee ee ee ae eA eae, 


g reo 1€S WSnsus 
where 
Sle ees, 
t= 
; +1, 2€58. 
This means that we cau write the left-hand side of equation (4.22) as 


LHS = C2") Se S> (en 1 — ap) ag? 


k=1 SC... Be 
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Wo can write 
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We use this equality to rewrite 
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We anake this substitntiou and then interchange the sunnnation on S$ 
ee ry. 


and &. The sum on beconies a sum over all proper subsets of {1 


We ect that 
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We can write these last two lines as 


TT wo Te Manone TY nese 


ae i¢S hdsS ithe gS 
ee 


By couation (1.20). this is eqnal to 


(1 - EL I] (aypom ty): 


1s sot 
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We make this replacement and combine the Vandermonde products: 


LHS = (-G) SP Cay] faher J] tap - 297) 


SC{l. wr} ies aes 
pb tl 
x 1 II xz; I] (x; _ r;) 
oS ae 
= (212) be (=1)'"! [[ ei?" I (Gos x‘) 
SC{1,...r} veES lst<jcn 
Ss t+2r—1 t41 : 
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We expand our Vandermonde product: 


LHS = S (-F@4lS! TT] aftr-e@ TT a2 


lis KGa r} tes teS 
= y (efor! hia I] Ao 
a» SC{1la wr} i€S i¢S 


(4.23) 


This looks very much like the right-hand side of equation (4.22). The 
only difference is that we are missing the terms where S = {1,...,r} 
and we are subtracting the second summation. As we now shall see, the 
second summation gives us precisely the missing summand. 

We observe that 


3 Oe 
t E+ Dr 
det (a ght f) =0. 
ij=l 
This is because the rth column of this matrix consists of nothing but 0s. 
If we rewrite this determinant as a sum over permutations and subsets, 
we see that 


So(H1yeortr TY aft2r-2@ 


o v 
= S- (=I 2415! I git 2r—a(i) II gite®. 
ee 7 
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The term on the left of this equality is precisely the § = {1..... r} term 


of the first summation on the right-hand side of equation (4.23). We 
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make this substitution: 
LHS = Ss" jeri! I gi tarsal) I el. 
xr, v; ; 
o, SC{lar} ies igs 


Q.E.D. 


Conclusion of the proof of MacMahon’s conjecture 


When we put together Lemmas 4.4 and 4.5, we see that the generating 
function for symmetric plane partitions that fit inside B(r,r, ¢) is 


os alge ge cy) = X/Y 


AC{t"} 
where 
Xe. Seige ee ey, 
Y = det ((q?? 2413-1 = Grey) 


We use the B, form of the Weyl denominator formula, equation (2.28), 
to express each of these determinants as a product. If we set 2; = 
q’'*'+! in the Weyl denominator formula and then do some simplifica- 
tion. we see that 
"W 
¥=|fa-7") J] [@-¢°? ase) >). Gen 
i=, l<icgsn 

The uumerator will require a bit more ingennity. We first rewrite the 

determinant in the By form of the Weyl denominator formula as 


stipe d _ .2r-7 
det (x) zy) 
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t=] oeSr 
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where, as before, ¢; = —1 if i € S and e; = +1 ifi ¢ S. Using this same 
ldea. we can write 


det ( »!-) _ .tt2r-i 
et (as ry ) 
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i=l a€S; 
SC{L. 7} 


For the double sum on o and S. we can replace ¢ by a7! this does 
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not change the inversion umber and each c, by ¢, 1a) this does not 
change the cardinality of S. Since the double sim is over all possible 


pairs. (o..S). we can then replace by (7) in the prodnet: 


rp 
_ 1 \Zlaj)+|S| (24-1 ~ 2r—t)/2 
ana, [Teno 


oC8; 5 
sc{t 7) 
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We now pull these observations together. 
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xXx = Ge eee 
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x S. (2170 t 8 Lge, 
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and then use equation (4.25) aud simplify the power of 4, 
a wtrtr -1)/2 . t+27—2)41\r-1 tL2r—Qy41\2r-7 
X= q / det ((q a —(q ) 1 
We can now apply the B, form of the Wevl denominator forniula to 
write the determinant in our numerator as a product, aud then simplify 


to get 


e [cu -_ geet) I] [dl = get tera 7 qh ge | ; 
i=) 1l<i<ys<r 
(4.26) 
We can nse equations (4.24) and (4.26) to write our geucrating func 
tion as a product: 


Ss ate ge van q) 
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which is the formula, (4.14). that we set out to prove. 


Q.E.D. 
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We have sealed the first of our summits, the proof of Conjecture 4. As 
ye saw in Chapter 1, the structure of this generating fuuction led Mac- 
Jonald to Conjecture 6, the generating function for evclically symmetric 
peaue partitions. 

Part of the interest in Macdonald’s conjecture was the belief that its 
proof might also rely on new insights into svinmetric functions. As we 
shalt see. the proof of Conjecture 6 requires a very different set of tools 
and vields very different insights. 


Exercises 
13.1 Verify that equation (4.18) is correct for nm = 1 and n = 2. 
4.5.2 Prove that the right side of equation (4.18) is an alternating 


polvnomial in ay..... ty. 
1.3.3 Prove that eqnation (4.18) inples equation (4.20). 


4.3.4 Prove that the right side of equation (4.19) is 1 when 21 = 0. 
Use the induction hypothesis to prove that the right side of 
equation (4.19) is l—awg-+-%, when a, = 1. 

4.3.5 Verify that F,,(0.a2...... ry) = 0 and (using the induction hy- 


pothesis) that Fj), (1.22..... In) = 1l— mgs ty. 
13.6 Verify that Lenina 4.5 is correct for nm = 1 and 1 = 2. 
1.3.7 Use Leunna 4.5 to prove that 
t+itj)—-1 


Sage... )= [I os (4.27) 
ACH ican -  E™ 
where the sum is over all partitions A with at most r parts. 
cach of which is less than or equal to ¢. This inyplies that the 
gencrating finction fer column strict plane partitions with at 
most r rows, t columns. and largest part at most r is given by 


_ gttiti-l 


Mh eget 


Isesypsr 


a result that is known as the Bender-Kimuith conjecture (Bender 
aud Kuuth 1972). 
38 Prove that 


nu us 1 — aa 
La piaeinie || 
k=l eae. 
ith 


{ (L—tay--sr,)(L—vry---ay,). if nis odd. (4.28) 


(1—ay era, )(L — ferry ss or). if nis even. 
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4.3.9 


4.3.10 


4.3.11 


4.3.12 
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Use equation (4.28) to prove that 


Ss” Prt, v)8,(ti.... tn) 
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nr 


1 1 
= I] (1 — ta;)(1 — v2;) I 12,2; (4.29) 


i=l l<icj<n 


where we let a, be the number of columns of length 7 in ) 
(equivalently, the mimber of parts of size 7 m \’) and then 


a,+1 past 


v = 1 — (tv)0I4+1 
tv) = : 
Pal uy) IT u—-t I] l-tv 


j odd j even 


With f, defined in exercise 4.3.9. prove that 


f,(0.1) = 1, 
O if any a, is odd 
1-l) = ae 
A.D { 1 otherwise, 
O if any a; is positive for any odd 7, 
fx(0.0) = oe more 
1 otherwise. 


Show that the following are special cases of equation (4.29): 


uv 
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1 
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aeons 1- Lik; 
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The last two identities are due to D. E. Littlewood (1950). 
Prove that 


l—ux,%p 
ay Yo (1—tax) [] oe 
1tk : 
= 1 gx odd) lt/2) cary, (4.30) 


where y(S) = 1 if Sis true and 0 if S is false. 
Let e{A) be the number of odd parts in the partition conju 
gate to \ and let d(A) = S051 % [#/2) where v; = v,(d) is the 


1.3.18 
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number parts of size 7 in the partition conjugate to A. Use 
equation (4,30) to prove that 
re 


1 1 
OM 3 (Dy, -tte) = ee a, 
» Os ae =| | 1 — ta; I ees 


i=l l<i<y<n 7 
(4.31) 
Prove that the parity of d(A) is the same as the parity of (A) = 
Xo s,(¢ — 1)Aj, and therefore 


uv 


Sew sxe, am) =] I] —— 


nN i=l ty l<i<y <n 
(4.32) 


One of the most important sets of matheniatics books written in the last 
twenty vears is Knuth’s The Art of Computer Programming (1968, 1969. 1978), 
In this set of books, and in many others of a combinatorial nature, binomia] 
cocfficients occur regiuarly.... Knuth wrote: 


“There are literally thousands of identities involving binomial coefficients, ang 
for centuries many people have been pleased to discover then. However, there 
are so inany relations present that when someone finds a new identity, there 
aren't many people who get excited about it anv more. except the discoverer! 
In order to manipulate the formulas which arise in the analvsis of algorithms, 
a facility for handling binoutial coefficients is a must.” (1968, sect. 1.2.6, 
52 53) 


When a mathematician who is as good as Knuth writes nonsense lke the 
above (except for the last sentence. where he is probably right). then one 
must look seriously at what he wrote and try to nnderstand why he missed 
the essence of what is really true. There are actually very few identities of 
the sort Kunth gaye in this section - there just seem to be many because he 
does not know how to write them. For example, in (1968, sect. 1.2.61) he gave 
six sums (21) (26) and then wrote that (21) is by far the most important. 
What he did uot point out is that five of these identities. (21) -(25), are all 
just disguised versions of 


| on a (¢—a)n 
ok police ane 
ate c (C)n 


In other words, they are all the same identity. Binomial coefficients are im- 
portant. since they commit things; but when one has a series of products of 
binomial coefficieuts, the right thing to do is to translate the sum to the hy- 
pergeonietric series.... Translation is alinost always easv (there can be some 
problems that require limits when division by zero arises), and it has been 
kuown for a long time that this is the nght way to handle sums of products 
of binomial coefficients. Andrews spelled this ont in detail in (1974, sect. 5), 
but the realization that hypergeometric series are jnst series with term ratio 
a rational function of n [the index of summation] is very old. Horn (1889) 
used this as the definition of a hypergeometric series in two variables. R. 
Narasinthan told me that he found a definition of “comfortable” series in one 
of the late volumes of Euler’s collected works, For Enler. a comfortable series 
is a power series whose term ratio is a rational function of n. When I asked 
Narasimhan to give me a specific reference, he was unable to find it again. I 
will be very pleased to pay $50 U.S. for this reference, for it would be worth 
that to know that Euler’s insight was also good here. An even earlier place 
one might look for this insight would be in Newton's work. 


~ Richard Askey. fron: How can mathematicians and inathematical 
historians help each other? (19388. 206-207) 


© 1988 by the University of Mimiesota. reprinted with permissio® 


+ Professor Askow inforins me that this offer still stands. 
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Hypergcometric Series 


Ata lecture on hypergeometric finictions Tattended at the University of Edin- 
bureh. the speaker. after foisting ou us a colossal equation. announced grandly. 
~Pids result has applications in particle physics.” Ile then added. roguishly. 
“Of -ourse. every resilt has applications in particle plivsics — the field is in 
such disarray.” T scemed to be the only one in the audience who was auniscd. 

Jet Wimp (1997) 


Macdonald had used results from the theory of representations of the 
svnunetric eroup to prove MacMahon’s conjecture. At the same time. 
George Andrews found a proof that drew ou an entirely different tracli- 
tion. the special fuictions of analysis that can be expressed as hyperge- 
ometric series. Connections between analysis aud combinatorics go back 
at least to Euler. brt the collaborations of Richard Askey and George 
Audrows. beginning in the 1970s. revealed powerful new links between 
bariition theory and special fiuctions. 

Hypergeometric series play a small role in the Mills, Robbins, and 
Rumsey proof of the Macdonald conjectire. Their proof is really a tonr 
de foree of the techniqnes of linear algebra. But as algebraie eombina- 
forics developed in the 1980s. the machinery of ivpergeouictric series 
became mdispensable to its study. “Phe proof of the refined alternat- 
Me “ign matrix conjectrre will rely on some sophisticated pieces of this 
Wea Tinery, 


5.1 Mills, Robbins, and Rumsey’s bright idea 
‘| im 


OV in 


hearty of the proof of Macdonald's conjecttwe for the uuimber of 


ally svimmetric plane partitions lies in its stricture and its nse of 
Masaiy, 


ned enosswork and serendipitous happenstance. Almost all of this 


Cy wet : é Be . 
Whe found in the simplest case. a proof of Andrews’s resnit Chat counts 


15] 
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the total number of descending plane partitions with largest part less 
than or equal to r. This is the g = 1 case of Andrews’s conjecture (Con. 
jecture 7). In the first section, I shall outline this proof and show how to 
procced im general. I shall present the details and elaborations needed 
for the full proof of the Macdonald conjecture at the end of this chapter, 
after deriving the results we need from the theory of hypergeometric 
series. 

For Mills, Robbms, and Rumsey, the starting point was the same ag 
it was for Andrews, the determinant that expresses the number to be 
calculated. We define [, to be the r x r identity matrix. The matrix H, 


is given by 
m= (CD) osu 
ou 1<ig<r 


As we saw in Chapter 3, Theorem 3.11, the number of descending plane 
partitions with largest part less than or equal to r+ 1 is the determinant 
of I, + H,. Our task is to prove that for all positive integers r, 


r { 
det(I,, + Hy) = IT are 


As an example, when r = 5 we are counting the number of descendmg 
plane partitions with largest part less than or equal to 6. This number 
is 


pean 8 6 10 15 
1 144 10 20 35 
det(Is+Hs)=|] 1 &. “Leis 85 70 | = 7436. 
1 6 21 1456 126 
1 7 28 84 14210 


Decomposing the determinant 


The insight drawn from the correspondence with alternatmg sign mar 
trices suggests that we want to investigate the numbers L; = Ljr = 
the number of descendmg plane partitions with largest part less than 
or equal to r + 1 and exactly i parts of size r +1. In Theorem 3.11, 
page 108, we proved that 


Lge Diy = doth); 
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where H,,, is identical to I, + A, in the first r—1 rows. The rth row of 
Hi WS 


(0,0.....0.1), if =0, 


ye ie ola) > tee 


Yhe binomial coefficient is taken to be 0 when the lower parameter is a 


(“,)=° forn EN. 
a. 


For r = 5, the values of the L; are 


negative mteger: 


23 6 10 15 
1 5 10 20 35 
1 6 21 57 126 
00 0 0 1 
23 6 10 15 
1 5 10 20 35 
L, = |1 5 16 35 70 | = 1287, 
1 6 21 57 126 
1 6 21 56 126 
23 6 10 15 
1 5 10 20 35 
[lg = 1 5 16 35 70 | = 2002, 
1 6 21 57 126 
0 1 6 21 56 
2 3 6 10 15 
1 5 10 20 = 35 
Ly -= 1 5 16 35 70 | = 2002, 
1 6 21 57 126 
00 1 6 21 
2 3 6 10 15 
1 5 10 20 35 
[y = 1 5 16 35 70 | = 1287. 
1 6 21 57 126 
0 0 0 1 6 
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Conjecture 9 is equivalent to the statement that 


LEP OF LI eh! 
oe) Gay Wey 


"ps0 


The sium of the last rows of these r + 1 matrices ts the last row of 
I, + H, (1 leave this as au exercise). It follows that 


. 
det(,. + H,.) = Dee? 
=0 
This will be a proof by induction on 7. We may asstune that det(/,_; + 
A,.1) is the predicted value: 


rol 


Ly = det(I,-1 + Ay-1) = [J 


1=0 


(3y +1)! 
(r+jyto 


More definitions 


We let 4 be the matrix H, with the last row replaced by a row of Os 
so that 


Aly... T,. + Hy 


We let R= R, denote the matrix whose ith row is the last row of Hi r- 
For example. when 7 = 5 we have 


1 6 21 56 126 
G0 1 6 21 56 
Rs=] 0 0 J 6 21 
0 0 0 | 6 
0 0 0 0 1 


The mattis 2 is always upper triangular with 1s on the diagonal, and 
therefore it is always nonsingular. Finally. we let C = C,. denote the 
column vector of cofactorst of the last row of 1, + H,. Since cach matrix 
H,, oulv differs from J, +11, i the last row. the matrix product of the 
last row of H,,. with C is the determinant of H,,. This determinant 1s 


+ The cofactor of entry i.) in matrix AL is (-—1)'7! times the determinant of the 
matrix obtained from AZ by deleting row @ and colunim 7. This becomes cutry j.t 
in the cofactor matrix. Our column vector Cis the rightinost colmmn of the 
colactor matrix, 
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7. The matrix product of any other row of A, with C is the deterni- 
nant of the watrix obtained by replacing the last row of H;,., with this 
her row of the same matrix. This determinant is zero. We have that 


A; C= 


Because R is the matrix of these last rows, wo also have that. 


Ly 
Lo 
RC = 


i 


Since FP is nonsingular. this can be rewritten as 


Ly 
Ly 

ee eee (5.1) 
Le 


An equation that uniquely determines the L 


Using equation (5.1) and the fact that J, + H* = Ho... we see that 


Ly 
Dy 
RU, + H*)R & ROC 
Lim 
= RHy,C 


i he vector Cis the column vector of cofactors of the last row of I, + H,. 
; his implies that if we take anv row of Ho., other than the last row and 
hd its dot product with C’. the result will be 0. The dot product of the 


iF 
“1 row of Hy, with C is the determinant of My, which is the scalar 
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Lo. We can rewrite our equation as 


0 
L 
- 0 
2 
RG +HDRTN |, ee ee 
0 
L, 
Lo 
0 
0 
= Lok : 
0 
1 


When we multiply R by this coluinn vector. we simply pick off the last 
column of R. 


Ly Ri» 
Lg Ro >. 

RU,+H)R') 2 f=Lop oy. (5.2) 
L, Ry. 


where R;., is the entry in row 7, colunm r of R, 


ee ( 7!) 
r—i 


The determinant of R(J, + H*)R~? is the determinant. of J, + H7 = 
Ho.» which is Ly. We know the value of Lo (by the induction hypoth- 
esis). and it is not zero. Therefore. R(I, + H*)R~' is nonsingular. In 
particular, the values of L, through £,. are uniquely determined by equa- 
tion (5.2). If we can show that our conjectured product formule for the 
values of the £; satisfy this equation, then we have proven that they are 
correct. 

For the problem at hand, that of yerifying the formula for the total 
number of descending planc partitions with largest part less than of 
equal to r+-1 and exactly 7 parts of size r+1, we are donc. The prospect 
may be daunting, but it is possible to show that the conjectured values 
satisfy this equation and to do so using only the tools we now have oP 
hand. We run into a problem, however, when we try to verify the product 
form of the generating function for descending plane partitions or to 
prove the Macdonald conjecture. The values of L; are now polyuomials 
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ag. aud we do not know what they should be. We could guess and 
hope to be lucky. Mills, Robbins, and Rummscy took a more systematic 
approach. 


The leap of faith 


Equation (5.2) is eqnivalent to 


Ly Rye Ly 

Lo Ra Le 
. |= Lo ~ RH*RO! 

L, Rep L, 


This matrix equation represents r lmear equations in which the right- 
hand side of cach is a sum of r+1 terms. We can rewrite this right-hand 
side as a single matrix product: 


ro 
rn R,, By 
[2 Ro, : 
= Lo |. (5.3) 
> | -~RASRO! 
L, R,., L 


This identity expresses a colunm vector of length r as the product of 
an x (r+ 1) matrix and a column vector of length r+ 1. Following 
Mills. Robbins. aud Rumscy. we consider extending this to a system of 
’+ 1 cquations. a consideration that. begms to seem reasonable when 
one calculates the entrics of the matrix and discovers that 


Rye 
ee = 
_ ((-1 (7, -) . 
ce et 
R,. 


Equation (5.3) strongly suggests that we should define an (r + 1) x 


(+1) matrix 
Die OV" 
KR=K,.:= (cay ( : : ; ) 
Ds oe) uj=0 
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and expect that 


Lo Ly 
Ly Ly 
lz |=K | Lo (5.4) 
i; ie 


Let us pause for a moment to appreciate the audacity of what we 
are proposing. We know that equation (5.3) is correct and that if our 
product. formule for the £, satisfv this equation, then they have been 
proven correct. Equation (5.4) inyplies equation (5.3) - we lave simply 
added an extra equation in a svstem of equatious - and therefore if our 
product. fornia satisiv equation (5.4) then they have been prover to be 
correct. But remember that, by ow induction hypothesis, Ly is a known 
quantity. Equation (5.4) is a system of r+ 1 equations in r unkuowns, 
There is no guarautee that it has a solution. The only reason to proceed 
is the observation that we seen: to have conipleted a missing symmetry. 
To a mathematician, there could be no better reason. 

Equation (5.4) is very appealing for it states that L = (Lo. L1,..., Lr) 
is an eigenvector of AK with eigenvalue 1. In order to complete the in- 
ductive step of our proof we need only find some eigenvector for the 
eigenvalue | with non-zero first coordinate. We then rescale it so that 
the first coordinate is Ly = det (7... + H,_1). and then verify that the 
sum of the resulting coordinates is the predicted product. formula for 
det (I, + H,.). There is no easy way to find such an eigenvector. Fortu- 
nately. eigenvectors are easy to verify if you manage to guess correctly. 

In the general case where the determinant to be evaluated has polyno- 
mial entries. Mills, Robbins, and Rumsey constructed a family of likely 
candidates for the eigenvector. Though none of their candidates was 
correct, they were able to find a linear combination of three of their 
vectors that was. We shall see how they did this in Section 5.3. They 
confirmed the Macdonald and Andrews conjectures (Conjectures 6 and 
7) as well as their own (Conjecture 9) by uornializing this sum of vectors 
so that its first coordinate was Ly. They then added the coordinates and 
verified that this vielded the expected polynomial. 


ca een 


ytd 


). 


ie 


1.3 
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Exercises 


Prove that the stan of the vectors (O..... 0.1) and 


ae ie gen eee pi ee eee 
ey 2-1 he 


is equal to 


r+1 r4+2 27 — 1 2r 
: ae l+ ’ 
0 1 r~-2 Sal. 
This is equivalent to proving that, for l<&A <r, 
% rtk—-i\ — (r+k 
rar OR a ~ Ak=1)¢ 


Let AZ° be the cofactor matrix of AZ, aud let Mi be the entry 
in row 7. column 7. Using the definition of the determinant as 


det(.A/) = Se eee I] Mie): 
7=] 


céS, 
prove that for anv ki. 1 <k <n. 


n 


det(AL) = oy Abi AL. 


7=1 


Prove that if & Aj. then 


CS 
S 7 An, MS =0. 
t=1 


Proye that the matrix product AJ AC is the matrix with det(4/) 
ou the diagoual and 0 everywhere else. Use this result to prove 
that det(AI©) = det(AL)"ot. 

Find the inverse matrix for Rs. 

Calculate the product R;Hz Rs! aud verify that 


—R;H*Rz! = (| (—1Y ee 
Sa a ee | Lj=l 


Verify that (429, 1287. 2002, 2002. 1287. 429) is an eigenvector 
with cigenvalue 1 for the matrix 


Rex ((-1y ( ek )) 
eaikal oe Be 
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5.1.8 Show that the cutry in row 2, column j of R is Geren Show 


jot 
that. if 
—f/r+j-h\ (k-j—-r—-2 
anaes h—o=k 
en) pop) TXORD 


where x(S) = 1 if S is true and 0 if it is false. then 


ma (ri?) 
Jo wg=l 


Note that rt is necessary to define 


C) _ a(a~1)-+-(a-j +1) 
j i 
when a is negative. Verify that the inverse matrix for Rs is 


equal to ( c ) ) : 


5.2 Identities for hypergeometric series 


Before we proceed with the proof of Conjecture 6, we necd some re- 
sults from the theory of hypergeometric and basic hypergeometric se- 
ries. We have seen these series in Chapter 3 where they appeared in 
the g-binomial theorem. Theorem 3.1, and again in equation (3.28) on 
page 110. We shall build on these results to obtain transformation and 
summation formule that we need in the next section as well as in the 
proof of the alternating sign matrix conjecture. 

The actual results that are required for the proofs m this book are 
not particularly difficult or deep. I could have treated them on an ad 
hoc basis. But hypergeometric series are fundamental to the work now 
being done in algebraic combinatorics. I have decided to lay a founda 
tion for their study that will facilitate any further explorations you may 
undertake. Some of the deeper results are treated in the exercises at the 
end of this section. 

We begin by tying up a loose end left from the very start of our story: 
establishing the equivalence of Conjectures 1 and 2. In Section 1.1, we 
sought a formula for A, ;,. the number of n x n alternating sign matrices 
with a 1 at the top of the kth column, and we made two conjectures 
that we asserted to be equivalent. It is easy to see how Conjecture 2, 


n—-2 


re Gen (Qn —k—1)! Ul (37 + Dt (5.6) 


k-1 (n — ky! (n+ 7)! 


2=0 


5.2 Hypergeometric Identities 1 
nplies Conjecture 1, 


Ann. —  k(Qn—k-—1) 
An k+1 (n—k)(n +k-—1) 


(5.7) 


Using the ratio of consecutive terms given in equation (5.7) to derive 
the formula of equation (5.6) takes a little nore work. 
li we know A,,;, then we can iterate our ratio to find An x. 


2 (n—1)(n) (n= 2)(n+ (n—k+Y(n+k-2) 4 
1(2n—2) — 2(2n —3) (k — 1)(2n — k) i 

(n+k—-2)iQn—k—-1) , 

(n— kK) (k—1)!(Qn— 2)" 


A nike 


We can now add up the values of the A,,, to find A, = An+ia: 


(n+k—2)!(2n-—k-1)! 


Ap, oS x 
ee (n—k)I(k ~ DI (Qn — 2)! 


Can we express this sum more succinctly? 
We can take a bare-hands approach, first rewriting our sum as 


! 


“~ (n+k-2)!(2n—k-~1)! 
Dy eas ea Gn 23 


Ga Diwe TY! f/m ee 2 2n-—k-1 
(2n — 2)! n—-l n-1 , 
k=l 


aud then recognizing the summation as the number of ways of placing 
2n— 1 identical objects into distinct positions labeled 1 through 3n— 2. 
The nth object goes into position n +k —1 where 1 <k <n. There are 


heal 


i) ways of placing the first n ~ 1 objects and oo ways of 
placing the last n — 1 objects. We have proven that 
n-)i(n—1)! f3n-2 
Ay <= sent ato 2b An_ 
(Qn — 2)! ee Lys 


(n — 1)! (3n ~— 2)! 
On Din Ti 


Shee Ay = 1, we see that Conjecture 1 implies that 


-g '(3k — 2)! 
= (Qk — 1) 


Tlgrkars: , : 
leave it as an exercise for you to check that this product equals 
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ea Ney + 1)'/(a + jb Tt follows that 


(vt k= Qn—k- I y+ yy 
Ang = (7 — k)E(h - LE (2n — 2)! 0 (n+j-1)! 

— fnth=2\ Qn—k-1)! tee Bee! 

- ( k-1 ) (1 —k)! I! (n+ fyb 


Generalizing the summation formula 


The sunt of preducts of binoutial coefficients that we fod is a special 
case of a more general result: 


atb+im+1 “ fatk bti—k 
( m a k ia m—k i: (5.8) 


=0 


This can be proven using the same counting argument as above (see 
exercise 5.2.4). or as a consequence of the binomial theorent. 
To prove equation (5.8). we first observe that the binomial theorem 


states that 
oe. 
(1—.) ee a) ge, 


This implies that 


feted a 
S- ( ) ye — (1 - co mei 


my” 
m=O 


= (1 = pyrene! = io oe 


Ee) £02 


k=0 p=0 J 


tI 


are 


We now conipare the coefficient of vr” on cach side on this equality. On 


the left. it is the binomial coefficient Gea? Ou the right, & can 
take on arty value less than or equal to a, and then j rmist equal m — F- 

The counting argument proof of equation (5.8) is appealing for its 
simplicity. but the argmuent just presented is mere powerful for it reveals 
that «and ) do not have to be positive integers. Lr fact. they could be 
al complex mmunbers. This leads to probleuis with ow notation. Ifa 
and b are negative integers. say @ == —¢ — | and 6 = —d - 1. then it is 
lnore natwal to write the binontial coefficicnt ( ie ae as (—1)* () 
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pee exercise 5.2.5). We see that in this case. # must be less than or 
equal to the nunimnn of a, ¢, aud d. Equation (5.8) could appear in 


oe) 


Bit there is a deeper problem if we stick to sims of products of bi- 


tbe guise 


(5.9) 


jomial coefficients. It suggests that m has to be an integer. In fact, 
equation (5.8) can be stated in a form in which it is clear that @, b. and 
i eat all be arbitrary complex numbers, subject only to convergence 
conditions. With the right notation, many siunmations of products of 
binomial coefficients reveal themselves to be special cases of this single 
identity. As we shall see, another special case is 


“.fn+k 2k (-—1)* 
= > 1. 
SCR IG) SS eee 


k=0 


Standardized notation 
The first thing that we do when standardizing the representation is to 
ensue that the first summand is 1. We do this by factoring out of 
the smmmation whatever that first summand might be. Taking equa- 
tio (5.9) as an example, we divide both sides by es so that the 
identity becomes 


3 cl(d —in)lin! _ (e+ d'(d—m)! 
kl(e— ki (d-~m+k)(m—k)! (e+d—m)ld! ” 


b=0 
This can be simplified if we use the notation of rising factorial, 


k-1 


(a), = I]t ti)=a(atl)---(a+k- 1), 


7=0 


1 the summation. and the gamma function, 


x 
Din} = | e'x"lde (which is (n-— 1)! if ne N). 
JO 

©b the product side: 


me 


S- (e-k+1)p(m-k+1), Tle+td4+IT(d-m+l 
AN (d—nv+1)p, ~ T(e+¢d-—m4l1)r(d+1) 


k--0 


164 Chapter 5 Hypergeometric Series 


We can further standardize this by rewriting each rising factorial so that 
the index of sumimation appears only in the subscript: 


(a-k+l)p = (a-k+1)\(a—h+2)---(a) 
= (-1¥(k-a-1)(k-a—2)+-+(-a) 
= (—1)*(~a)r. 


Our equation becomes 


mm 


(~c)e(—m), — Tle+d+1)l(d-m+1) 
aera ~ Pe+d~m-+1)l(d+1) 


k=0 


We can run this summation from 0 to oo because (~m), is zero when- 
ever m is a nonnegative integer and k is larger m. This suggests that 
this identity might hold for any m. It does, almost. For any complex 
numbers a, 3. and ¥ for which the real part of y — a — G@ is positive and 
y is neither 0 nor a negative integer. we have that 


s (jk (Ba Py~a—8)Tr) (5.10) 
Ge ~ Ga) Tg a): 
This result ts known as the Chu-Vandermonde identity. Chu Shih- 
Chich, a fourteenth-century Chinese mathematician, discovered it for 
integer values of the paramcters when at least one of the numerator pa- 
rameters is negative.t Alexandre Théophile Vandermonde rediscovered 
this case in the eighteenth century (1772). The general form given here 
is a special case of a result first stated by Johann Friedrich Pfaff in 1797. 
Note that if a is a negative integer, a = —m., then the ratio of gamma 

functions can be written as a ratio of rising factorials: 


~ (—m)r (3) = (y i B)m 11 
» KV (y)x ie a 


k=0 


Examples 


We begin with the example that I said we already know how to sum. It 
is 1 when k = 0, so our first step is to rewrite it using rising factorials: 


"fn tky (2k\ (-1)F 0 OG (nk + Vx (-1)* 
ak 2k Ga eae ki(k +1)! 


k=0 


+ It appears in Ssu Yuan Yi Chien (Precious Mirror of the Four Elements) and is 
referenced in Askey (1975. p. 59). 
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he tising factorial in the numerator breaks into two picces: 
W=k4 epee hyp ae ee (Aly eae ae 


We can also rewrite (k + 1)! as (2),;. This summation is now in the 
desired form, aud we can apply equation (5.11): 


A (ntk\ (2k\ (=F (ene (nt le A= 1)n 
ea ae, = aa 


k=0 k=0 


We notice that 
(l-n)n = (L—n)(2—n)---(-1)(0) = 0, 
whenever n > 1. We have shown that 


“fnm+ky\ (2k\ (-1)k 
xt 2k ea ee ees ee 


k=0 


As a second example, consider 


This is 0 when k = 0. and we cannot turn that into 1. This means that 
we want to re-index, k = 7 +1, and sum from 7 = 0 to 7 =n—-—1. Onur 


first step is to factor out Cae? 
sh m—k _ m—1 ese ee) Get 
a mon i. ames ry (m—1)!(n-1- 7)! : 
m—1 Ee 
= 1). 
(ache Gee ) 


In addition to rewriting (n — j);/(m—j), as (L~n),/(1—1),. we need 
to put a 7! in the denominator and the numerator. Again, we write 
OT) has (2) 


s: nol 
d ae as y jd -m); 


_ m—1)\ (-1l-m)p-1 
~ m—n) (l-m)p-1 | 


Heave it for you to verify that this is equal to ee ‘ 
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Hypergeometric notation 


The Chu Vandermonde summation is an example of a series for which 
the ratio of consecutive summands is a rational function in the index of 
summation. In this particular case, we have 


(a)ea1 (Beg ip (a), (Be (k+0)(k + 3) 
(K+ ID! eg 


Rye (+ Ra) 
Not only are such series common, there are sharp criteria, proven by 


Gauss in 1812, for whether such a series diverges, converges condition- 
ally. or converges absolutely (Bressoud 1994, sec. 4.3). For the series 
given in equation (5.10) with real parameters, we have divergence if 
a+ 39> 1+4+-7, conditional convergence if 1+4 > a+ 3 > 4, and 
absolute convergence if 7 > a +4 3. 

Hypergeometric series are expressed in a standard notation: 


h . (A,)k rk 
dk tee (Se) h a 


The first subscript on the F tells us the number of parameters in the 
numerator: the second subscript is the number of parameters in the 
denominator. 

For an arbitrary hypergeometric series. the ratio of the & + 1st sum- 
mand to the &th is 


(ay tkh)(ag th)-++(a, +hkh)x 
(yn +B) ee (5 #) 


The parameters a; and y; can be complex. It follows that hypergeo- 
metric series are precisely those series for which the ratio of consecutive 
summands is a rational funetion of tle index of summation. Further- 
more, given such a series, we can turn it ito standard hypergeometric 
form by dividmg out the summand at k = 0 and then finding the ra- 
tional function that expresses the ratio of consecutive summands. The 
hypergeometric parameters are the negatives of the roots of the poly- 
nomials in this rational fimction. One of the roots in the denominator 
must be ~1 (which arises from k!). If it is not present. then we must 
multiply the numerator aud denominator polynomials by (1+ k). 
For example, given 
ok 2m +k 2m + 2k + ‘) 
Ps Cpa ea ‘ 


k>0 
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the ratio of summands is 
2rrtht 1 Qrrt2Qh+1 
m+h+2 m+h4t 
Qrr + 2h 43 2Qrrth 
mth+2 mths) 
(27 +k4+1)(m+k4+2)(m+h+1) 
(ra + k + 2)(2m, + 2k + 3) (2mm + 2k + 2) 


(L+k)(2m+1+k) 
(+ hl(m 43/246 1/2): 


Fhe standard form for ow’ summation is 


ok anr+h 2n+2k+1\ om F 1. 2m+1 1 
2 m+tk+l1 Ee oe ee es eee Oe 


aa) 


\We look for an identity that will cuable us to sum this.t Gauss’s identity, 


a,b 5] = peer be) 


(atb+1)/2°2})~ Tat 1/2T(e+1)/2)' 


oF 


finishes the problem (see exercise 5.2.13). 


Return to the g-binomial theorem 


We shall use the g-binomial theorem. Theorem 3.3 on page 78, to prove a 
g-analog of the Chu—Vandermonde identity, a more general identity that 
becomes equation (5.10) in the limit as g approaches 1. Introducing this 
extra paraineter simplifies the proof. It also vields identities that we 
shall need in the next section. 

We observe that the summation side of the binomial theorem can be 
expressed using hypergeometric notation: 


ea oe 


camer © ace (4 eek caeece Ye (=0)k yh 
x i Pg) 
k=0 i 
—a 
= Fo in| : 
The general binomial theorem states that 
Fo . a = (la) ™ (5.12) 


| Christian Kratteuthaler’s HYP.m is a Mathematica package that. among, other 
things. searches for appropriate identities for hypergeometric series. It can be 
found at radon.mat nivic.ac.at /People/kratt /. 
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for any cormplex munber a, 

We shall need something analogous to the rising factorial if we are 
to rewrite the g-binomial theorem in a similar form. We introduce the 
rising g-factorial: 


(e5@)n = (1—a)(1— ag) --- (1 — ag"), 
where 7 is any positive integer. If the absolute value of ¢ is less than 
1, then an infinite product of this form will converge for any complex 


number a (see exercise 5.2.11): 


oe 


(4; Q)oc = [] (1 - ad’). 


i=0 
For any complex number 3, we define 

(4: Voc 
(aq?; D) x0 ; 
We observe that this is consistent with the definition given above. When 
n is a positive integer. we have 


(a:q)a = lal <1. 


(Gi Q)x 
(aq"s gq) 
If we replace « by —x/q in Theorem 3.3, the q-binomial theorem can 
be written using rising g-factorial notation as 


= (1 — a)(1 —ag)-+- (1 — ag”™*). 


i _ an — gr} pe inte _ gn-k4+l 
(ran = SE q Se ies ) GRR-1)/2(_ 3k, 


k=0 


We factor —g”—', 0 <i < k. out of each of the binomials in the numer- 
ator so that it becomes 


ig eo ed ex gu) Sk ( — 7 icles | ees a ae 


Theorem 3.3 can be expressed as 


(TiQ)0o SR (TDR mye 
ae ——-—— (agq")". 
(2q": Q) x0 2. (GQ) 
This suggests the following theorem which has a simple proof. 


Theorem 5.1 (The general g-binomial theorem) For complex val- 
ues of x, b, and gq where |x| <1 and \g| < 1, we have that 


Ds af (5.13) 
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proof: We begin with the rational product (7b: g)sc/(@t doc. This is an 
analytic function in. for |x7| < 1, and so it has a power series expansion: 


(xb: q) = 
f(t) = oS =) ae". 
ide 2 
We want to find a relationship between consecutive coefficients. We 
observe that 
(tbg;q)oo _ (1-2) 


Hea) = (7G3@)oo (1 — 2b) 


f(x). 
This imphes that 


(1 — xb) f(g) = (1-2) f(2). 


which 1s the same as 


x ox 
(1 — xb) S> ay aX q' a (1-2) So ag a 
k=0 k=0 
~ oC oc oC 
So ax ak gk — bag g = So ax as. So ax ype: 
k=0 k=0 k=0 k=0 


We now compare the coefficients of 2", n 


Vv 


1, on each side: 
n n-l _ 
Ang" — ban—14 = On ~ An—-1- 


We solve this equation for a, in terms of ay_: 


On (q” ial 1) aa Qn—1(bq" | i 1). 
_ (1 a bq") 
ar = (1 4") An—1> 


We can iterate this relationship to write a,, in terms of a,_2 and continue 
itil @,, is expressed as a multiple of ag: 


(1 = ba?) £24 bq"~7) 


a iat 
‘ Cer te eas 
(b= tga = ae *)+++(1— b) 
(Oe ee ee ae 
a, Nes 

(Gdn 

We observe that ao is the constant term in our product: 
O-b:g)x 
ue OU is —_g. 


(0: g)x 
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and therefore 
(sq) n 
Gy = . 


(2d) n 


Q.E.D. 


Basic hypergeometric notation 
In exact analogy with the hypergeometric notation for a svn that in- 
volves rising factorials, there is an analog that involves rising g-factorials 
called basic hypergeometric series: 


a.b a.b ~~ (aq)n (bige » 
2D) PGi] = 90) 7 = Qs 
| c c y (Gade (Ce 
This converges for || < L.jvl < le 4 l.q7t.g™..... When the base 


is snuply gq. we usually do not write it. In the proof of the alternating 
sign matrix conjecture in Chapter 7, we shall need to replace the base g 
by g?: 


a,b ~ (ar@)a(bi@)e 5 
20 igiar| = ) aa ee 
291 z q | as 


per Cine eal 


Both our notation and many fundamental results for basic hypergeo- 
metric serics come from Heinrich Eduard Heine (1846. 1847), a student 
of Dirichlet who is best known for his work im analysis. Of particular 
nynportance are Heine’s transforination formule. 


Theorem 5.2 (Heine’s transformation formulze) Provided the se- 
ries in question converge. we have that 


20) o4 | 7 nies 2AL oe | : (5.14) 
cea ee 
~ atrle o,f Ibe! te) ag 


Proof: We observe that the second and third transformations follow 
from the first. We switch the two mimerator parameters. and then re- 
apply equation (5.14). The details are left for exercise 5.2.12. 
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We begin the proof of equation (5.14) with the observation that. 


bt @)sc 
(bia) = Ge. 
frou which we can rewrite our basic hypergeometric serics as 
te ae ee - qx. ar@dre® (eq®:q)s 
Se iat a (age (ba*: q)a0 


\We now use equation (5.13) to expand (cq";q)sx./(b¢": qx and then 
iucrchange the order of summation (this is allowed because we have 
sbsolute convergence): 


3 (age (BQ (Bao ye aq) A eal ae 1) pigik 
<= (g:Q)k (Crd) (Qa = (GH); 
(bi a)x yf c/b:q), o> (a:q)e(aq) 
(Doe Sh (GG, (ea 
We use equation (5.13) to simplify the sum on k: 
5 (aida (ae ke _ 2 ; = = an Dy py (aralid) (5.17) 
Kae (9: Dk (CO) —j (was alia) 
We now rewrite 
(az@s@)e - (arrg)s. (20), 
(r@liaes. (igs (arg), 
Q.E.D. 


Theorem 5.2 has several consequences. including the g-analog of the 
Chn Vandermonde identity. 


Corollary 5.3 The q-analog of the Chu-Vandermonde identity is 
b las c/b: 
201 | ‘- cJab Be EGRESS (5.18) 
C (ci d)x (c/ab: (ec 
provided \c/ab\ < 1 and |q| < 1. We also have the following finite 
Summation formula for any positive mteger, t: 


oe | a 7 _ aah. (5.19) 
ye De ot = go eady, (5.20) 
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In exercise 5.2.10. I ask you to prove that equation (5.18) mplies the 


Chu -Vandermonde identity, equation (5.10). 


Proof: To prove the ganalog of Chu -Vandermonde, we set a = ¢/ab 
in equation (5.15). The rising g-factorial, (1: q),. is zero for k > 1, and 


therefore 
b, 1 oc 
o@ ; ee 
ne c/a | 


t 


To prove equation (5.19), we set a = g~' and x = g in equation (5.17), 


All summands will be zero for & larger than t. 


(age (rae — (bide Sr (o/bi as pj (GA a) 20 
2 (ageleae | on (4:9) 5 : (G74?) oo 


The sumniands on the right are zcro unless 7 is greater than or equal 
to t. We can replace the index j by 7 + ¢ and rewrite (c/b.q);44 as 
(c/b: g)e(ed' /b. 9): 


: (Qa) (b. Dee A (02d) (C/B. itt poate (adi. 
Gane = eon 3 ae ee 
(Gee (e/beaht pS (eg [bi » 
(2D) x. y (aq), 


We use cquation (5.13) to write the sum on j as a product: 


(qq we we (Big) (e/b ae if (Ua 
ae “ak (6: @)oc (B; ) xe 
¢ (c/b.g)e 
OED 


To put this in the desired form, we use the fact (see exercise 5.2.14) that 
(Aig = (- ay. git Arg 1,1-t. “gt. (5.21) 


to turn b'(c/b;q);/(c;q)+ into (bg Teg) /(¢ /aas: 
If we set b= q7? and c= yg! in equation (5.18), then it becomes 


yes ag); @) _ (ya tea) (Y59)s0 
=k os rq); \@ (Y9~ © Goo (Ya" G) xc 
(ya~'q'sa)e 
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rn 


Eqnattion (5.21) allows us to rewrite this equality as 


t 


=o (od “hai (Daas Ga (5.22) 


ome a “tigi \a (yaa) 


Equation (5.20) now follows when we set y = 1. 


52h 


Q.E.D. 
Exercises 
Verify that if 
P n-2 
n+tk—2\ (Qn-k—1)! 37 + 1)! 
res aed eS pe 

k-1 (n — kk)! Pe, (n + 7)! 
then 

An.k k(2n —-k —1) 


Aner (i= kirk 1) 
Prove that 


Te n-l 


UF. (k — 1)! (3k — 2)! ayo 
(Qk—-21Qk—-1! He pl 


Prove that 
n-~2 


(n+k—2)!(2n—-k- 1)! (37 41 

(n — kK) (k — 1)! Tsay Ug PeaeeT 
(nt k—-2\ Qn—-k-D! TP Bj +1)! 
- ( k-1 ) (n—k)! sar 


Prove equation (5.8) by showing that each side counts the nun 
ber of ways of choosing a + b+ 1 positions from a choice of 
a+tb+m-+1 positions. 


Prove that 
—c-1-k\ gee 
( k J=ey Gi) 


Find as many different proofs as possible that 


oa) -> (3) ea 
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5.2.9 


5.2.10 


5.2.11 
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mr LN Cd Set. foe A 
m-nf (l->mn-1  \na-l)’ 
Find a closed form for the valuc of 


2A) el 


k>O 


Prove that. 


Find a closed form for 


5 (:) (3) cur 


Prove that equation (5.18) unplies the Chu Vandermonde icden- 
tity. equation (5.10). The first step is to verify that 


lun 


ul (Gd) (QT ae RL (Wp 


Now use Euler's identity (Whittaker and Watson 1927, p. 237), 


to prove that. 


4-9, 
tin Wx W = 
got (Gtx (QO 7 Dx 
as ‘ ‘ 5 :Q)n (gt ag), 
= hm tn = 5 
mx gorm (I Q)a (G78 da 
=. Hie 
ax, (4 ian C Cem Ply (in 
T(iy-a~- 3)V(Ky) 
Ty a) Py — 3) 


Prove that []%,(1 — aq’). lal < 1. converges for any complex 
number a. An infinite product, [[a;. converges if and only 
if S*Ina; converges. In general, onc has to worry about the 
branch of the natural logarithm. Show that for i sufficiently 
large, the real part of 1 — aq! is strictly positive, so we cau take 
the imaginary part of the natural logarithm between —i7/2 and 
in /2. 


5 2.18 


ot 
to 
= 


aes 
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Use equation (5.14) to prove equations (5.15) and (5.16). Switeh 
munerator parameters aid repeat the transformation given by 
equation (5.1-1). What happeus if veu continue this procedure? 
Finish the proof that. 
So 2+ hk 2 2k PL m8 ae Qe 1) 
m+tk+1 ee ed ay ane ee ee 


h>O 


Prove equation (5.21). Hint: Write cach bimenial, 1 — Aq’. 
as —Ag'(1 ~ A7'q7'). Use this to prove that b'(e/big)/(a gs 
equals (bq! Jer) /(ah era: 
Prove that 
t 
se m+hk Oe eas 1 (5.23) 
k t 
k==0) 


rm 


is a corollary of equation (5.20) by setting a = qt! 


and then 
taking the Innit g — 1. 
Use equation (5.20) to prove equation (3.28) on page L10: 

. 


Se ae Sgt Ts aie yee 
pok goa a 


k=} 


Hint: The summation actually gocs from k = 1 to k = j since 
all summands are zero for h > j. Set & = pj —7 where 7. the new 
index of summation, ranges from 0 to j — 1. 

Prove the following identity that was discovered by F. H. Jack- 
son in 1910: 


ela, efb. qr” (atq)n (bi adn a 
yoh a a OR ary me pay yp ge 24 
nee c. eg)" fab 3 (e:q@),, (abfer@n a 


This is an example of a formula for a balanced basic hyperge- 
onetyic series: a series for which the product of the nunicrator 
paranicters thnes the argument. (¢/a)(e/b)g7" +g. is equal to 
the product of the denominator parameters, e(eq?7" /ab). Note 
that the g-analog of Chu Vandermonde. equation (5.18). is also 
an identity for a balaneed series. 

Hint: Start with equation (5.16). Use equation (5.13) to ex- 
pand (abe/erg)x /Gttg). as a power series in. Compare the 
coefficicut of 2” on cach side. 

This exorcise will tead von throngh a proof of the Rogers 
Ramanujan identities. equations (5.26) and (5.27). Show 
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ay k? ena 


i @. Danam 


k=0 (G5 9)epam (4 Dk 7: 4)n-m=k 


_ m+n+l 
i gq” nr b g 4+n+ 
un 291 grmth ; 


(4; G)am b->00 b 
Use equation (5.18) to prove that 
L— 2 
> gt +2mk (Cee z 1 
(GQ) kt2m (GO)k(GE)n=-m=-k — (GU)msn 


Now use this result to prove that 
rh 


ag 
ae 


q: D)n—m (q; QDnaem 


am? 


m=—n 
ee ee girth)? gmgla-hm? 
- 2 d (q; Q)n— m—k (q: Q)k (4; Q)am+k 
n 3? st m_(a—1)m? 
q veg 
= ae cone ‘ 5.25 
2d, (q: G)n—s Le (q: q)s~ m. (@ Q)sem ( ) 


Iterate equation (5.25) and then use equation (3.6) on page 80 
to prove that 

n (agh/2)™ go /2 

oy (q; Q)n—m (q: Q)ntm 


m= —r 


22 gd 4 
7 > gq *t (~29:9)1 (—27 ge 
o<icccn (EO)n~s (Ui G)s—t (4 Gat 


Take the limit as n approaches oo and use the Jacobi triple 
product identity, equation (2.11), to prove that, for a = —L: 


2 


ge 


lo.<) oC 
IT; (ga 4) qgi-}) = ie (5.26) 


J=1 ren 79)s 


and, for = ~q: 


(5.27) 


(1 — g?3- 3) Tec 2) 


is 
| 
le 


(Gas 


y=1 


The second identity is slightly tricky. The index ft can be 0 oF 
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1, from which it follows that the right-hand side is equal to 


5.3 Proof of the Macdonald conjecture 

We are now prepared to fill in the remaining details of the Mills, Robbins. 
and Rumsey proof of Conjecture 6, that the generating function for 
cyclically synimetric plane partitions that fit inside B(r,r,r) is given by 
1 — ginlGQtht(n)) 

—gintht()) ° 
nEB rrr) /C3 oa 
Actually, what they did was to prove a far more general result that 
cncouupasses Conjectures 6, 7, and 9. This includes the result that the 
generating function for descending plane partitions that fit imside the 
smue rx Tr Xr box is given by 


I 


ISi<j<r 


i geri 
ee ae 


More than this. we shall follow Mills, Robbius, and Rumsey in deriving 
the generating fnnctions for cyclically symmetric plane partitions and 
descending plane partitions when we keep track of the number of parts 
of iaximum size in the bottom level. 

As we saw in Chaptcr 3. Theorems 3.10 and 3.11, our generating 
fictions can be represented by determinants. Conjectnres 6 and 7 are 
equivalent to the following determinant. evaluations: 


: 
ee. _ ginlhen)) 
: Re se eae = | ao 
det | 6.; +" os = ZT glinlhtty * 
i-l ‘ l-g 
WS i fet nEB(ryrr)/Cs 


(5.28) 


ea Lege ts ee 
det (5, +4q ; i i) = Il Toga (5.29) 


age VSi<jSrd 


We shall evaluate the deterniinant of I, + T,(A, d) where 


: y Bn ] r 
T = it+l—d t+ 9 € 
(A, d) (4 ed 


wel 
There is a relationship between \ and d that will be introduced when 
't becomes uecessary. Macdonald's conjecture (Conjecture 6) will follow 
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from this determiuaut evaluation with A = q!/3, d= 2. aud q replaced by 
q’. Audrews's conjecture (Conjecture 7) will be the special case A = ] 
aud d = 0. 

As the product form of the deterunnants suggests. it is rcasouable to 
seek a conrpact fornvula for 


det (/,. + T;) 
det(,-1 + Ty—-1) 


and theu complete the proof by induction ou r. Iu the exercises, the 
reader is asked to verify that equations (5.28) and (5.29) are correct 
for r = 1 and r = 2 and that. given these initial conditions. they are 
equivalent to 


det. (I 4 Tg 2)) 1 grass val i qe’ 
det (hea ah, Taig 2)) ne ee gh 2/3 ra tao 
(5.30) 
det (7, + T,(1.0)) = aye 
r = Il Saar Tar (5.31) 
det (7, ; + T,-1(1.0)) l-y 


t=] 


We shall assuune that J,-14+7)-—1(\, d) is known to be non-singular and 
then find a general formula for det(Z, + 7(A. d))/ det (1 + T,-1 0, @)) 
that includes equatious (5.30) and (5.31) as special cases. This will be 
done in three stages which [ sketch below. We shall then fill in the 
details. 


1. We shall find r + 1 r-dimensional vectors: Ry. Ry..... R, such 
that Ro + Ry +---4+ RK, is the bottom row of J, + T,.. We let Us, 
O<k <r devote J, + 7) with the last row replaced by Rg. and 
define L;, = det(U;). We specify that Ro = (0..... 0.1), so that 


det(I,1 + Ty—1) = Lo. 
T ask you to prove (exercise 5.3.6) that 
det(I, + T,) = Lp+h,4+---4+ L). 


It follows that 


det(Z, + T;) a 
Ea, Ea, enna 5.32) 
(a Es 2 k/Lo ( 


As it happens. L, is the generating function when we specify that 
there must be & parts of maximum size. This fact - which was 
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instrumental in discovering the proofs of Conjectures 6 aud 7 
is irrelevaut to their validity. 


2, We let R be the r x r matrix whose rows are Ry, R..... R,. As 


we shall see. @ is upper triaugular with non-zero eutrics on the 
iain diagonal. so it is uou-siugular. We shall explicitly compute 
Ro, 

Let C be the colunm vector of cofactors of the last row of 
I,4+T,. By the definition of a cofactor, we have that: 


Ly 
Ly 
RC = ; 
L,. 
and. therefore 
Ly 
Lg 
RU, R = RUYC. 
Ts 


The dot product of the ith row of Up with C is the determinant 
of the matrix obtained by replaciug the last of Ug by the ith row 
of Up. It follows that 


L 0 
] 
0 
Lo 
RUyRo' | = es 
; 0 
L, 
Lo 
Ry 
Ray 
= Ino] . 
Ryo 


where Ry, is the rth coordinate of Rz. Since det(Uy) = Lo which 
is uot zero by our induction hypothesis. this svstem of equations 
nuiqnely determines L, through L,.. 

Let TY be the matrix T, with all eutries in the bottom row 
replaced by zeros so that Uy = I, + T*. Equation (5.33) can be 
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rewritten as 


= Arr | Le (5.33) 


where Af* is the r x (r + 1) matrix whose first coluinn is 
(Ruy: Ro>, pebetce Ry») 


and whose remaining r columns are the matrix —RT*R7!. We 
shall compute the entries of the matrix AJ* and observe that there 
is a natural way of defining an (7 + 1) x (74+ 1) matrix Af whose 
bottom r rows agree with AJ*. 

3. Equation (5.33) uniquely deterniines Ly through L,. If Ad has 
au eigenvalue equal to 1 and there is a corresponding eigenvector 
with first coordinate 1. it must be (1.L,/Lo...-.L,/L 9). We 
shall find such an eigenvector as well as a compact formula for 
the sum of its coordinates. 


Decomposing the determinant of [,. + T,. 


In Section 3.4. we found determinants that give the generating functions 
for cyclically symmetric plane partitions, Theorem 3.10, and for descend- 
ing plane partitions, Theorem 3.11. when we specify the number of parts 
of maximal size. These formule suggest that we want to decompose the 
determinant of J, +7; by replacing the last row by Ro = (0..--,9, 1) or 
by Ry, defined as 


jgh tia) r-d+1—-k r—-d4+2—-k soon P 
1-k ; 2-—k saad r—k 


for 1 <k <r. We need to prove that the sui of these rows is equal to 
the last row of I, + 7, which meaus that we must prove that for each 
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coordinate j, 1 <7 <r. we have 


= —-d+ij-k ee ee es 
dN h(r+t1l—d) = rel—-d : . 
Sa jok Aq pol 


Since j is less than or equal to 7 and k > 7 iniplies that the summiauiel 
jx zero, the summation only gocs as far as k = 7. We replace k by j — fh. 
We want to prove that 


ae 

-b(rel-d) | ~a+k rei-al[rtj-_d 
ASE g' Rk)G+1 i ‘ [Slee 4 , 
k=0 


To put this into the form of a hypergeometric series. we divide each side 
by the first term in the series: Agi "t!-4. The equality that we need to 
prove 1s 


r—~d 42 


Dr ghd D) Q~V(d—r~1) (q ‘jt 


= 
(qq)j- 


This is equation (5.20) with f= 7-1 and a= q™@?. 


Calculation of R7! 


R= (ager i 7 |) 
ja? igel 


IS a pper triaugular matrix with non-zero entries on the diagonal pro- 


The matrix 


vided Aq 4 0. It has an inverse of the same form which can be calculated 
expheitly for small values of r. From here it is not too difficult to guess 
that the general iuverse matrix is 


Ro-= ( 1 gud Ped ee ae ; 
J? ijed 


lo verify that this is the correct inverse, we shall calculate the entry. 
“he. tn row hk, cohumn k of the product of these two matrices: 


SA ees r-d+j—-h Nghe D d-r—-2+k-j 
1 bea! eae) , 


We observe that these summands are zero uuless h <j < k. and in 
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particular ayy. is vero if & is strictly less than h. We replace the index 
of summation J by j +h aud sturplify our suunauds: 


hk—h : : 

= eee = d+ ‘| " r-2+h-h-j 

Chk = q! . A<Kk, 
ys J k—-h-j 


We need to show that this sum is Oif k > h and 1 if k = h. Our first 
step is to write it as a basic hypergeometric series which wieaus that we 
necd to factor out of the sunnnation the j = 0 tern: 


Oh be 


ey (y q)j gid-rY) 


(q: q)) (Get er Tg) 


(q k-h~) +1, 


y=0 


The second fractiou in the suumation can be simplified using equa- 
tion (5.21) from tlic previous section: 


- er ae 
AGH EAy ee Aaa. 
We can now write the entry in row 7. column & as 


eee al 


ahk = ej 
hoh ( r—-d+l. )j (« hohe a). 
q “Qi i “Y)j gi dara lodtrt2) 
= (q: 4), (GereaerD ks a), 


{I 


d—-r—2 ai k—h grat, gh * 
201 “42—d¢h—k 14> 
k—h git d+ 


We evaluate this summation using equation (5.18). the g-analog of 
the Chu-Vandermonde formula. with a = gt! b = q’~*. aud ¢ = 


tere k: We see that 


a _|d- r—-2+k—-h (Go ay dg aS 
Aik k—h (Genoa: Dx (UG 


If k is strictly larger than fh. then the first infinite product in the numer 
ator will contain a factor of 1 — 1 = 0. If k equals h, then the infinite 
products cancel and the Gaussian polynomial is 1. This concludes the 
proof that the matrix we lave ealled R7! is. iudeed. the inverse of R. 


5.3 Proof of the Macdonald Conjecture 1X3 


Calculation of 7 R7' 
We next calculate the matrix product T*R7'. where T* is the matrix 
y with the last row replaced by a row of zeros. We let b;., deuote the 
wie de vow fi. column & of this product. Siuce the last row of 7)" is all 
nv coos. SO is the last row of T*7R7!'. For 1 <h <r. we have that 


a5 (RAGS) 5 te pa geg bSe Be OSS 
bs ot dN h+t—d : d Loy(d-r-}) p 
ba as j- jo 4 kj 
p=l 
eel : . 
ed htjyt l—-dj|d-r-24kh-1-j) ae 
= h—-+ . a(d=r 1) 
> ‘| j i ee, 
i= 


We again write this as a basic lywpergeouctric series by factoring out of 
the sunanation the j = 0 term: aud then using equation (5.21) to rewrite 
the second fraction tn the sumuauation: 


one r-2+k 
bis sat ] 


hl QD -_ 
iC ea a. 


(q: 4"), (gbtr- d- he. 4"), 


he 


1 
70 


We can use equation (5.19) in Corollary 5.3 with t =k -1.b = qht2-4, 
and @ = gtr! * to rewrite the sim on 7 as 


(qhtlr: Dhe~1 


(gir tr gay 
We snbstitute this into the expression for b,% aud then shuplifv. the 
prodtct to obtain 


3 (qQuile’ d)k—1 
(4: Q)k~1 


We note that the nmucrator of this fraction is zero if k is strictly larger 


boa L<he<r. 


thane fh. aud thus all entries on aud below the southwest to uort beast 
diaxoual are zero. 


Calculation of \/* 


Since 2 is upper triangular. the product RT*R7! will also have all of its 


Nico entries above the sontlavest to uortheast diagonal. If ey... is the 
Cs n : . 2 
Ms. drow A. cola & of this product, then ey, = 0 when h+k > r. 


latge ag <r. we have that 


‘3 oS 
-~d4ty7-] tla, 
i Mood So ayhe ea ee ae ips aoa 
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These sunumands are zero unless h <j <r —k. We replace the index 
of sumnation j by j + # and then simplify. We get that 


h4l-r. : r~d41 h-+k—r 
Che = Aghrti-d)thor (q +Dr-1 D, q »@ | 


(G:@)k-1 ghti-r 

We can apply equation (5.19) once again, this time with f= r—-h— q 

b=q’@!, and c=q"*!~". After simplification, we get get 
| 2r-h-d 

oe me (H1)Po ght rt etl —krt (5) . 

Chr = (-1) q nee 


provided r >h +k, while cn, =O when r <h+k. 

The first coluinn of AY* is the rth coluinn of R whose entries happen 
to equal —cp.9, 1 <h <r. The ith column of M* is the 7 — 1st column 
of —RA*R7~!. We have therefore shown that 


At = Geiger eae ets) Cees 
r-h—-k i<h<r, O<k<r 


The uatural extension of this matrix is to the (r +1) x (r +1) matrix 


i= Cae i ae ap 


r-h—k hey 


Finding an eigenvector 


We now assume that 1 is an eigenvalue for the matrix AJ and proceed 
to look for a correspouding eigenvector. The one clue that we have is 
that if A = 1, d = 0, and q = 1, then LZ, is the uumber of descending 
plane partitions in B(r + 1.r 4+ 1,r +1) with exactly & parts of size r. 
Frou: Conjecture 9 on page 24, we expect this number to be 


_ fr tk\ Qr-k) FP Bi+D! 
n= ( k ) (r — k)! i eaesn, 


This means that for A = 1. d= 0. and g = 1, the vector whose kth entry 


is 
r+k 2r—k 
<k<r, 
( k er Osksr 


should be an eigenvector associated with the eigenvalue 1 for 


2r—-h i“ 
M = ((-1)* 
/ ( (, SS es 


It is not difficult to verify that, in fact. this works. 
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Now the guessing begins. Since A is a factor of every term in AL, we 
ean ignore it in the initial search for our eigenvector. It is fairly safe 
ro asstuue that the binomial coefficients should be replaced by Gaus- 
wian polynomials and that we will need to multiply each term by some 
power of g. In view of the way that the paraincter d has appeared in 
onr calctdatious so far. it is also reasonable to assuine that we want to 
subtract d from the numerator parameter in each Gaussian polynomial. 
Bevoud that, we need some flexibility aud so, following Mills, Robbins, 
and Rimesey. we introduce two additional parameters: a and 3. In fact, 
in their orighial investigations they had introduced many other parame- 
tors. eveitually discovering that there were ouly two that were essential. 
We sball cousider the vector V (a, 3) whose Ath entry is 


aol ae 


r-~G—k 


ria, A) = ghee | a 


|. O<k<r. 


The effect of multiplying this vector ou the left by A/ is to get a uew 


vector. 
AL-V(a,3) = (voi... vp) 
where 
~ tr m 2r—-h-d 
eo th _ 1) gh thtl-d)—kr+($) 
me oS nog ° r-h—-k 
k=0 
x ghtttl-d+3) r-d+k|[2r-d—k 
k-a r-3-—k 


We shall assume that a and 3 are non-negative integers so that our 
stintuands are zero uuless a < k <r — 3. After simplifying the power 
of 4 in our sumuination, we replace the index of summation & by + a, 
and then factor the k = 0 term out of the sumunation: 


| o\ [9r-h—d] [2r-d- 
rho ag Ot Ore eal >) aad as i | os 7 x 5 | 


gore’: ghtinr 
x20, qi. 


gi te-?r 


Onee more, we can sum our series using equation (5.19). this time 


iyi ae ioe 
WHitt=poqe— 3b= ght v and c= gite er. 


tye = (aig tea aes) 0 aes ae | Ppa 
r-h-a htorat3g-d 
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We have proven that 
M. V (a. 2) = a yee) Vid—a — B.a). (5.34) 


If d= 0 and A = 1. then V(0.0) is an eigenvector for the cigenvalue 
1. The situation is more complicated for d = 2, \ = q'/3. We observe 
that if we define 


L = V(0,d) + AV(0,0) + \°V(d.0), 


then equation (5.34) implies that 
d 


ML = dV (0.0) +. A?V (4.0) + (-1)*°q7 (2) V(0, d). 


We see that L will be an eigenvector for the eigenvalue 1 provided \? = 
d ‘ 
(-1)%q), Wheu d = 2 and \ = q'/*. this equality is satisfied. An 


eigenvector when d = 2 and A = q'/3 is given by 


V (0.2) + q@/V (0.0) + @/V(2.0). 


All that remains is to sunr the coordinates of the eigenvector and di- 
vide this sum by the first coordinate (corresponding to k = 0). As we 
saw in equation (5.32). this will give us the ratio det(/,.4 T,.) / det(Z,-. + 
T,—1). We can verify that our conjectured generating functions are cor- 
rect if these ratios agree with those given in equations (5.30) and (5.31). 

The suin of the coordinates of V(a.3), ST. Vela. 3). equals 


3 (Meticdea) [PO +R] [2rd —k 
‘ k-a r—-j-k 


k=a 


atitisaeay | et ~ doe grr ator gata-r 7 
: r-a-3¢g 2P1 gita—2r Ld|- 


Yet again, we sum our series using equation (5.19). now with t = r—-a-f, 
b= ge otrer®, aud c= generar: 


3, [8r—2d41 
S > Vi (a. 3) = g(r tl-dts) r—2d4+ . 
k=0 


r-a-—3 
For d = 0 and \ = 1. the sum of the coordinates of the cigenvectot 
V (0,0) divided by the first coordinate is 
3r41 r 
[ G | = l—q _. 
Cr 21 Lv ge 


which proves Audrews’s conjecture. 


aril 
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vor d =2 and \ = q/3. the eigenvector is 
V (0,2) + @/?V(0.0) + @/V (2,0). 


‘The suur of the coordinates of this vector is 


P3r~—3 +3 br — 3 4 gar D42/8 br —3 
pier T r-2 


es fee ( = gy 4 gy a gr tess 


Tho first coordiuate of this vector is Vo(0, 2) + ¢!/3Vo(0.0) +g? Vp (2.0) 
which is equal to 


oil ooe | ethan 


The su of the coordinates of the eigenvector divided by the first coor- 


LS gh2/3 . 


dinate Is 
(q7":q)r-2 (1 = ga <4 g V3) _ kame) 


(q’~t:q@, 
1 a gf r-i 1- g?ra iti 
eS gr 2/3 ile grit : 


=1 
This proves Macdouald’s conjecture. 


Q.E.D. 


Woe have reached our second summit, but by a route no one liad au- 
ticipated. Those who had been working with synumetric fuuctions and 
the theory of partitions realized that there was something deep and im- 
portant ling under the alternating sigu matrix conjecture. Work on 
this conjecture begai to move into the mainstream of algebraic combi- 
hatories. 


Exercises 
9.3.1 Prove that 
Il 1 — glvl+ht(a) / 1 — gitlt+htt) 
yEB (rrr) /Cs nEBlr—1r-1.r-1)/C3 
Br-1 0S 


Gr- 343i 


l-@q : l-y 
— 4sr—2 — 7pbr—-3432° 
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On 
No 


5.3.4 


5.3.7 


Chapter 5 Hypergeometric Series 


Hint: The product on the left is the product over all orbits jp 
B(r,r.r) with at least one coordinate equal to r. One of these 
orbits contains a single point: (r,ror). Each of the other orbits 
contains exactly one point of the forin (¢.j.r) where | <i < r—y 
and L<j <r. 

Verify that equations (5.28) and (5.29) are correct for r = 1 and 
r= 2. 

Prove that 


Oe ha) G) 


is all eigenvector. with cigenvalue 1, for 


v=atene eS" 
poe & h,k=0 


Prove that 


pe ees = gh ttt st 
II L— gttinl I 1 (Geer 
Psosspsr+h Usisyer 
a i garter 
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Prove that 


Sr aghrtta " aa ‘| ga (gett gpa 
a (GD k-1 


hti-r. = a 

= Agi ee Orthos (q ee pre oy | q’ ae ci z | . 
(g:Qk—-1 qn 

Let L, Af, aud N be square matrices that are identical except 

for their bottom rows. Let R be the bottom row of L. S be the 

bottom row of Af, and R+ S (the vector sum) be the bottom 


row of V. Prove that det(L) + det(A/) = det(N). 
Prove that 


h41—7 r-~d+1 h+k-—r 
dghthl- Other (Qe Dr-1 1 q 4 | 


(@:Qk-1 que’ 
+ [2r-—h-d 
= (~1)Priygtirthti-4) kr+(3) 
can ae ae a 


Note that this requires applying equation (5.19) and then using 
equation (5.21) to reverse one of the rising q-factorials. 
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5.3.9 Prove that 
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a Trig d)ta(h+1-d+3)+(9) 
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Again, this simplification requires equation (5.19). 
5.3.10 Prove that 
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5.3.12 Verify that 
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Much more serious than not knowing whether a given fact is true, is the Agon, 
of realizing that our cherished tools of the trade are inadequate to tackle ‘ 
given problem. The fact that a conjecture resists vigorous attacks by Skilleg 
practitioners is an impetus for us either to sharpen our existing tools, or else 
create new oues. The value of a proof of an outstanding conjecture should be 
judged, not by its cleverness and clegance, and not even by its “explanatop 
power,” but by the extent in which it enlarges our toolbox. By this standarg 
the present proof is adequate. Like most new tools, the present method of 
proof is a judicious assembly of existing tools, which I will now describe. 

The first ingredient consists of partial recurrence equations (alias partigy 
difference cquations) and operators. The calculus of finite differences wag 
introduced in the last century by discrete mathematician George Boole, byt 
in this century was taken up, and almost monopolized by, continuous number 
crunchers, who called then finite difference schemes. A notable exception 
was Dick Duffin (e.g. Duffin 1956) through whose writings I learnt about 
these objects. and immediately fell in love with them (e.g. Zeilberger 1980a, 
1980b). It was fun returning to my first love.7 

Conspicuously missing from the present paper is my second love, bijec- 
tive proofs (e.g. Zeilberger and Bressoud 1985) that were tauglit to me by 
Dominique Foata. Navier G. Vienmot, Herb Wilf and many others. However, 
doing bijections made me a better nathematician and person, so their implicit 
impact is considerable. 

The second ingredicnt is my third love, constant term ideutities intro- 
duced to ine by Dick Askey. Dennis Stanton (1986) and Johu Stembridge 
(1988) showed me how to crack them (Zeilberger 1988. 1990). The Stanton- 
Stembridge trick was indeed crucial. 

The third and last ingredient. which is not inentioued explicitly, but without 
which this proof could never have come to be, is my current love: computer 
algebra and Maple. Practically every lemma, sublemnia, subsublemma .-., 
was first conjectured with the aid of Maple. and then tested by it. A Maple 
package, ROBBINS, that empirically (and in a few cases rigorously) checks every 
non-trivial fact proved in this paper, is given as a conipanion to this paper, 
and should be used in conjunction with it. 


~ Doron Zeilberger. front the Introduction to 
Proof of the alternating sigit matrix conjecture (19968) 


+ “Mathematicians. like Proust and everyone else, are at their best when walt 
about their first love.” - Gian-Carlo Rota (Kac, Rota. and Schwartz 1992, P- 


Explorations 


These conjectures are of such compelling simplicity that it is hard to under- 
stand how any mathematician can bear the pain of living without understand- 
ing why they are true. 

~ David Robbins (1991) 


If there had been any lingering doubt of the truth of Conjectures 1 and 
2, it was dispelled by the proof we have just seen of Macdonald’s coujec- 
ture. The critical insight that made this proof possible came from the 
asstuunption that Conjectures 1 and 2 were correct. No further confirma- 
tion was needed. but there was still no proof. 


6.1 Charting the territory 


The alternating sign matrix conjecture appeared at an opportune mo- 
ment. The publication of George Andrews's The Theory of Partitions 
(1976) and Ian Macdonald’s Symmetric Functions and Hall Polynomials 
(1979) had created wide interest in plane partitions and Young tableanx. 
Enough people knew enough about them to recognize the potential im- 
Portance of proving this conjecture. Because these books could take 
tesearchers from disparate backgrounds and bring them quickly up to 
the cdge of what was known. they drew in mathematicians from a variety 
Of fields. including algebra. combinatorics, and analvsis. More impor- 
tant. oven though it would be teu years before anv significant progress 
Would be made on the proof of this conjecture, those who were drawn to 
it found that it was only one in a constellation of related problems. and 
that there were many other interesting discoveries to be made. The work 


ios Ga Gupte é : : ‘ : : 
Cessel and Viennot on the counting of non-intersecting lattice paths 
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followed the Mills, Robbins. aud Rumsey proof and was largely moti. 
vated by the counting problems that appeared around the alternating 
sign inatrix conjecture. 

To anyone new to this conjecture, the initial response was to try to 
find a one-to-one correspondence between n xn alternating sign matrices 
and descending plane partitions with largest part less than or equal to n. 
As mentioned in Chapter 1. the first thing that strikes anyone looking 
for such a correspondence is that the set of alternating sign matrices 
is rich in symmetrics and natural parameters. The deseending plane 
partitions have uo obvious svimuetrics aud few obvious parameters. [f 
there is a natural one-to-one correspondence, then there umst be hidden 
syninictries in the set of descending plaue partitions. The first of these 
that Mills, Robbins. and Rumsey surmised was that the nuinber of de 
scending plane partitions with j parts of size 7 aust equal the number 
of descendiug plane partitions with n — 1-7 parts of size n. It is not 
difficult to see why this is true for 7 = 0 (see page 24). They were able 
to prove that these nuntbers are the same, but they could not find a 
simple explanation of why this should be so. 

In the mid-1980s. Mills. Robbins. and Rumsey published two pa- 
pers (1983. 1986) of insights into and conjectures about the correspon- 
dence between alternating sign matrices and descending plane partitions. 
There are three results in these papers that are significaut for our story. 
The first of these addresses the question of what parameters for de- 
scending plane partitions shonld correspond to the mumber of —1s in 
the alternating sign matrix and to its inversiou mumber (definition on 
page 88). Given a desceuding plaue partition, 


ay a, 2 G13 wig x aa whe eee yyy 
a2.2 2.3 Png bn og sr ae A242 


QAkk +e Ohirye 


a special part is an entry that satisfies a; < j—i. Mills. Robbins, and 
Rumsey conjectured that the number of special parts in a descending 
plane partition should correspond to the number of —1s in the matching 
alternating sign inatrix and that the number of parts in the descend- 
ing plane partition shonld correspond to the inversion number of the 
altcrnating sign matrix. Specifically, they made the followmg conjecture 
which is still unproveu, though it has been verified for all valucs of 1 
less than or equal to 7 and for m = 0. 
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Conjecture 10 Let A(n,h.m,p) be the number of n x n alternating 
sign matrices with a Tin the kth column of the first row, with m —1s, 
und with inversion number equal to p. Let D(n, ky mp) be the number 
of Jescending plane partitions with largest part less than or equal to 1. 
wih exactly k — 1 parts of size n, with m special parts. and with a total 
of p parts. We then have that 


A(n,k,m,p) = D(n.k,m,p). (6.1) 


The second result that coucerns us involves the polynomial 


fas (yee 


AGA, 


where A, is the set of n x n alternating sign matrices and N(A) is the 
nunber of —1sin A. The recursive algorithnr described in exercise 3.2.10 
on page 91 can be specialized (set g = 1) to calculate the polynomial 
fal“). This ytelds: 


fils) = 1 

fo(v) = 2, 

fir) = O+a, 

fiir) = 244 169 + 227. 

fs(r7) = 120+ 2007 + 94r? + 14.03 + 2r4, 

folr) = 720+ 2400x + 26842? + 12842° + 310x7 + 36.r° + 27°, 
fr(r) = 5040 + 24900r + 63308.c? + 66158.r? + 3839027 + 13037.r° 


+ 2660r° + 32827 + 262r8 + 2. 


It follows from the definition of this function that fn(O) =n! and f,,(1) is 
the mamber of n x n alternating sign matrices. As we saw in Section 3.5, 


+ MB) Oke) = (1 ob RD, 
BEA, 


When we set A equal to 1, we get that f,(2) = 2"("-)/2, Mills. Robbins, 
aid Rumsey conjectured that there would also be an appealing formula 


for hi (3). 


Conjecture 11 For all positive integers n we have that 


fens1(3) = Qn 3n 2n + 
jmey = er ees) (6.2) 
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fon1(3) : n he ae (6.3) 


Greg Kuperberg proved this conjecture in 1995 (Kuperberg 1996b}), 
It was a serendipitous consequence of his proof of Conjecture 3 using the 
square ice model. More than this, Kuperberg was able to find a genera] 
formula for f,(z). This formula can be rewritten as a product when 
a? +(2—z)2 +1 is a cyclotomic polynomial in x, That is to say, there 
is a product formula when z = 1, 2. or 3, 


A hidden symmetry 


For the purposes of our story, however, the most important result of 
the 1983 paper was an insight mto the hidden svminetry of descending 
plane partitions that corresponds to the reflection of an alternating sign 
matrix over a vertical axis. This “reflection” takes a descending plane 
partition with 4 —1 parts of size n to a uniquely defined companion with 
n —k parts of size n. It preserves the number of special parts (which 
should correspond to the number of —1s in the alternating sign matrix). 
If m is the number of special parts and p is the total number of parts, 
then this reflection of a descending plane partition changes the total 
number of parts to n(n — 1)/2 +7n ~ p. which is precisely what happens 
to the inversion number when an alternating sign matrix is reflected over 
a vertical axis. 

The mapping that accomplishes this first takes the descending plane 
partition with entries a,;. 7 >, to a complementary array, bj;,1 as 
j<n-— 1, defined by 


j-t+l—a,,. if aj; exists and aj) <j —1. 
bg =4 gp tla, if a, is not defined, 
undefined if ajj > Jj - 7. 


where 3;, is the xumber of “oversized” entries in column 7. Specifically, 


Gi, 18 the cardinality of {az, | ar; = j + 2—.£}. One example of such @ 


+ The initially published proof is not correct. It has since been corrected. 
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porrespouding pair of arrays is given by 


7665 4 4 a ee 
Bray ae ae ok Bee 
S 2 ee 


Bis Ess 4 


Adar 


NINN NNW 


The second step of our transformation is to take the mirror image of the 
yew array across the southwest to northeast diagonal, 


7665 4 4 Ee eg 
a 6641 1 
a Be ee 

= 


Having found a natural involution on the sect of descending plane par- 
titious. the next step was to ask what its analog might be for cvclically 
svnunetric plane partitions. They soon discovered that it would be situ- 
ple complementation: Take the box in which the cyclically symmetric 
plane partition sits, and consider the plane partition formed by the cubes 
that are not in that plane partition. This led Robbins to start think- 
ing about complements of arbitrary plane partitions. In particular. he 
asked the question: How many plane partitions inside a box of given 
diucnsious are left unchanged when one takes the complemcut? In his 
own words (personal communication). this is what happened: 


One evening while I was in upstate Michigan on vacation, it occurred to me 
that the plane partitions with the maximum symmetry would be totally sym- 
Metric self-complementary plane partitious. At first 1 thought perhaps such 
things could not exist, but. before long I was counting them and realized that 
there was 1 way to do it im a 2x2x2 box. 2 ways to do it ma 4x4x4 box and 
7 ways to do it in a 6x6x6 box ... It was quite a magical experience. 


David Robbins had foumd another conjecture that would eveutually (An- 


drows 1994) be proven to be equivalent to the alternating sign matrix 
conjecture, 


Conjecture 12 The number of totally symmetric self-complementary 
Plone partitions that fit inside B(2Qn.2n.2n) (see Fig. 6.1) is equal to the 
"tinder of nxn alternating sign matrices. 


Fignre 6.1. The seven totally symmetric selfcomplementary plane partitions 
in B(6. 6.6). 


Robbins shared hig insight with Richard Stanley, who realized that 
this suggested other syimmetry conditions on plane partitions. 


Symmetries of plane partitions 


Given a box B(r. s.f) and a plane partition x that fits inside it. we define 
the complement of 7, 7°. to be the reflection across the y = 7 plane 
of the set of lattice points that are in B(r.s.f) but not in 7: 


gt mah ee Bl pM Np eee ae eae. 164) 
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Figure 6.2. Richard Stanley. 


This introduces a third transformation of a plane partition. MacMahon 
had studied plane partitions that are invariant under reflection across 
the y = «£ plane: symmetric plane partitions. Macdonald had intro- 
duced plane partitions that arc invariant under cyclic rotations of the 
axes - cyclically syinmetric plane partitions - or under the full group 
of perntutations of the axes — totally symmetric plane partitions. With 
the introduction of complementation, there are six new invariances that 
ean be studied. 

For the sake of completeness, we begin with the four counting func- 
tions that by now had become classical. The first three of these are 
special cases of the generating functions for which we have seen proofs. 
In the following formulee, we let D, be the number of descending plane 
partitions with largest part less than or equal to r, 


_O Bi+D! 
wire IT (r+ 9)! 


|. Plane partitions without symmetry conditions. We lct 
Ni(7,s,t) denote the total number of plane partitions in B(r, s, t). 
This is the g = 1 case of the generating function identity that was 
first stated and proven by MacMahon and given in this book as 
Theorem 1.3. We have seen one proof in Chapter 3 and a second 
proof in Chapter 4: 


teed ed by Gad 

Ny (r,s, t) = I] ul | 
(ig.k)EB(r.s,t) oe ia i+ j+k-2 it+j-1 

(6.5) 
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Symmetric plane partitions. Let No(r.s.t) be the number 
of plane partitions in B(r,s.t) that are symmetric with respect 
to the y = 2 plane. This counting function is the g = 1 case of 
the generating function that was conjectured by MacMahon ang 
proven by Andrews (1978) and Macdonald (1979). We have seen 
a proof of it in Chapter 4: 


Saree reel | pagel 
No(r.r.8) = a po ; 
2(r.r.8) i" iF] I rac (6.6) 


1=1 1<i<jgsr 


Cyclically symmetric plane partitions. Let N3(r,s,t) be 
the number of cyclically symmetric plane partitions in B(r, s, t). 
Macdonald (1979) conjectured the generating function for which 
this is the g = 1 case. This particular formula was first proven by 
Andrews (1979) as the “weak” Macdonald conjecture. The full 
Macdonald conjecture was proven by Mills, Robbins. and Rumsey 
in 1982. We have seen a proof of it in Chapter 5: 


ae ae ee tiered 
Bert) ( a) itg-1 en 
i=1 ISi<jsr 


Totally symmetric plane partitions. Let N4(r.s,t) be the 
number of totally symmetric plane partitions in B(r.s.t). Con- 


jectured by Macdonald, Stembridge (1995) proved this formula: 


betel Fi 
Mirnr) = Una ied eae (6.8) 


ae a ee 


Self-complementary plane partitions. Let N5(r.s,¢) be the 
number of self-complementary planc partitions in B(r,s.t). The 
product rst must be even. Richard Stanley (1986b) proved that 


N5(2r.28.2t) = Ni(r.s.t)?. (6.9) 
N3(2r +1.2s,2t) = Ny(r.s,t) Ni(r + 1.5. t), (6.10) 
No (2r + 1.28+1.2r) = Ni(rtlst)Mrs+1,t). (614) 


Transpose complement plane partitions. These are plane 
partitions for which the complement is the same as the reflection 
in the y = 7 plane. Let No(r.s. t) be the number of such plane 
partitions in B(r.s.f). The parameters r and s must be equal 
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and ¢ must be even. Robert Proctor (1988) proved that 


ttr-1 %+itj41 
Ce a aaa Sia IPS. ~ 65) 
r—1 i+tjg+1 
1<i<jSr-2 J 


. Symmetric self-complementary plane partitions. We let 
N7(r,s.¢) be the number of such plane partitions in B(r,s,t). The 
parameters r and s must be equal and ¢ must be even. Proctor 
(1983) proved that 


N7(2r.2r,2t) = Ni(r.r.t), (6.13) 
Ne(2r4+1.2r4+1.2t) = Mi(r r+ 1.8). (6.14) 


8. Cyclically symmetric transpose complement plane parti- 
tions. Let Vg(r.s.t) be the number of such plane partitions in 
B(r.s.t). The parameters r. s, and ¢ must be equal and even. 
Mills. Robbins, and Rumsey (1983) proved that 


Ng(2r. 2r.2r) = 11: CURB rae (6.15) 


fair PEST 4i)! 


9. Cyclically symmetric self-complementary plane parti- 
tions. Let No(r,s,t) be the number of such plaue partitions in 
B(r.s.t). The paranieters r. s. and ¢ must be equal and even. 
Kuperberg (1994) proved that 


No(2r.2r. 2r) = D2. (6.16) 


10. Totally symmetric self-complementary plane partitions. 
Let Nig(r.s.t) be the number of such plane partitions in B(r, s.t). 
The paranieters r,s. and t must be equal and even. This was the 
big surprise. first observed by David Robbins and finally proven 
by George Andrews (1994), 


Ny (2r, 2r. 2r) = D,. (6.17) 


Equation (6.17) implies that the number of n x 7 alternating sign 
Matrices, A,, should be the same as the number of totally symmetric 
‘elf-complementary plane partitions in B(2n,2n.2n). In Section 3 of this 
chapter. we shall see that the first proof of Conjecture 3. the formula for 
An. was accomplished by proving that A, = Nig(2n.2n.2n) and then 
Dbvvking Andrews’s proof that Nig(2n.2n,2n) = D,. But the proof of 

“dnation (6.17) has a story of its own that I want to tell first. We shall 
See it in the next section. 
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The —1 phenomenon 


In 1994, John Stewnbridge published a proof of an observation that he 
had made about these ten formula. It begins with the recognition that 
there are two natural ways of forming the generating function for plane 
partitions: We can let the power of g count the total number of unit 
cubes in the partitious (the way we have been defining our generating 
functions). or, given a subgroup G of Ss under which the plane partitions 
are invariant, we could let the power of g count the number of G-orbits 
in the plaue partition. 

As we have seen. the generating function that counts the nuniber of 
unit cubes is given by 


1— gllG-+ht(n)) 


I 


] — glnlht(a) 
n€B/G 


provided G is I (the ideutitv). So (the identity and one transposition 
of two of the axes). or C3 (all cyclic permutations of the axes). While 
it is mot correct when G = S3, the gq = 1 case does give the correct 
ninnber of totally sviametric plane partitious inside B. Whether or not 
it is correct. we shall call this the expected formula for the unit cube 
counting generating function. 

There is also an expected formula for the generating function that 
counts the wwmber of orbits: 


I 


n€ B/G 


1 git hen 
i ght (a) 


This formula is correct when G = I or Sy. It is wrong when G = 
C3. although the g = 1 case does give the correct count for the total 
umnber of cyclically symmetric plane partitions inside B. The fact that 
the orbit counting generating fimetion for So is given by the expected 
formula is equivalent to the Beuder -Kuuth conjecture (see exercise 4.3.7 
on page 147). The case G = S3 is a conjecture that George Andrews 
and David Robbins arrived at independently and that is still unproven. 


Conjecture 13 The orbit counting generating function for totally sy™ 
metric plane partitions that fit inside B is given by the expected formula: 
Te gran 
erm 
ne B/Ss 


_ What Stembridge observed is that for any subgroup G. the nuntber of 
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plane partitions tuvariaut under G and complementation (Ns, Nz. No. 
ov Ny) is equal to the limit as g approaches —1 of the orbit counting 
ec nerating function for plane partitions invariant under G. The wuanber 
‘plane partitions invariant inider Go = Sy or Cy and whose transpose 
corresponds to the complement (Ng or Ng) is equal to the limit as q¢ 
approaches —1 of the unit cube counting generating fimetion for plane 
partitions invariant under G. A curious feature of this observation is 


that even when the corresponding generating function is not given by 
the expected formula, both the true generating function evaluated at. 
q - —1 and the expected gencrating function evaluated at ¢ = —1 
produce the same number. While Stembridge has proven that this is so, 
uo satisfactory explanation of this phenomenon has been found. 


More conjectures 


Meuv more conjectures have been made. Some are treated in the ex- 
erciscs to this section. I mention just a few more here. We can count 
alternating sign matriecs that satisfy certain symunetry couditions and 
ask when these numbers are smooth, that is to say, when thev have 
ouly small prime divisors. In such cases. there is likely to be a for- 
nila as a rational product. of factorials. Let V5(7). HTS(7). QTS(x), 
DDS(7). and VHS(n) (respectively) be the number of n x m altcrnatiug 
sigh matrices that are left unchanged by (respectively) vertical reflec- 
tion. half-turn or 180° rotation. quarter-turn or 90° rotation, reflection 
across either diagonal, and vertical or horizontal reflection. Conjectured 
and still unproven formule for these counting functions are 


: = dn —1 
VS(2n + 1)/VS(2n—1) = “ ye ( ) . (6.18) 
2n 2n 


HTS(2n +1)/HTS(2n) = cae er (6.19) 


rh n 

HTS(2n)/HTS(2n-1) = 4 (Ar) /3 ee (6.20) 
QTS(4n) = HTS(2n)D? 

= Nz(n,n.n)D3, (6.21) 

QTS(4n +1) = HYTS(2n+1)D2, (6.22) 


QTS(4n—1) = HTS(2n —1)D?. (6,23) 
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DDS(2n +1)/DDS(2n=1) = 


VHS(4n + 1)/VHS(4n—-1) = 


ViSGny a /VEsmia a). Ss Gay) ae 


6.1.1 


6.1.2 


6.1.4 


6.1.5 
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3n 2n-1 

n n , 
3n—1 f6n—-—3 4n — 2 
4n—1\2n-1 2n-1/)’ 


(6.25) 


(6.24) 


(6.26) 


4n+1 \ 2n Qn 


Exercises 


Prove that if x? + (2— z)xz +1 is a cyclotomic polynomial in x, 
then z= 1, 2. or 3. 


Prove the following special case of Conjecture 10: The number 
of permutations o € S, for which o(1) = k and Z(c) = p is 
equal to the number of descending plane partitions in B(n, n,n) 
with exactly k — 1 parts of size n, no special parts (the entry in 
position (7.7) must be strictly greater than 7 ~ 7), and a total 
of p parts. 


The Mathematica function MTf [{j},n,x,q] defined on page 91, 
is the sum of g??).r(®) taken over all mn x m alternating sign 
nnitrices B that have a 1 in the first row and jth column. Let 
A,.n(a) = MT£[{k},n,x,1] and Ict p,(x) be the greatest com- 
mon divisor of {A,.1(a). Ap.o(a). .... Ann(a)}. Mills. Rob- 
bins, and Rumsey (1983) conjectured that if m is odd, then 
ASMf [n,x,1] equals p,(#)pp+)(v). while if n is even, then 

ASMf [n,x,1] equals 2p,(2)p,41(2). Check this conjecture as 


far as you can. 


Another conjecture of Mills, Robbins, and Rumsey is that when 
n is odd. p,(x) equals MT£[{1,3,5,...,n},n,x,1]. Check this 
conjecture as far as you can. 

Prove that if aun x 7 alteruating sign matrix with m —ls and 
inversion number equal to p is reflected over a vertical axis, it 
is transformed into an alternating sign matrix whose inversio? 
muiber is n(n — 1)/2+ m—p. 

Prove that the image of a descending plane partition under the 
reflection described on page 194 is always a descending plane 
partition. 


6.1.10 


6.1.11 


6.1.12 
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Prove that the reflection of a descending plane partition takes 
a descending plane partition in which nm appears j times to a 
descending plane partition iu which n appears n — 1—/j times. 
Prove that applying the Mills, Robbins, and Rumscy reflection 
to a descending plane partition twice returns the original de- 
scending plane partition. 

Prove that the orbit counting generating function for syrmmet- 
ric plane partitious that fit inside B(r,r,t) is the same as the 
unit cube counting generating function for column strict plane 
partitions with at most r rows. ¢ columns, and largest part less 
than or equal to r. Verify that 


1 gittti“} n= qi tht(a) 
II 1—qti-l Il 1 — ght) 
Usisge<r ne Blr.r.t) /S2 


Prove that 
ria ay 1-1 a 
ie Il a gititk 1 7 a (33 ie 1)! 
spa ess _— pttitk—2 yp” 
a Vee is l-qgt pare +7)! 


Verify that 
“ 1- gi tht 
pi Il To ga 
7€ B/G 
for G = I, Sy. or Cy yiclds the product formulas for N5. Vz. or 
No, respectively. 
Verify that 
1 ~ git tht) 
lim II Bi e 
qo-l ie git ht (77) 


for G = S» or Cs vields the product formulas for Ng or Neg, 
respectively. 


6.2 Totally symmetric self-complementary plane partitions 


The story of the proof of the enumeration formula for totally svmmet- 
Ne self-complementary plane partitions (which hereafter we shall refer 
'o as TSSCPPs) is a tale of a sequence of mathematicians who each 


took the problem one step forward. and then passed it on to someone 
else, Tt begins with Mills. Robbins. and Rumsey (1986), who translated 


the | 
5] 


sxroblem of counting TSSCPPs iuto the counting of a certain class of 
iitted plane partitions. 
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Figure 6.3. A totally symmetric self-complementary plane partition in 
B(10, 10, 10). 


An example of a TSSCPP in 8(10, 10,10) is shown in Figure 6.3. As we 
did with cyclically symmetric plane partitions, we want to decompose 
our TSSCPPs into shells. Because of the condition that this plane parti- 
tion must be sclfcomplementary. the outermost shell consists of those 
lattice points on any of the six exterior faces. For the box B(2n, 2n, 2n), 
these are the lattice points for which 7, 7, or k is equal to 1 or 2n. The 
next shell consists of lattice points which are not in the first shell but 
for which 7, 7, or k is equal to 2 or 2n ~ 1. This continues to the nth 
shell which consists of those lattice points for which each coordinate is 
either n or n+ 1. The entire plane partition will be totally symmetric 
and self-complementary if and only if each shell is totally symmetric and 
self-complementary. 

We do not have much choice about how to construct a given shell. 
The outer shell is uniquely determined by the lattice points of the for™ 
(i, j.2n) with 1 < i,j <n. Furthennore, these lattice points must form 4 
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Figure 6.4. The self-conjugate partitions that define the TSscPP of Figure 6.3. 


self-conjugate partition with exactly n parts (and therefore with largest 
part equal to 1), The self-conjugate partitions that define the TSSCPP 
of Figure 6.3 are given in Figure 6.4. Using the correspondence between 
sclf-conjugate partitions and partitions into odd parts (see exercise 2.2.1, 
page 51), we see that the outermost shell is completely determined by a 
partition into distinct odd parts of which the largest part must be 2n—1. 
The next slicll is determined by a partition into distinct. odd parts 
of which the largest part must be 2n — 3. Since these shells must fit 
together to form a plane partition. the ith largest part in the second 
Tow mmst be greater than or equal to the i+ 1st largest part in the row 
above it, As an exaniple. the TSSCPP in Figure 6.3 is described by 


9 7 3 

7 5 
Do 1 
3 
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We shall call such au array a TSSCPP array of order n. If a;,, is the 
eutry in the jth column of the ith row (counted from the top), then an 
array of positive odd integers is a TSSCPP array of order n if aud only if 


1. an entry can only occur at position (i,j) fl <i<j<m, 

2. for l<i<n.ajj = 2n+1—- 2i, 

3. there is strict decrease across rows (a@;,;-1 > @i,;) and weak in. 
crease down columns (@j;—1.3 < @).;): 


There is a one-to-one correspondence between the set of TSSCPP arrays 
of order n and the set of TSScPPs that fit inside B(2n,2n.2n). 


The corresponding nest of lattice paths 


The next step is to translate this array into a nest of lattice paths. This 
was first done by William F. Doran (1993), who was an undergraduate 
at the time. The 7th row of the TSSCPP array of order n corresponds to 
a lattice path that starts at (—2(nm—1-—7).n —1-—7). moves to the right 
or up at cach step. and ends when it reaches a lattice point on the line 
y = 1-.r. In constructing this lattice path, we ignore the first entry 
in the row. If the next entry is 2k — 1, then we move up until we are 
at the lattice point that is k units below the line y = 1 —.r, and then 
take one step to the right. We repeat this until all entries in the row 
have been encoded. The lattice path then moves up until it reaches the 
lattice poiut on the line y = 1 — x. See Figure 6.5. 

The nth row of a TSSCPP array of order n always cousists of a single 
1 which corresponds to the single point lattice path from (2,—1) to 
(2.—1). As we shall see later. we always want an even uumbcr of lattice 
paths, and so we shall cither include or ignore this trivial lattice path 
depending on whether n is even or odd. The condition of weak increase 
down columns in the TSSCPP array is equivalent to the condition that 
the lattice paths do not ttersect. 

This looks like the kind of counting problem that can be translated 
into a determinant evaluation by sumniing over all uests of lattice paths, 
including those that intersect, and proving that the nests with intersect 
ing paths can be paired into couples with cqual weight but opposite 
sign. This will be our approach, but there is a problem. The methods 
described in Chapter 3 either mvolve nests from a given set of ne starting 
points to a set of n ending pomts or, by adding the identity matrix, from 
any subset of the starting points to auy subset of equal cardinality of 
the ending pots. The problem with the nests that we are now working 
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9 73 


Figure 6.5. A TSSCPP array of order 5 and the corresponding nest of lattice 
paths. 


with is that while we have 7 —1 starting points, the ending points must 
be chosen from a set of 27 — 2 possible points. 

Soichi Okada (1989), working on the problem of counting totally svin- 
wctric plane partitions. realized that rather than using determinants 
which are a sum over all permutations. the nght tool in this case is the 
Piaffian, a sum over perfect matchings. The use of Pfaffians to count 
plane partitions is actually much older, going back to work of Basil Gor- 
dou (1971). Building on Okada’s paper. Jolin Stembridge (1990) showed 
how Pfaffians could be applied to a wide range of counting problems. 
inchiding the totally symmetric self-complementary plane partitions. 


Pfaffians 


Given an even integer nm. let F, denote the set of all partitions of 
Wire 14 n} into pairs of elements. Such a set partition is also called a 
Perfect matching or a 1-factor. As an example. F, has three perfect 
Inatchings: 


Fr = {(1,2).(3.4)}: Fy = {(1.3).(2.4)}: and Fy = {(1. 4), (2.3)}. 


There are fifteen perfect matchings when n = 6. Given a perfect match- 
ug F € F,,. we define the crossing number of F, ¥(F), to be the 
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mutmber of pairs (a.b),(¢.d) in F for which 
a<x<c<b<d. 


For example, ¥ ({(1, 4). (2.6).(3.5)}) = 2 because (1,4) and (2,6) crosg 
and (1.4) and (3.5) cross, but (2.6) and (3.5) do not cross, 

Given an ordered collection of () quantities, A = (ai,)1<i<j<n, the 
Pfaffian of A, Pf(A), is defined as 


PEA) = So (-1)*") TY ayy. (6.27) 


FEF,, (L))EF 
When n = 4, the Pfaffian is 
12034 — @13094 + 444023. 


These sums first appeared in 1815 ina paper by Johann Friedrich Pfaff 
(1765- 1825) that described a method to solve a system of 2n first-order 
differential equations by introducing anxiliary variables and cquations, 
These auxiliary equations involved sums of fractions in which the de- 
nominators are give by Pfafflans. Pfaff was Gauss’s teacher, and Gauss 
lived in his house while he was a student. Pfaff coined the tenn “hyperge- 
ometric serics” and made many contributions to the study of differential 


equations. 
The Pfaffian is closely related to the determinant of a skew sym- 
metric matrix - a matrix for which a,, = —a,; - which appeared in 


work of Poisson, Lagrange. Laplace. aud Monge in the first. decade of 
the nineteenth century. Jacobi (1827. 1845) was the first to recognize 
that there was a relationship between the Pfaffian and the determinant 
of askew symmetric matrix, but it was not until Arthur Cayley (1847a, 
1847b) that it was recognized and proven that the determinant, of the 
skew symmetric matrix (a,j); ,., is equal to the square of the Pfaffian of 
(@ij)i<cez<n (sec exercise 6.2.11 for a proof). For example, when n = 4 
we have 


0 a2 Q13 Q44 

~ayo 0 423 G24 2 

det = (a,0034 — 4130294 + @14043) . 
—a13 —a23 O | ass 


—Q), —@ 9, —a34 O 


Cayley is also responsible for the tenninology “skew synunetric matrix” 
and “Pfaffian.” 

There is one other important result about Pfatfians that we need be- 
fore proceeding. That is that when a, = 1, 1 <i <j sn, then 
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the Pfaffian is +1 (see exercise 6.2.9). Following Stambridge. we shalt 
express the number of totally svmunetric, selfcomplementary plane par- 
nitions inside B(2Qn.2n,2n) as a Pfaffian which will then be expressed as 
ilie square root of the detemminant of the corresponding skew symmetrie 


mal Vix. 


TSSCPP as Pfaffian 


Given an integer n. we define M, to be the set of all nests of lattice 
paths for which the ith path starts at (2—27.i —1), moves to the right 
or wp at each step, and ends when it reaches a lattice pot on the Ine 
y = l—#. When is odd. we take 1 < i < m—1. When n is even. 
we take 0 <i < n—1. As we noted above, path 7 = 0 is a trivial path 
that starts and ends at (2,—1). For every valuc of n, we have an even 
nantber of paths in NV,,. 

Bach nest of lattice paths, N € N,,. is given a weight. w(NV), as 
follows. For each perfect matching, F. of the initial vertices, we define 
the inversion number Z(F,N) to be the number of pairs (7.7) € F.i <j. 
for which the end vertex of the ith lattice path is to the left of the end 
vertex of the jth lattice path. In other words, two lattice paths paired 
by J? are counted in the inversion munber if and only if they cross an 
odd tunber of times. We define wk. N) to be 0 if two matched paths 


end at the same vertex. and w(F,N) = (-1)7%-%) otherwise. We define 


w(N) = S0(-)*O w(FN). (6.28) 
F 

If there are no intersections of lattice paths in N. then w(F.N) = 
(-1)7'7*) = 1 for all pairings. and so this sum is the Pfaffian with 
all variables set equal to 1. In other words, if N has no intersectious, 
then w LV) = 1. We shall see that if N has at least one intersection, 
then for cach perfect matching F. we can find a unique corresponding 
bar (F")N’) such that w(FN) = -w(F’.N’). It follows that 


S> uw(N) = # of non-intcrsecting nests in My. (6.29) 
NEN) 


The pairing 
Onr ! 


vatving is similar to the Gessel Viennot approach described in Sec- 
Now: 


3.3. If any two paths intersect, then we choose the point of inter- 


‘ection that is closest to one of the starting poiuts, and among those 
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points at the same distance we choose the one with 1 coordinate clog. 
est to 0. There will be exactly two consecutive paths that intersect at 
this point, say paths ¢ and i +1. We create a new nest, N’. by inter. 
changing the tails after this point of intersection, and we change the 
matching from F to F’ by exchanging i and 7+ 1. We have to prove 
that w(N,F) = —w(N’,F’). 

If 4 and ++ 1 are not paired in the matching, then V(F) = 4(F’) +1, 
Whatever was matched with 7 is now matched with 7+1, but path 7+ 1 
now ends where path 7 used to end. The saine observation holds for the 
number that had been matched with i+ 1, so there is no change in the 
inversion number. 

If i and i+1 are paired in the matching, then 4(F) = 4(F"). If the in- 
tersection point lies ou the line y = 1—.. then w(N.F) = —w(N', F') = 
0. If it does not lie on this line, then exchanging tails changes the inver- 
sion number by 1. 


Sum of weights as Pfaffian 
In any nest of lattice paths, the final vertices are chosen from 
{(2—rnr—-l)|1l<r< 2n-—2, n odd:0 <r < 2n ~ 2, n even}. 


Let A(7.r) be the number of paths that start at the ith vertex, (2—2i,i-— 
1), and end at the rth, (2—r.r— 1), 


h(i.r) = fee) 


This is zero unless i < r < 2i. Jf we fix a matching, F. then we can 


So wk) = TL So bir)ai.s) — A(t. s)a(i.7)- 


NENT (U))EF iSr<sS27 


write 


It follows that 


So ow(N) = 2-1) SS wl FN) 


NEN F NENn 
ay Saye” |] eee: 
F G.gQ)eF 


where 


Hi.d= > ae a ~ Ge (2): 


isr<sS2) 
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When we combine this result with equation (6.29). we see that the num- 
per of non-intersecting nests in NV, is the Pfaffian of (H(i. j)) where 
a<r<y<n—1 when vis even and 1 <7 <j <m— 1 when n is odd. 
\We have proven the following result. 


Proposition 6.1 The number of TSSCPPs in B(2n,2n,2n) ts the square 
root of the determinant of the skew symmetric matrix with entries H(i.7) 
for Oor 1St<j <n, where the lower limit oni is 0 ifn is even and 
[ifn ts odd. 


The determinant evaluation 


The cmuneration of totally symmictric selfcomplomeutary plane par- 
titions lias been reduced to finding the determinant of a certain skew 
svunnectric watrix (and thei taking tlic square root of that deterni- 
nat). This deterninant evaluation was accomplished by George Au- 
drews (1994). While the details are dauuting - in Andrews’s own words, 
“the material in this sectiou is inordinatcly complicated” — the fuuda- 
mental idea is simplicity itself. To evaluate the detcvminant of As. we 
find an upper triangular matrix, R, such that AJR is lower triangular. 
We can scale R so that its determinant is 1, which means that the de- 
tenninuant of AL is just the prodiict of the clements on the main diagonal 
of JER. This particular approach las proven to be extremely fruitful. 
though its applicability is limited by the ingenuity of the person who 
is using it. Other mathematicians, especially Christian Krattenthaler 
aud Doron Zeilberger. have developed more systematic - and thus more 
casily programmable methods for evaluating such determinants, al- 
though their methods require the discovery of additional parameters. A 
good example of this is described by Krattenthaler (1997), who proves 
a determinant evaluation that generalizes the evaluation needed for the 
coliting of totally symmetric sclf-complementary plane partitions. 

Andrews did make use of computers in au essential way. One of the 
kev identities required in his proof is 


> DREN a) atk (y= PGk 4 Dyk p+ 22h +3)! 


A-=0 (J — k)E (hk + IPRA + 27 +5)! =1. (6.30) 


To vet a handle on the left side of this equality. we can write it as a 
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liypergeonictrie series. It is equal to 


(—1)/2(2j)!5(j + 2)13! Ail SBR IAS. 3/2 oo 
jl (27 +5)! ae oe ee ee 


As Andrews pointed out m his paper, this “is not one of the well-known 
summable series.” 

Fortunately, Doron Zeilberger and Herb Wilf had developed a practi. 
cal and powerful algorithm for proving just such idcutities. Known as 
the WZ-method, it builds om carlier work of Sister Mary Celine Fagen. 
miver (1945) and Bill Gosper (1978). We shall meet it once again at the 
end of Chapter 7. A description of the WZ-method with illustrations 
of how it is implemented and pointers to free packages that will run 
it in either Mathernatica or Maple can be found in the book A = B 
(Potkovsek, Wilf, Zcilberger 1996). 


Exercises 
6.2.1 Show that any TSsCpP in B(2n,2n,2n) must have a stack of 
height at least n+ 1 at position (n,n). 
6.2.2 Write the seven TSSCPPs in B(6.6,.6) using MacMahon’s bird’s- 
eye notation (page 93). 
6.2.3. Fill in the missing values in the bird's-eye notation for the fol- 
lowing TsscpP in B(10, 10. 10): 


iy aie ae ae a 
PS pe pie pe Sage ae 
DS a ape Ss ap RO 
PR A A AG 
PD Gel oe Ware gas 
i ae ae ee ae ae a ee, 
LP RO Oe SG ag gl 
Da Se aaa. Sa AR thy 
a eee ae a ae a 
ae ee ee ia a 


6.2.4 Translate the TSScPP of exercise 6.2.3 into a TSSCPP array and 
then into a nest of lattice paths. 
6.2.5 What are the fifteen perfect matchings of {1,2.3.4,5.6}? 


+ In fact, this identity had been discovered by Ira Gessel and Dennis Stanton 17 
1982, eqnation 1.8. but it was not widely known. 


6.2.12 
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Prove that |F2,,| = (2n — 1)|Fon,—2}. aud therefore 
|Fon| = 1-3-5---(Qn—-1). 
Prove that ifn is odd. then any skew syminetric matrix (a); = 
—a,;) must have determinant equal to zero. 
Given a nest of 2n lattice paths, N, prove that 


tee ra cannot be zero. 


Defiuc the polynomials Cy (7) = per, «*\") so that 


Cy (x) = 1. 
Cy (2) Eat 
C3(@) = 54+6a+ 3a? + 2°, 


Prove that C,(-1) = 1 for all n > 1. 

Given a permutation of n letters, 7. the cycle representation 
of ¢ is an ordered sct partition of {1,2,...,n} such that 7 follows 
i if and only if j = o(2). and the first clement in cach ordered 
set is the image of the last clement. For example, the perntuta- 
tion whose sequence representation is given by ¢ = 246153 has 
cycle represcittation (1.2. 4)(3.6)(5). What is the cycle repre- 
sentation of 792341658? What is the sequence representation of 
(1.5, 2), (3, 8). (4.9), (6.7)? 

This exercise and the next constitute Stembridge’s proof (1990) 
that the determinant of a skew symmetric matrix is the square 
of the Pfaffian. Prove that for any permutation ¢, the parity of 
T(c) is the sane as the parity of the number of cycles of even 
length. 

Let EF, C S, be the set of permutations on 7m letters all of 
whose cycles have even length. Prove that if A is skew svuimet- 
vic, then 

nh 


det(A) = S- ie [[e:.c- 


o€F,, Veal 


We define a bijection between the set of pairs of matchings, 
F,,xFy. and E,, as follows. Given an ordered pair of matchings, 
(F.F'). we coustruct a graph on the vertices 1 through 7» in 
which i is connected to j if and only if i is paired with j in F 
or F’, If? is paired with j m both matchings. then we conucct 
these vertices with two edges. The resulting graph is a disjoint 
union of evcles of even length. Each cycle will be a evele of 
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the permutation o. To determine the direction of each cycle, 
we take the smallest vertex in the cycle. Its image under o jg 
the vertex with which it is paired in F. Prove that if (F, F’) 
corresponds to o. then 


ee ae) Il a;, Il a; = (-1)7 J] a:.cti- 
i=l 


(Aer Oger? 


6.2.13 Prove that for? < j, 


HOGS es. 6.31 

shee e 
Hint: First show that H(7. j) is the number of non-intersecting 
pairs of lattice paths from the ith and jth vertices to any two 
vertices on the line y = 1~.r. Next, show that the total number 
of pairs of lattice paths from the ith and jth vertices to any two 
vertices on the line y = 1— x is 2'*/, 

Let b(h.1) be the umber of pairs of intersecting paths where 
the first path goes from (2~—2i,1— 7) to (2—/1-j,l+j-1) and 
the second path goes from (2 —-2j,j7-—1) to (2-—k—-j,k+j—-1). 
Show that if & < l. then 


W650) 


Use the tail switch to explain why b(k.1) = b(1.k). It follows 


that. 
BOD ee aes De (a) (;) 


O<k<I<2i-j 


aS: i J 
UNL Say hee 
OS b<I<2I- j : 


In the first sunimation, replace | by 2i- 7 — 1. In the second 
summation, replace & by 27 — j — k. Show that 


H(i.j) = 20- ee 


hic 2i-y 
Gerd ee) 
=e ete Fae 9,_j;—k 
Gea, 2i-j7-l 2i- Jj 
ran Spa itj\_ oe 
gts Soa ee 
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62.14 The following Mathematica code will evalnate the determinant 
of the skew symmetric matrix defined by H(i, j). Verify up to 
at least n = 10 that this determinant is equal to the square of 
the A,,. 


H[i_, j_] :=1£ [i<=j,Sum[Binomial[it+j,r], 
{r,2i-j+1,2j-i}] ,-H[j,il]; 

Pf In_] :=Det [Table[Table[H[i,j], 
{i,Mod[n,2] ,n-1}] ,{j,Mod[n, 2] ,n-1}]] 


an 
i 
_ 
or 


Verify that 


3 gk+1(_1)i44 (25 — b)L(3k +5) (e+ j +2)! (2k + 3)! 
k=0 G —WUk+ DIRE + 27 +5)! 


is equal to 


(—1)/2(27)!5 (7 + 2)!3! p { i 8/3. 948, 5/2 = 
jl (Qj +5)! PN BIR, 20g Da BS 


6.3 Proof of the ASM conjecture 


No oue had succeeded in finding a one-to-one correspondence between 
descending plane partitions and alternating sign matrices, but there was 
reason to believe that it inight be possible to find such a correspou- 
dence between totally synnuctric self-complementary plane partitions 
(FsscpPs) and alternating sign matrices, After all. we were now com- 
paring two sets of objects that each had high degrees of syinmetry. It 
Was a bit unsettling that in the case of alternating sign inatrices this 
Was the svinmetry group of the square acting on the cutire class of ob- 
jects. while for TSSCPPs cach clement was individually invariant wader 
the group of svinnietrics of a hexagon. But even so, the existence of high 
degrees of svnunetry gave hope that the problem would prove tractable. 
In anticipation that it might be possible to prove the formula for the 
uutmber of TSsCPPs in B(2n.2n,2n). Mills, Robbins, and Rumsey had 
conjectured a refined correspondence between alternating sign matrices 
and TSSCPPs, 

Given a and a uest of n ~ 1 lattice paths that defines a TSSCPP, we 
“onsider the n — 1 sets of lattice squares that lie on or below the line 
Y= 1—v and to the right of the vertical steps in a given lattice path. 
Wo shall call each of thesc sets a shape. Note that a lattice square 
‘ay coutribute to more than oue shape. as does the square with: ceuter 
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Figure 6.6. A nest, of lattice paths and the four corresponding shapes. 


at (~2.5.3.5). The uest of lattice paths i Figure 6.5 is reproduced in 
Figure 6.6 together with the four shapes that it defines. We use unit 
cubes to create the shape. 

We now create a triangniar base, lay the first shape on top of it in the 
lower right corner, and lay cach successive shape on top of the previous 
(sec Fig. 6.7). The fact that our lattice paths were noniutersecting is 
both necessary and sufficient to guarantec that each shape can be placed 
above the previous one. We now record this stack of blocks by a trian- 
gular arrangement of the integers 1 through rv in which the entry in the 
jth column from the left and the ith row from the top, 7 < i, is the 
uumber of blocks stacked above that. position. We get a triangle with 
iuteger entries ¢,,.1 <7 <i <n for which 


Oy SG41y Oy Sigg. and cy <j. 


Following Dorou Zeilberger, we shall call such a triangle a magog tri- 
angle of order mn. The process we have gone through is uniquely T 
versible, For any n. the number of magog triangles of order n is eque: 
to the number of totally symmetric selfcomplementary plane partitions 


in B(2u. 2n.2n). 


i 
— 
~I 
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Figure 6.7. The stacked shapes and the corresponding magog triangle. 


Gog and magog 


We have seen that there is a one-to-one correspondence between nx i al- 
ternating sign matrices and monotone triangles of order n. This suggests 
that it might be possible to prove the alternating sigu matrix coujecture 
by establishing a one-to-one correspoudcuee between monotone triangles 
of order m and magog triaugles of order n, 

While beth objects have the integers 1 through n arvanged in a tri- 
angular arrangement of n(n + 1)/2 positions. the restrictions are quite 
ditlercut. Mills, Robbins. and Ruisey did observe. however. that the 
bottom row of a magog triangle consists of a weakly inercasing sequences 
of length n in which the jth eutry is less than or equal to 7. In a mono- 
tone triangle. such as 


| 2 3 4 


or 
o 


the northwest edge is also a weakly increasing sequence of length n in 
Which the jth eutry (as counted frou the lower left corner) is less than 
or equal to). 


What if we take more than just the bottom row of a inagog triangle? 
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We define au (7. /)-magog trapezoid to be the bottom / rows of a 
magog triangle of order n. For exantple, 


1 1i1éi1 
1113 =5 
1 12 4 5 5 


is a (6. 3)-magog trapezoid. We define an (n, k)-gog trapezoid to be the 
first. k northwest rows of a monotone triangle of order n. For example, 


4 
4 5 
3 5 6 
2 4 5 
1 3 4 


is a (6.3)-gog trapezoid. Mills, Robbins, and Rumsey proved that the 
nutuber of (7. 2)-magog trapezoids is always equal to the number of 
(n, 2)-gog trapezoids and made the following coujecture. 


Conjecture 14 For 1 < k <n, the number of (n.k)-magog trapezoids 
is equal to the number of (n, k)-gog trapezoids. 


Given George Andrews’s proof of the formula for the number of totally 
symuinetric sclf-complementary plane partitions, Conjecture 14 implies 
the altemating sign matrix conjecture, Conjecture 3. In December of 
1992. Doron Zeilberger announced that he had proven Conjecture 14. As 
it turned out. there were significant gaps in his proof, but by 1995 these 
had been filled in and checked by one of the largest armies of reviewers 
that any paper has seen: 88 people and one computer each verified at 
least one piece of the 71-page proof. The resulting article (Zeilberget 
1996a) begins with the list of these 89 referees and concludes with brief 
descriptions of each of them, a partial “Who's Who” of those exploring 
some aspect. of the alternating sign matrix conjecture in 1995. 


Constant term identities 
Zcilberger’s first step in the proof of Conjecture 14 was to express each 0 
+i : ies 
the quautities he wanted to count as the constant term of a Laurent gerie 
in k variables, that is to sav, a formal power series in k variables a” 
oe : Seyi t 
their inverses. The number of (1. k)-magog trapezoids is the consta? 
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Figure 6.8. Doron Zeilberger. 


term in 


NefG 2) Mize eo Gi= li + %;) 
1- 


~ >yk kerala Eh! : 
ITizr z* : iy $ Ticrcj<nl a) 


where %, = 1—.2x,. The number of (n, k:)-gog trapezoids is the constant 
term in 


Cyne ees: af Cl 
]. ers k ae Soe 
eee L; Ticicjeg(l -— try) — Fry) 


Where ©. (2).....24) equals 


k 
S L(o}+|S ah—-w ik 7 2 
(=1) oad Igo. ie vr, I] (1—ayr,)(1 = FE) 
a i=l 1<i<g<k 
Phe operator gz.s acts on a power series in .wry...., a, by first replacing 


Cah w; for which i € $ by % = 1— r,, and then replacing each wr, by 


Vo, bee 
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While these expressions may sccein dreadful. the reader who goes back 
to Section 2.4 will sce a strong comnection to the Weyl deuominatoy 
formule. In making this conucction, Zeilberger was able to draw on 
powerful techniques that had been developed for evaluating constant 
terms. This thread began with a conjecture made by Freeman Dyson 
(1962) that. for any nonnegative integers a),....d,,. the constant term 


n(-2) 


Lrggsn 


i 


is equal to the multinomial coefficient 


Qy + @9+°+*+ ay 
( M1, U2. v6.4. Ay ). 
I. J. Good gave a particularly simple and transparent proof of this iden- 
tity (1970) (see exercises 6.3.1 6.3.3). 

Tan Macdonald (1982) and others (Andrews 1975, 1980: Askey 1980; 
Morris 1982) conjectured extensions of this identity that expanded it into 
the context of the Weyl deuominator formula. During the 1980s, most 
of these coujectures were proven. It was Johu Stembridge (1988) who 
realized that the evaluation of such constant ternis could be greatly sim- 
plified by fivst sunmning the series in question over the group of symme- 
tries of the variables. In Zeilberger’s proof of the alternating sign matrix 
coujecture, he first shifts his attention to the residue (the coefficient of 
L/ryersay) of Flay... arg) /7i eso ay and G(ry.....0%)/@1 +++ te. He 
shows that these residues are left unchanged by the operator go,g and 
theu sums the images of these functions over all pairs (a. $). Mirabile 
dictu. the two sumimatious turn out to be the same. 


The shortcut is discovered 


By the start of 1995. all of the bugs had been renioved from Zeilberger’s 
proof, It appeared that it should be possible to extend this line of 
reasoning to find a proof of the refined alternating sigu matrix conjecture 
in which the position of the 1 in the first row is specified. but the details 
of accomplishing this were daunting. At the same time. Greg Kuperbergs 
discovered a different proof of the alternating sign matrix conjecture. 
As a graduate student five years earlier, he had learned from James 
Propp that physicists were also interested in this problem. though they 
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had uot called their structures alteruating sign nratrices. To the physi- 
cists, these were srx-vertex models. also known as square ice. Kuperberg 
joarned of the Yang: Baxter equation from Vaughan Jones. which led hin 
io the work of Korepin and Izergin (Korepin. Bogoliubov. and Izergin 
1,993). In Kuperberg’s words (personal coumrunication): 


\c(ually | approached Vanghan Jones about possible relations between ASM 
ul the Yarg-Baxter eqiation in 1990 or 1991, and in 1991 (1 think) Korepin 
Iwanded me drafts of two chapters of his book. I didn’t understand these drafts 
and their claims seeitred overstated to me, so I put them away. I returned to 
theur in 1995 because of Doron’s announcements. and for some reason they 
were Inuch more accessible then. In fact I worked only from the old drafts and 
not from any published papers.... The potential was clear once Jim Propp 
had explained the connection with square ice and Vaughan Jones had raved 
about the Yang-Baxter equation. This all happened when | was in graduate 
school. It just took a long tine for me to accept that it could actually work. 


Exercises 


6.3.1 Exercises 6.3.1 through 6.3.3 will lead you through I. J. Good's 
proof of the Dyson coujecture (Good 1970). Prove that for any 
value of x: 


y [7 = ay (6.32) 


Hint: The left side of this equality is a polynomial of degree at 
most nm — lina, 
6.3.2 Let 


Fi (ay. dav... Gn) = I] ( =) 


Use#y <n 


Use equation (6.32) at r = 0 to prove that 


r 
Fi (G1. €2.....An) = ) Fy, (@y, Gas. 66.@; — 1,....4y). 
j=l 
yr. & . . 
6.3.3. Prove that the constaut term of F,(a,.a2.....,,) satisfies the 
same boundary conditions aud recursion as the inultinomial co- 
efficicut. namicly, 


1. it Is swinmnetric inay..... Apt 
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6.3.4 
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2. if a, = 0, then 


ay ragtr ran \ fay ragtr + 4y-] 
M1. Bar .1.. Ay My, G2, -+.. Ay 4 J 


3. if @1,.-..4@,, are all positive, then 
aes 
G1, G2, vs, An 


2 De ee la 


; G1, 42, .-., @;-1,.... 4 
j=l 1 2 » Gy > n 


There is only one (n,1)-monotone trapezoid (the bottom row 
of a inonotone triangle) and only one leftmost column for a 
magog triangle. Prove that there are the same number of (n, 2)- 
monotoue trapezoids as there are ways of creating the two left- 
mnost columns of a magog triangle with parts less than or equal 
ton. 

A general conjecture, which is still wuproven, is that the number 
of (n. &)-nonotone trapezoids is equal to the number of ways of 
selecting the & leftniost colunims of a magog triangle with parts 
less than or equal to n. How far can vou verify this conjecture? 
More generally. it has been coujectured that the number of 
trapezoidal pieces & rows high and j colunins wide from the 
southwest corner of a monotone triangle with parts less than 
or equal to n is equal to the number of rectangular pieces k 
columns wide and j rows high from the southwest corner of a 
inagog triangle with parts less or equal te n. How far can you 
verify this conjecture? 


7 


Square Ice 


There are “down-to-earth” physicists and chemists who reject lattice models 
a> being unrealistic. In its most extreme form, their argument is that if a 
model can be solved exactly. then it must be pathological. I think this is 
defeatist nonsense.... Admittedly the Ising model has been solved only in 
one and two dimensions, but two-dimeusioual systems do exist and can be 
quite like three-dimncusional ones. 


- Rodney Baxter (1982) 


Statistical mechanics has its origius in the nineteenth-century thermo- 
dyvnaiics of Maxwell aud his contemporaries, but its moderu form was 
cast in 1902 with the publication by Josiah Willard Gibbs of Elementary 
Principles in Statistical Mechanics. Among the accomplishments of this 
scninal work is the formula for the free energy of a system of interacting 
particles, 


F = —kT log Z. 


where fk is the Boltzmam constant. T is the temperature. and Z is the 
partition function. 

This partition function - which should not be confused with either 
Pattitions of integers or set partitions is a sum, taken over all possi- 
ble states of the particles, of weights that approach zero as the energy 
increases. Specifically, we define 


i ea (7.1) 


where E(s) is the energy of state s. a particular confignration of inter- 
’cting particles on a lattice. The partition function is central to the 
Study of statistical mechanics. It is used to explain and predict phase 
'Tansitions and to calculate internal energy as well as the probability 
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that a system will be ina particular state. The explicit calewlation of 
Z is a difficult aspeet of statistieal mechanics which las beeu accom. 
plished enly for certain very restricted classes of models. Those models 
for which Z can be calculated exactly are called exactly solved. 

One pnportant class of models are two-dimensional lattice models iy 
which each position has two possible states (for example, occupied or 
unoccupied, charged positively or negatively) aud in which there is some 
sort of nearest neighbor interaction (for example. no two adjacent. posi- 
tious can be occupied or the total elarge over the four corners of each 
square must. be zero). Even with these restrictions. there arc few models 
that are exactly solved. Square ice. also known as the six-vertex model, 
is one of then. 


7.1 Insights from statistical mechanics 


Sqnare ice is a system of water wiolecules frozen into a square lattice 
(sec Fig. 7.1). Each livdrogen atom lics between two oxygen atoms and 
nav be attached to either one or the other, with the restriction that of 
the four hydregen atoms around each oxygen atom. exactly two of them 
are attached. 

If we focus on the oxygen atonis as the vertices of our lattice, each 
yertex has one of stx possible configurations depending on which two 
of the four surrounding hydrogen atoms are attached to it. This is 
the origin of the name six-vertex model. This model is used both 
for molecular lattices such as ice and potassium dihydrogen phosphate, 
KH2PO,, and for systems of charged particles such as anti-ferroelectrics. 
In practice. the six-vertex model is usually drawn as a directed graph 
on a square lattice as in Figure 7.1 with the arrow poiuting toward the 
oxvgen atom to which the particular hydrogen atom is attached. Each 
vertex has in-degree and out-degree equal to 2. 

There is a simple correspondence between n x n alternating sign mar 
trices and n x 7 patches of square ice with the boundary condition that 
there are hydrogen atoms along the left and right edges and uo hydrogen 
atoms along the top or bottom: edges: the horizontal molecules corre 
spond to +1, the vertical molecules correspond to —1. and every other 
molecule corresponds to 0. For each 0 im the altermating sign matrix. We 
consider the sum of the entries on the same row and to the left and the 
sun of the entrics in the same columm and above. If the row sum is 9; 
then the molecule has a lydrogen atom to the west. If it is 1, there is 4 
hydrogen atom to the cast. If the column sum is 0. there is a hydrogel 
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Figure 7.1. Square ice and the corresponding directed graph. 


atom to the south. And if it is 1, then there is a hydrogen atom to the 
north, 

Given these boundary conditions. horizontal aud vertical molecules 
tanst alternate aud there must be exactly one more horizontal molecule 
than vertical in cach row or column. Once these two types of molecules 
have heey placed, all of the other molecules are miquely determined. 
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The patch of square ice in Figure 7.1 corresponds to the alternating sign 
matrix 


0.1 0 0 #0 
1-1 0 1 0 
0 1 0 -1 1 
0 0 0 1 =O 
0 0 1 0 


Our boundary restrictions are called domain wall boundary con. 
ditions. In general, statistical mechanics is concerned with asymptotic 
behavior as the size of the lattice approaches infinity, and physicists 
have paid nmich more attention to the case in which the top and bottom 
boundaries are identical as are the left and right boundaries. In this 
case, the sheet of square icc can be wrapped onto a torus and is easier 
to analyze. Nevertheless, Vladimir Korepin began the serious study of 
the six-vertex model with domain wall boundary conditions in the early 
1980s, showing that the tools developed for toroidal sheets of square ice 
are also applicable to this case. 


Equivalent counting problems 


Before continuing with the analysis of square ice, it 1s worth mentioning 
that the physicists were aware that their problem was equivalent to other 
combinatorial problems. In particular, if we take our directed graph, 
start with the vertices along the left edge. and follow those arrows that 
go up or to the right. we get a nest of n lattice paths (see Fig. 7-2) 
in which the ith path goes from (0.7) to (2 —1,n). Unlike the nests 
we studied 1 Chapter 3, these paths are allowed to touch at corners, 
although no two paths may actually cross cach other or travel along the 
same edge. The fact that these lattice paths are allowed to intersect 
means that the methods of Chapter 3 are not directly applicable. 

As we shall sce, the problem of counting 2 x n alternating sign matrr 
ccs ig equivalent to counting the colorings of a square lattice using three 
colors with the restriction that no two horizontally or vertically adjacent 
squares may share the same color. We take an (n+ 1) x (n +1) arrange 
ment of squares as in Figure 7.3 and impose the following boundary 
conditions. The square in the upper left-hand corner must. have color 1. 
As we move to the right across the top or down the left edge, the colors 
cyclically increase by one each time. As we move down the right edge 
or to the right across the bottom. the colors cyclically decrease by on® 
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Figure 7.3. The three-coloring corresponding to the directed graph. 


each thne. The number of threc-eolorings of the interior of this lattice 
in then equal to the number of altcrnating sign matrices. 

It is casiest to describe the correspondence between such a threc- 
coloring and a directed graph. As we move across an edge from one 
colored square to another, if the arrow points to the left then we increase 
the color by one: if the arrow points to the right, then we decrease the 
color by one. The fact that each vertex of the directed graph has in- 
degree eqnal to out-degree is cqnivalent to the statement that as we 
travel aronnd any vertex, we return to the color from which we started. 
and thus the coloring is well defined. 


The weights 


The problem in statistical mechanics is more complicated than just 
counting the mnnber of possible states. To find the partition function, 
We inust assign a weight to each state. This weight represcuts the expo- 
hontial of the energy of that particular state. For the six-vertex model. 
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this weight is the product of weights defiued at cach vertex. There 
are four weight types. onc each for horizontal, vertical. southwest or 
northeast, and southeast or northwest molecules. respectively: 


horizontal: H—-O~-H has weight 2. 
vertical: O has weight = z7!, 
| 
A 
H 
southwest | P az ~ (az)! 
> eS H-O or OH has weight ia) 
northeast | a a 
H 
A 
southeast ; z-271 
ome". O-H or H-O has weight § ————. 
northwest | a—a} 


For couvenicuce. we define 


= 
2-2 
z| = ———_.. 
0 a-—a7} 
Let Z, = Z,(2.a) be the sum of the weights taken over all possible 
states on ann x 7 lattice. As an example, 


Za = 2° ({2]® + 2[e]* faz]? + [2]? fal! + [a2l® + (2) [a2)?) 


Keeping in mind that horizontal molecules correspoud to 1s in the 
alternating sigu matrix and vertical molecules correspond to —1s, we 
sce that the total contribution to the weight from the horizontal and 
vertical molecules is 2". 

We also observe that in the directed graph representation of the six- 
vertex model. the total uumber of edges directed up is equal to the total 
number of edges directed down. aud the total number of edges directed 
to the right is equal to the total number of edges directed to the left. It 
follows that the number of molecules with hydrogen atoms to the south 
and west must equal the number of molecules with hydrogen atoms to 
the north and cast. Similarly, the number of inolecules with hydroge™ 
atoms to the south and east must equal the number of molecules with 
hydrogen atoms to the north and west. It follows that the weight of any 
state must be of the form 


foul eles laze, 
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where ¢ and d are integers. [ leave it for you (exercise 7.1.7) to prove 
that a) —(e4+d) is twice the number of —1s im the alternating sign 
atlix. 

If we want to count the total wumber of alternating sign matrices, we 
cau set 


Z=a=wW, 


where w is a priinitive cube root of unity: w = e?*/3. With these values 
of 2 and a, we have that [2] = [wv] = 1 and [az] = [w?] = ~1, and 
therefore every state has the same weight: 


Zn(w,w) = w" Ap. (7.2) 


where A,, is the number of n x n alternating sign matrices. To evaluate 
\,,. all we need is an explicit. formula for Z,. Such a formula was 
toumd by Anatoli Izergin (1987) who built on Korepin’s earlier work. 
The formula he found is described in Korepin, Bogoliubov, and Izergin’s 
Quantum Inverse Scattering Method and Correlation Functions (1993). 

In order to derive this formula, we shall introduce more paraincters. 
For the vertex in the 7th row and jth column, we replace the z in the 
corresponding weight by 2; = x2i/y,. We call 2;, the label of vertex 
(i.7). We now modify the partition function and define Z,,(¥:7/,a) to 
be the sun over all possible states of the product of the weights of the 
vertices. The evaluation of the resulting partition function function is 
given in the following theorem. 


Theorem 7.1 
VTi @:/@ The icnlte/ys] loz. /y;] 
Tievejenlei/2 [yy /yil 
where ME is then xn matrix with entries 
1 
[v./y,] [ar /y,| ; 


Greg Kuperberg saw how to use this formula to calculate A,,. Doron 
Zilberger built on Kuperberg’s insight and used this formula to prove 
the refined alternating sign matrix conjecture, Conjectures 1 and 2, Fol- 


Z,,(#: 9-0) = det MI, (7.3) 


My = 


lowing Zeilberger. we want to set 
rset, Lew (2<icny ye =l <7 <n). 


For a given altcrnating sign matrix. if the 1 in the first row occurs in 
cohmn r. then the top rew cousists of a smgle horizontal molecule of 
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weight wt, r— 1 southwest molecules with weight (w?t— (w?t)7!)/(w ~ 
w”!) and n—r southeast inolecules with weight (wt—(wt)~')/(w-w7}), 
Allremaining southeast or northwest molecules will have weight +1. The 
remaining southwest or northeast molecules will have weight —1, and the 
parity of the number of them will be the same as the parity of r ~ 1, 
The partition function is 


Znlwtw,....wil,..., lw) 
wt 


(w me wet)rat 


ab 
x Soy An.p (tw? = ana (tw a pl yee (7.4) 
r=1 
where A, is the number of n x n alternating sign matrices with a 1 in 
the rth column of the first row. Since the polynomials 


Ge et gel Gg ye, ere 


are linearly independent, the values of the A,., are uniquely determined 
by equation (7.4). If we substitute our conjectured formula for A;,,, and 
it satisfies this equation, then we have proven the conjecture. 

Unfortunately, setting y, = 1 and a; = w for all j and all 7 > 1 gives us 
a highly singular matrix for 47 and many factors of 0 in the denominator 
of the product in equation (7.3). We will need to proceed with care. We 
first set yy = g@-P/2. 7) = wt. and x, = w¢!-)/?, 4 > 1. We then 
evaluate the determinant and simplify where possible. Finally, we take 
the hmit g— 1. Our first task, however. is to prove Theorem 7.1. 


Exercises 
7.1.1 Find the sheet of square ice that corresponds to the alternating 
sign matrix 


1 
~1 


oor ¢ 
Oe eS 
oreo 


1 


Q 


7.1.2. What is the weight (in terms of z and a) of the sheet of square 
ice in the previous exercise? 

7.1.3. Prove that the mumber of southeast molecules must equal the 
pumber of northwest, molecules, and that the number of south- 


west molecules must equal the number of northeast molecules: 


7.led 


7.1.6 


ran 
ay 
iol 


~I 
D> 


Shoe] 
= 
— 
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Let. AZ be an n x n alternating sign matrix and let c1.cg.-... en 
be the columns of AJ. Define a new matrix, S(AJ), whose 
columms are (cy + C2 +++ ens Co Bit + nee ees Cn + Ons Cn) 
Show that all entries of S(A/) are 0 or 1 and that S(.A7) has 
n(n — 1)/2 0s and n(n + 1)/2 Ls. 

Let R be an n x n sheet of square ice. Define the 0-1 matrix 
S(R) by sij = 1 if and only if the oxygen atom at position 
ij is attached to the hydrogen atom to its left. Prove that 
S(M) = S(R). 

Prove that in the directed graph that corresponds to a sheet of 
square ice, the number of edges directed to the right is equal to 
the number of edges directed to the left. 

Prove that if the weight of a lattice is of the form 2"[z]**[az]?4. 
then the number of —1s in the corresponding alternating sign 
matrix is (5) -c-d. 

Prove that the number of southwest or northeast molecules is 
equal to 2Z(A) - 2N(A), where A is the corresponding alter- 
nating sign matrix, Z(A) is the inversion number, and N(A) 
is the number of —ls. Show that the number of northwest. or 
southeast molecules is n? — n — 2T(A). 

Prove that (tw? —t71w7?)""! (tu — tho)" Lr <n, are 
linearly independent. 

Verify that equation (7.4) is correct for n = 2 and 3. 

Given an (n,k)-monotone trapezoid, what is the rule to find 
the corresponding 4 — 1 rows of square ice? Find a recursive 
definition for Z,4.(@,....,@43W,...,wil....,l;w), the sun of 
all sheets of square ice that correspond to an (7. k)-monotone 
trapezoid with top row (a,,....ax%). 

Use the result from the previous exercise to write a Mathematica 
program to compute Z,(wt.w,...,wil,..., lw). 

Cousider the weight funetion. 7, with indeterminate a and z. of 
a particular sheet of square icc. What happens to this weight 
function if we reflect the sheet of icc across a vertical line? 
What happens to the weight function of a particular sheet of 
square ice if we rotate the ice by 180°? 

The eight-vertex model is a directed graph on a square lattice 
in which each vertex has even in-degree. Thus we have the six 
types of vertices as before. plus a sink (all adjacent arrows are 
directed toward that vertex) and a source (all adjacent arrows 
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are directed away): 


| il 
T { 


Show that the muuber of n x n ecight-vertex lattices with the 
same boundary conditions as before is equal to the uumber of nx 
7 natrices of 0s. 1s. ~1s, Vs. and Hs with the same alternating 
couditious as before except that V is read as 1 when goiug down 
a column and as —1 across a row. /7/ isread as —1 down a colump 
but as 1 across a row. We shall call these VH alternating sign 
matrices. For exaniple, 


lL Vol 
H -1 H 
1 VY ot 


isa W7 alternating sigu matrix. 

TAALG6 Prove that in an cight-vertex model. the number of sources must 
equal the nuniber of sinks. 

7.1.17 Prove that 


Z, (2.27) = ae OY (2)? (7.5) 


7.2 Baxter’s triangle-to-triangle relation 

The crucial step in proving Theorem 7.1 is to prove that Z,,(#: 7a) is 
a svuuuetric function in the 2; aud is also a svnunetric fimetion in the 
y,- This is accomplished by using the Yang Baxter equation for the 
six-vertex model. what Baxter (in a personal communication) refers to 
as the triangle-to-triangle relation. 

In the language of statistical mechanics. the Yang -Baxter equation for 
a particular model is the statement that transfer matrices conmmute. It 
applies to three classes of lattices: the Ising model (Onsager 1944), the 
six- and eight-vertex models (Baxter 1971), and the “interactions ‘round 
a face” (IRF) or hard hexagon model (Baxter 1980). In the case of the 
Ising wiodel. the Yang-Baxter equation is also known as the star-triangle 
or star-to-triangle relation. The triangle-to-triangle relation applies te 
both the six- and eight-vertex models. This is the only form of the 
Yang Baxter equation that I shall state or prove. 

We begin by attaching a uew vertex that corresponds to a southwest 
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Figure 7.4. Rodney Baxter. 


45° clockwise. aloug the left edge of our directed graph. 
und 7 + Ist rows. This introduces a triangle into our 


> @ -~ @ + [ ao 


pa | -_ i 
Ns 


o—>+e<«_ e.-- ie 


Lop / yn 4 F 
Af y i 

> @ > @ > @- 

4 1 

| 

Y ’ I 


ing this vertex with label »j,1/r; is to nnutiply the 
re lattice by far,41/7,|. We vow move the extra vertex Fa 
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across the vertical line while maintaining the directions of the six edges 
that are iucident to the triaugle aud switching the labels of the top 
and botton vertices of the triangle. The weight of a molecule with 
diagonal arrows is the weight it would have if it were rotated back 45° 
counterclockwise. 


> @ > @<+ e:-- 


4 ry 
y 
——> ©. ee 
titi /M(\ 4 rf 
Ly41 ONS 
—— > @ eu w@::- 
ri/yy 4 
y y 
- @ ~ @ ~ @- 
4 
y y 
»~ @ ~ @ ~@-: 


We note that two edges that had been incident to the same vertex of 
the triangle are now incident to different vertices. There is no change to 
the direction of the edges incident to anv vertex not in the triangle. We 
also note that in the original triangle, we had uo choice for the direction 
of the edges within the triangle. This is because cach vertex must have 
in-degree and out-degree equal to two. Now that we have moved this 
extra vertex, we do have a choice. We can go around the triangle either 
clockwise or counterclockwise: 


, rN 
——_>+ @ ——> @ 
Ligit/yrt Tig fy 
eos ran? 
/ ye 
——~—__+ @ ——~—+ © 
Li/ yi xi/yn 
1 ' 


If we sum the two possible weights contributed by the vertices on the 
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02 02 
a3 Oo) 
e e 
£3 
ome z2 o3 
2) @ Zz] @ 
va ‘ va ~< 
\ 04 06 
e e 
23 22 
Os a5 


Figure 7.5. The triangle-to-triangle relation. 


triangle, we get 


- ar zi te Lit 
[ri41/2:] [exiti/yi] 7 aT Zin A [ri/y]- 


This happens to be equal to the contribution to the weight from the 
triangle before we moved the extra vertex: 


Ly Gi V4 Dy 
Pe ax,) lar 4 + Ly = ax; x;|) — |x, yy). 
[rr4a/2,) larga /yi) vi Tia. 9 [ri/ys) = lar j41/7i] Wi [z.41/y1] 


(7.6) 

This is not a coincidence. The Yang—Baxter equation for the six- 
vertex model or triangle-to-triangle relation, given below, states 
that if we fix any directions for the six edges incident to the triangle 
subject only to the condition that three must be directed toward the 
triangle and three must point away - then the sum of the weights of all 
possible triangles is the same before and after moving the extra vertex. 


Theorem 7.2 (triangle-to-triangle relation) Given a triangle within 
a sia-vertex lattice and labels 21, 22, and z, = 222, as in Figure 7.5, 
we fic the orientations (a1,....06) of the six edges that are incident to 
the triangle. Each o; is either “in” or “out.” If we move the left vertex 
across to the right, maintain the orientations of the incident edges. and 
switch the labels of the top and bottom vertices, then the sum of all 
possible weights under the initial configuration is equal to the sum of all 
possible weights under the final configuration. 


Proof: Since each of our three vertices has in-degree two and out-degree 
two. of the six external edges, three must be directed inward and three 


236 


Chapter 7 Square lee 


outward. This gives us tweuty possible configurations. Fortunately, 


many of them are equivalent. 


Ls 


2. 


We do not change the weight of a molecule if we rotate it by 
180°. This means that. if we have proven the theorem for one 
set of orientations and then we rotate the entire picture given in 
Figure 7.5 by 180°, the theoren: must still be correct for this set 
of orientations. This means that we cam replace each oj by o;3, 
where addition is taken modulo 6. 
If we reflect our triaugle across the perpendicular bisector that 
passes through z3, then we interchange the labels z, and zo, 
molecules that are not horizontal or vertical do not change their 
weight type, vertical molecules become horizontal, and horizontal 
molecules become vertical. This has the same effect as relabeling: 
zZ— re . £9 > ae 23. ae on ae 
This does not affect the validity of the theorem. This means that 
we can replace cach a; by o3_;, where again addition is taken 
modulo 6. 
If we reverse all of the orientations, then the labels remain the 
same. molecules that are not horizontal or vertical molecules do 
not chauge their weight, vertical molecules become horizontal, 
and horizontal iolecules become vertical. This has the same 
effect as relabeling: 
Zp ae, 22 an 23-3 os asa. 
This does not affect the validity of the theorem. and therefore we 
can replace each a; by its opposite. 


Together, these three syimmetrics separate our twenty configurations 


into five classes of equivalent identities. I leave it for you to identify these 


equivalence classes (sec exercise 7.2.2). We shall prove the triangle-to- 


triangle relation by verifying it for onc representative of cach of these 


classes. 


ab 


The in-edges are a, 73, and ag. This is the example that has al- 
ready been done in which the triangle-to-triangle relation reduces 
to 


[21] 22 [aes] + 27! [22] 23 = [aza] 22 [zs]. (7.7) 
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2. The in-edges are a). a2, and o3. In this case. the triangle-to- 
triangle relation states that 


[21] [@z9] [23] = [21] [ez9] [zs]. (7.8) 


3. The in-edges are a1, 73, and oy. In this case. the triangle-to- 
triangle relation states that 


2, 22 [az3] + [21] [ze] 23 = [az1] [e202] 23. (7.9) 


4. The in-edges are a1, 03. and a5. In this case, the triangle-to- 
triangle relation states that 


x1 29 23) + [21] [22] [az3] = 27! 2p) 23 + [21] [ze] [ezs]. (7.10) 


or 


. The in-edges are a3. 03. and a4. In this case, tlic triangle-to- 
triangle relation states that 


[az,| [az2| jaz3] = [az,| [ez9] [az]. (7.11) 


Since z3 = 2,29. the only equalities that require some calculation are 
equations (7.7) and (7.9). Equation (7.7) is equivalent to (7.6) which 
vou are asked to prove in exercise 7.2.1. In exercise 7.2.4. I ask vou to 
prove equation (7.9). 


Q.E.D. 


We now return to our original lattice to whicli we added the extra 
vertex along the left edge. We have scen that we can move this vertex 
across the vertical edge to its right and interchange the labels above and 
below without changing the partition function. The sum of the weights 
of all possible configurations with this extra vertex on tlic left edge is 
equal to the sunt of the weights of all possible configurations with the 
extra vertex moved into the space to its right. 

By the same arguuicnt, we can rove our vertex across the edge that 
low sits to its right and exchange the labels x, /yo aud x;41/y2 without 
langiug the partition function. We continue until the extra vertex 
‘ones Out the right side. As it has moved across. it has iuterchanged 
‘the labels on the vertices in the ith and i+ Ist rows. If we remove 
1e extra vertex from the right-hand edge, we divide the weight of tlic 
‘utire lattice by [a.r,41/.j]. precisely the amount by which we multiplied 
1¢ partition function when we introduced the extra vertex. Therefore, 
we have iuterchanged the labels on rows 7 aud 7+ 1 without chauging 
‘he partition fimetion. A similar argument works for interchanging the 


fon 
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labels on two adjacent columns. Since any permutation can be built out 
of adjacent transpositions, we have proven the following result. 


Lemma 7.3 The partition function Z,,(¥, Ja) is a symmetric function 
in the xj, and it is @ symmetric function in the y,. 


We are alinost done with the proof of Theorem 7.1. We shall prove it 
by induction on n. It is easy to verify that it is correct when n = 1 or 
2. Let F,,(€;7;@) be the rational product: 


[Tins ti/yi Thicijcnles/ysl [ax i/y;] é 1 
Thh<icj<nles/%5] [yy /yil as Gr a , 


We need to prove that F), = Z,. The first thing we do is to get rid of 
the bracket notation in F,,: 


Taz Lj ae: ” The. Pern —y3) (a? i y5) 
(a? -_ ir aoesy itayenl' C3 ~ 14) ae ~ <3 


x det d 

de , 
(2? — 7) (a?x? — y?) 

The product. 


* 4 : 
LT] (7? = 9?) (@?2? - 9?) WG 2a; n) 


ata? — 4 
l<ig<n 5 


F,,(#: 9:0) 


is an alternating polynomial in the 2x?. and it is also an alternating 
polynomial in the die: By Proposition 2.8 on page 65, 


Tlic. qoute — y5) (2a = ae ys) alist 1 
[igweiee (2 ~ a) (y? _ y?) ea a y5) (a?.xF =~ yj) 


is a symmetric polynomial in the x; and iv the y,. It follows that 


is a polynomial of degree at most n — 1 im 27. and it is a symmetric 


fimction im the y,. 

We now turn onr attention to the partition function Z,,(z: g:a). The 
first. row of our lattice must contain a vertex of weight 21/y; for some J; 
and all other vertices in the first row have weight [21 /y;] = (a/ £1y,)(ti- 
y?)/(a? — 1) or [ari /yj] = U/ary,)(@?2} — y%)/(@? — 1). It follows that 


U2 7 (T2G. 0) 


a 
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is a polynomial of degree n — 1 in x7. By Lemma 7.3. it is a symmetric 
function in the y;. Specifically. we now see that 


Pia) Saree a) and Po(a,) = 7? (F: yf: @) 


are both polynomials of degree at most n—1 in a. If we can show that 
they agree for n distinct values of a7, then they must be equal. 

If we sct 7; = y,/a. then the weight of the vertex in the first row and 
first column of the lattice will be zero unless it is a horizontal molecule 
of weight 7,/y, = a7’. In this case, the jth vertex in the first row. 
j = 2, will have to be a southeast niolecule of weight [r1/y;| = [y/ay;], 
aud the ith vertex in the first coluunn, 7 > 2, will have to be a northwest 
molecule of weight [x;/y,]. The sum over all possible weights of the 
remainder of the lattice is simply the partition function 


Zy—V(E 9.0 En Yee Yn iG). 


We have shown that: 


Pryifa) = yy 7a" [[lor/eu) fei/m] 


Since P, is synuuctric in the y;,. we have that 


Pr(yefa) = yp -?a*” |] [lye /ayal | [lei/ ye] 


tk iZl 

x Zn—1(e2 sees Rory \UR a). 
where ¥\y, denotes tle n — 1-dimensional vector 7 with y;, removed. 
Ou the other laud, 
n—2 ton LL eel¥e/@ys) Lye /Ys) Te ilee/ yal [eri /ye] 
Po(yr/a) = yp, “a nak ' 

( TL gilye/ers] Tj lye/4] 

(1 Ea conte ete) 


aga" { TE lan/eved T]los/ 
ith ae 


x Faoi(e....,9ni Y\yR a). 


Sittce our induction hypothesis is that F,.; = Z,—1. we see that 


Pry. /a) = Poly, /a). l<k<n. 
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We have our 7 values of 2? at which these polynomials agree. and so 
they must be identically equal. This concludes the proof of Theorerm 7.1, 


Q.E.D. 


Greg Kuperberg (1996b) saw how to get fron Theorem 7.1 to the proof 
of Conjecture 3. You can follow his steps in exercises 7.2.6 through 7.2.8. 
But we are now heading for a higher prize. the proof of Conjecture 1, 


The partition function specialized 


We are ready to specialize our partition fimction so that we can verify 
our conjectured fornia for Ay. Recall from Section 7.1 that if we set 
all x; = w = 77/3) all yj = land a=w, then the weight. of each sheet 
of square ice is w". We restrict our attention to those sheets that have 
a horizontal molecule in the rth column of the first row. The first r—-1 
molecules in this row have weight —1, the 7th molecule has weight w, 
and the last » — 7 molecules have weight 1. It follows that the product 
of the weights of all vertices below the first row is (—1)"~ ta" 7!. 

We now introduce an extra parameter so that the determinant. in 
Theorem 7.1 is not zero. We set 


ty am 

ly 4S gh le. 2<1<n, 

NY) go NPs Le 7S. nnd 
a= w. 


Let A,.+(q} be (Spree times the sum. taken over all patches of 
square ice with a horizontal molecule in the rth column of the first row, 
of the product of the weights of all molecules in all rows below the first. 
When g approaches 1, we have that 


im A). +(q ) = Any 


gol 
On the one hand, we can write our partition function as 


ye 1/218) Ly Bgl)... fw2tqgl? 2/7] 


r= 


(mtg? slaty a Hal) An ta). (7.12) 


On the other band, from equation (7.3). we have that 


7.2 Triangle-to-triangle Relation 241 


ugg U2 IT} beta? Wey [artge V7 
wt 


Lees = [Ties ltg0-)??] [qa D/A 
[Tea Tela Yara] 
Theejeg ler” fale er 
where 
Avi : l<j< 
as. [wtgu DP] werqQe-AP AIS" 
1 
Ma fty(Hi=2)/2) [ys2glity = 2)/2] ° alae 


\We now sct these two expression for Z,, equal to each other and divide 
through by wt: 


So(-)" Lg a rca Baeel ae [eregh ae) 
x [utg’/?] es [ath] Au.»{q) 


ue tq(J—-1)/2)  24,,47-1)/2 
gare IT. ilwta 2 | [w ty I | 


IT}. a (tg) Jf?) [g- 3/2) 


I. ma een lewd! i+ j—-2) )/2) [a githae ~2) 42) 
. [ge —/2)2 


det M. (7.14) 
odie, 


We shall get rid of the bracket notation. I leave it for vou (exer- 
tine 7.2.11) to verify that 


<= wet? 27 
[wty'] = ge (7.15) 


wt — at 
perge 4! pe fq 


[wty’] [ety] = —3 Te Pe (7.16) 


You shonld then check (exercise 7.2.12) that equation (7.11) is equivalent 
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gery er) So(-1)yr tg tw? a wt?) (1 = wt q) tins 


ral 
x (dl = org “yO = wing \ tN (1 _ eee) Anata 
ie see ue WG = ge VAT a t?qi—") 
(BO TP Pa = Ps 
x Tree IT; Cage) alg as) 
[izes 22a! 


where /—3 = w* ~w and N(n;t) is the n x n matrix whose first row is 
given by 


det N(n:t), (7.17) 


eas Ll<j<n 
ie t8gar-3 roe 
and whose ith row. 2 <7 <n, is 
ue aie <jcn 
1 — git 8i-6° a 


If we could evaluate N(n:.t) and then take the limit of cach side as q 
approaches 1. then we could prove the refined alternating sign matrix 
conjecture just by verifying that our conjectured formula for A, satis- 
fies this equation. It will prove to be slightly easier to divide each side 
by An.» before taking the limit. 


Exercises 
7.2.1 Prove equation (7.6): 
Lie V4 


Gif Uy 
Ti¢d YL / 


t; 
[T241/%:] latina /yr] a a 


vi 
= fax iat /xil a, (rina /Yu)- 
Y1 


7.2.2 Classify the twenty different configurations of in and out edges 
around a triangle into five equivalence classes using the equiv- 
alences described on page 236. For example, let {i,j,k} be the 
choice of orientations in which o;. aj, and oj are directed in and 
the other three edges are directed out. The equivalence class 
that contains {1.2.3} also has {4.5.6}. {6,1.2}, and {3,4,5}- 

7.2.3 Verify that equation (7.3) is correct for n = 1 and n = 2. 
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7.2.4 Prove equation (7.9). 
7.2.5 Verify that Po(y;) is equal to 


ue | | [ley /ydl [[fee/ uy) | Fas ra. tai nie) 


iAj il 
7.2.6 Use the fact (exercise 7.1.17) that 
w—n 


2 gs _ 
ote yee = a) 
BeA,, i 


to prove that if we set 7; = zq"@")/? and y = q7'? for 1 <i< 


n. then 
(z == gaye S- (27! 4 ayn) 
BEA, 
= lim Thicinjcn(l Serge lee gia ) 
at TheicjenG —_ git)? 


1 
x det (5 ree ac) _ (7.18) 


7.2.7 Show that equation (7.18) with z = w = e?'/8 yields the fol- 
lowing formula for A,,. the number of » x n alternating sign 
matrices: 

n ; 1-— grey 
_ay- ay amiyn2 
Ga) be One) Uh aga 
l<i<g<n Usuysn 
_ gti} 


7.2.8 Use the formula given in equation (2.33) on page 72 to evaluate 
the determinant in equation (7.19), and finish the proof of the 
alternating sign matrix conjecture, Conjecture 3. 

7.2.9 Show that equation (7.18) with z = e™*/4 yields the following 
formula: 


(-2)) S* 2%) = tim T] ae)? 


qal ; 
BEA, l<icgsn 


{i 2(e+ 7-1) Alea i+jy-1 
x II a det 2 = . 
t= geti-l ie grlita-h) 


i<rngsn 


244 Chapter 7 Square lee 


7.2.10 Show that equation (7.18) with = = e7!/" yields the following 
forniula: 


—ay(t N(B) 4s griy—2 
( yl) S- 3 fs lim II (1—q’~‘) 
BEA liye 
1+ gblta~2) lta'ti7! 
a I aoe ee det wees , 
L<a.jcn i 1 


7.2.11 Verify equations (7.15) and (7.16). 
7.2.12 Verify that the left side of equation (7.14) is equal to 


gq nin Dia ae 


(w? ox went 


( Lyd ge ig ge) 
rol 
x (1 —w0t?}(1 — wi?g)--- (1 —wt?g?7?) 
x (L~ wt? g") «++ (1 —w? tg?!) An, (q). 
Verify that the product in frout of the determinant on the right 
side of equation (7.14) is equal to 
—n(n—1)/24+n(n—-1)(n—2) /6—n(n—-1)(2n—1) /2 
(—3)n(n42)/2 
eta ile ge?) 
[Fsteeg ig) 
: [Es jal om gt er- Oy 71 ioe gre) 
lhe atl 9? 


Verify that the determinant of M7 is equal to 


f pag 


(23)877 hte) det. N(n; t). 
Now put these together to complcte the verification of equar 
tion (7.17). 
7.2.13 Using exercise 7.1.8. show that Theorem 7.1 is equivalent to 
det ( ) VTi jaa + yj)(ari + ¥5) 
(2, + yj )(axi + yj) /) Thheicjen (te — 23) (yi — Ys) 
- S- epee age Nga) 


AGA, 


x Te Ou TE (outst yy). (7-20) 


1=1 Lsrpsn 
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where N;(A) (respectively. N*(A)) is the utwmber of ~Is in row 
(respectively. column) i and 


eles { a, if Dishes (jk = See igs 
igs 


1. otherwise. 


7.2.14 Show that equation (7.20) with a = 1 is equivalent to 


det ( : 3) [Tina + ys) 


here ea “~ ty) (Yi mS yy) 


oe l=. 4 (7.21) 


o€S, i=l! (i) 
7.2.15 In equation (7.20), set a= -l, 7; = x, and y, = y for all 7. Let 
A= —(% + y)?/(a— y)*. Show that this equation becomes 
year = a He) 
ACAn 


7.3 Proof of the refined ASM conjecture 


Onr quest nears its end. In this section we shall use equation (7.17) to 
prove that 


Aig a) (Qn-r-Dim=bt (7.22) 


ta n—1 (n — rj! (2n — 2)! 
This is equivalent to Conjecture 1, the original conjecture of Mills, Rob- 
bins. aud Rumsey that has driven our story: 
Binge «§ ORS TS 
Anrgr (n—r\(ntr—1) 


lu Section 5.2 we proved that Conjecture 1. the refined alternating sign 
Inatrix conjecture, is equivalent to Conjecture 2: 


, fed < eer py n—2 34 1)! 
oa *) (2n —7r—1) Yo 


r—1 (n—r)! a7 (n+ j)! 0 


Vhe formula for the total number of n x n alternating sign matrices. 
Conjecture 3, then follows as a special ease: 


nol 4 
3j7 +1)! 
Ay = Anata = II (See) 


aa (n+ jy 


246 Chapter 7 Square Ice 


To accomplish our task, we must evaluate the determinant in equa- 
tion (7.17). Doron Zeilberger (1996b) came up with an ingenious method 
for accomplishing this. His method shows vet another approach to de- 
terminant evaluation, and it makes explicit connections to orthogonal 
polynomials, another thread that has been running under the surface of 
much that we have done. 

Given a linear operator, T, defined on a ring of polynomials, T is 
uniquely determined by its moments, constants c, defined by 


Ce = T(a*), k=0,1.2,... 


If the matrix 


Co Cy Safe Chl 
Cy (a) wAped Cn 
Cna-) Cy Sie ACD SD 


is non-singular for all values of n, then, as we shall see, there is a unique 
family of monic polynomials orthogonal with respect to T: 


T (Pla) Pa(x)) = 0. Mm #~n. (7.23) 
Let 
P,, (r) = Ang Fay 1® bere + ince TP r 


where the a,,, are to be determined so that these polynomials satisfy 
equation (7.23). I leave it for you (exercise 7.3.1) to prove that this 
otthogouality condition is equivalent to 


Te Pe) =0. forO<k#<n-1. (7.24) 
For each k in this interval, we must. have 


Ck On. + Chat Ona beet + Chan Gnn—1 + Chen = 0. 


Orthogonality is equivalent to satisfying the following system of equar 
tions that uniquely determines the coefficients: 


ae) CY eee Onl ar.0 Cr 


Ce] CQ ++. Cn ay Cr+ 


Cn-1 Cy rs C2a—2 Anis CIAL 
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Each polynomial has a uniqne representation as a linear combination 
of the P, (x). If f(x) is a polynomial of degree d, then 


T(f r 
oe ey se Pate) 


d 

If we know the moments for a given linear operator, then there is an 
explicit formula for the corresponding orthogonal polynomials as ratios 
of determinants: 


1 be ae le C9 Che asad UGesS 
: Co C7 Cn CL c2 Cn 
Qu (x) aa (a1) 
Cn-1 Cn ves CIn-1 Cn-1 Cn +++ C2n-2 


To see why this is so, we first observe that Q,, : a monic polynomial 
of degree n. Second. if we multiply Q, (2) by 2* and then apply the 
operator T, we get that 


Tah) gh) La) 
Co CY CH 
(x*Qa(z)) = (-1)"§ 4 cna} 
CO ey Cn-1 
Cy C2 Cn 
Cn-1 Cn +++ C2n—2 


which is zero for 0 < k < n—1. Since the monic polynomials orthogonal 
with respect to T are unique, they must be equal to the Qn. 
We consider the family of orthogonal polynomials, P,, (2°), defined by 
the operator 
i= qe 
T(a") = —_4+_—.. 
( ) i qpik+)) 
To evaluate our determinant, we apply the operator defined by 


1— t2q* 


fey R a 
S(2") = 1 — 18g 


'O the polynomial P,,-1(.7). When we combine the discussion we lrave 
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just given with the definition of N(a;f), we see that 


det N(n;t) 
det N* (2 — 1) 


. 1 — qitvnl n-1 
N*(n-1) = Gere: Set 
t,j=l 


Sty Sea) (7.25) 


where 


Restating the refined alternating sign matrix conjecture 


We begin the next stage of the proof by focusing on the determinant of 
the matrix of moments associated with T, the matrix given by N*(n—1). 
We take equation (7.17) on page 242 and set #? = wq'~” so that on the 
left all summands except the last disappear. On the right, we expand 
the determinant as a sum over perniutations. The product in front of 


313 


the determinant has a factor of 1 — t&¢ which is zero when ¢? = 


wa". The only tens that survive are those that take the factor of 
(1 — #¢?!)/(1 = 18¢°"$) from the determinant. In other words, we 


can replace the determinant by 


af _— Pyro! 
_ p68 g3n—3 


(—1}" det N*(n — 1). 


With # = wqg'~". equation (7.17) becomes 
qa DE uig\ 1 (1 sas wg AV ce, ea ae i pa ( = arg’) Ann) 


—n(n~1)(5n-4)/6 ea) —3n 


12 qe 


(—3)(n-1)?/2 : (1 ae ws") (1 a wea P-IV (1 = qi”) 
ga 


: ee Pi ie ee gira Cy = qe) 
TisiejeaiG a ae 


If we divide both sides by (—1)"7? tes (L—w?q'"), this equality sim- 
plifies to 


q 


(~1)""" det N*(n — 1). 


es (wg) : Aigsi (q) 


~—n(n~1)(5n—t) /6 n~l | 


(—3)(r-1)°/2 2 ] — wylrrns 


q 


IT» i nel Geer fyi = Case) 
¥ 


IT (1~ qi")? det N* (a — 1). (7.26) 
orc py —~ | 
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At this point we pause to make the important observation that since 
limygo1 Analg) = Ann #0. An.n(q) caunot be zero, and so N*(n — 1) 
is non-singular. 

We now divide the left and right sides of equation (7.17) by the respec- 
tive left and right sides of equation (7.26) and replace N(n;t)/N*(n—1) 
by (-1)"7!S (Pr-i(2)): 

nr 
weg? Sy gts 1 oP il wg) weg) 
r=] 
x (L— wt? g”) + (1 — wt? gt!) Ancl(@) 
An, n(q) 


aa -aegn Wh — ef) - Pe) 
[Tot ) eg a) 
CaS Perley) (7.27) 


We have reduced the proof of the refined alternating sign matrix con- 
jecture to finding the limit. as g approaches 1 of the right-hand side of 
this equality, and then verifying that it is equal to the left-hand side 
with g = 1 and A,,,/An.n replaced by the conjectured value. It is time 
to investigate our particular linear operators in greater depth. 


g-calculus 


One of the simplest examples of a fainily of orthogonal polynoinials was 
described by Adrien-Marie Legendre in 1784. For the linear transforima- 
tiou. we use the definite integral froin —1 to 1: 


1 
2/(k+1), k even, 
k 
ap SS i abate i = 
a [ : i heed: 


The resulting Legendre polynomials are given by 


Polr) = 1, 
1 
Poe) = of - z 
. 3 
P3(x) = e? = a 
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The linear operators that we necd to nse may look pcewiar. bit they are 
just diserctc versions of the definite integral used to define the Legendre 
polynontials. 
Before discussing this discrete integral. it is casiest to begin with the 
discrete devivative: 
fiw) -flra)  flra) -— fle) 


OSS ee (7.28) 


The ordinary derivative is simply the lmnit as q approaches 1 of Dg. 
Format proved the rule for the derivative of an arbitrary rational power 
of x using this discrete version. We note that if @ and b are positive 


integers, then 


1 — gelb 7 ] Sg hh? TE ge? 14 ql? ites tial’ gon? 
Vg 1—ql/b 1 — qb/6 aes pel qulb Nie ne gb) /b- 


and therefore 


pal om (rq)t/? 


Del = lin: 
a) o.at(l— g) 
T= a/b 
= lt F)/? Tay 
q-l 1- qd 
“ 
= @ pla by/b | 
b 


If a is negative. then we cau replace 1 — g@/? by —g@/’(1 — q7@/*), and 
the derivation still works. 

The corresponding discrete intcgral is a summation over values in 
geonictric progression where it now becomes necessary to insist that 


lg) <1: 
a f(r) dyr 
Jo 


ll 


« 
S- f(aq?)aq’ — aq’t!) 
es 


<0) 
= a(l—a)>_ flag’ )a’. (7.29) 
1=0 
ob b a 
| f(ir)dyr = flr) dgr — f(r)dgr 

a JQ JO 

= (1-4) DS (bf (bg") —af(ag'))q’. (7.30) 
rey 


It is left as alr exercise to verify that this becomes the usual continneus 
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integral in the lintit as g approaches 1 from below. and that it satisfies 
its own fundamental theoreut: 

Dy f()dgt = flr). 
Dy f(x)dge = f(b) — f(a). 


Discrete differcutiation has a slightly modified product rule, 


Dg (Fr )g(a)] = fle) Dy g@) + g(a) Daf (2). 
It follows that we have a rule for integration by parts. 


b 


aD “b 
[fer Pagiraye = feyate)| ~ f obra) Dy fle) dy 


a 


We now consider the linear operator defined by 


T (f(e)) af feddee. 


ahs q? 


As desired, we have that. 


‘e. 
T(0*) - S~ Cas a gee) yg 
j=0 
pagkt 
~ Yo ghlktt)” 
If we define a by g® = ¢?/q, then the operator S is simply discrete 
mlegration against the weight function .c®: 
h | 7 
S(r") = : | ro dasa 
ee g? q e 
«x 
= S~ (qtr) —¢q: Geer) q? 
2=0 
1. qktownt 


—_ Qik Fat) 
ieee cz 
i (83k ‘ 
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Rodrigues 


This work would be for naught unless we had an alternate description 
of the polynomials P,,(2). In 1816, Oltnde Rodrigues observed that the 
nth Legendre polynomial could be written as 


nl 

D” f(a? ~1)"). 
(2n)! ety] 
More generally, the polynomials 


! 
pi D” Mea)" 
are monic and orthogonal with respect to the transformation T(f(a)) = 
{ f(x) dr. The orthogonality of these polynomials follows from the in- 
tegration by parts formula and the fact that for k <n, the kth derivative 
of (2 — a)"(r ~ b)"] is zero at both x = a and x = b. For m < n, we 
have that 


b 
/ pm I(x -_ ay” (r a by" Dp” [(x ms a)" (x _ b)"| dx 


= -~f De — ale —d)™| D™-" I(x — a)" (a — 0)"| dx 


FO 


mil £2 
= a” er) prem (ax a)” (a b)"| dx 
| b 
= Gay omy promt I(x Ss a)" (x b)"| 


Benjantin Olinde Rodrigues was born in Bordeaux in 1794 to a promi 
nent Sephardic family. He attended the Ecole Normale and went on to 
the University of Paris from which he received his doctorate in 1816. 
His formula for Legendre polynomials was part of his doctoral thesis. 
He left mathematics to enter banking. History remenibers him as at 
ardent supporter of the St. Simon movement. an early form of French 
socialism. He resumed his interest in mathematics in the late 1830s and 
made a significant contribution to the study of the group of isometries 
of Euclidean threc-space (1840). 

A formula analogous to the oue discovered by Rodrigues works for the 
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discrete version of the Legendre polynontials. If we define 


4 n-] 
Pa= ee NG — aq’ )(x - m) 


at. 
(Qt Mn ee 


then these are also monic polynomials that are orthogonal with respect 
to the discrete integral. Integration by parts works exactly as before 
except that x is replaced by xq in the fiction that gets integrated. The 
fact that for m <n. 


n-l 
—m-1 : 
De m [Tew _ aq')(zq” = mi) 
i=0 

is zero at r =a and at w = bis left as an exercise. If rn < n. then 


ab m—1 
| DF I (2 — aq’) (x — bq') 


. 7=0 


n 
D, 


n-1 
iG Sag iad mi) dat 
r=0 

b 


n—-1 
m Le q Me n-=m— m i m r 
= =) ee 2) Tes — aq’ )(xq” — bg | 


(q’@thiamn Y er 


a 


= 0: 


We obtain the polynoinials that we need for onr deternmtinant evaluation 
by replacing g by q? and then setting a = g and b= 1. 


Evaluation of S(P,,-1(x)) 


We have established that S(P,-1(1)) is equal to the following discrete 
imtegral: 


1 i tages pr} eget rage) ee d 3a 
_ gy ? (q3”; P)n-1 q q 


(7.31) 
We perforin integration by parts n ~— 1 times and use the fact that 


plete le ge) 
(1 =< gr} 


n-1 por ntd 


prt at _ (¢ 
yg? 


to rewrite the integral: 

3(a—nt+2). 3 
Py a(a)) = (art 
(L— @?)(G°".@ na 
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We now replace the integral by the sum that defines it. equation (7.30), 


3(Q— t+ 2) 


ul (q eee 


(gh; Dnt 


x Ww—2 
x S- TL (gine 3 _ gi y(ghts = ’) gi bom ntl)+3j) 


S(Pr-ie)) = (-1) 


n—2 
_ TL (ats? = GeyigGQra-? = °| aay 


i=0 


We replace g® by #?/q and then rewrite these snmuiatious using the 
rising g-factorial notation: 


ro 3~ 31, 3 — : ‘ 
sate) = Cry OE Dn gfe nyen—9 
(GP. as 
x 
eG ae ie ene) 
»=0 
x 
_ a ® Sg ee pages : Gy 4 
J=0 


These sums can be written as basic hypergcoinetric series: 


ge Se ned at 
§ P, pr = l ni u ght lGn—5) 
( ? i( )) ( ) (y3": ¢ ee ] 
2 3 3 3 i Br—1 : qn : f 
x {(  )n-UG 3 )n—1 291 > ae a 


Paare des 103 Le i ae Dee 
= ge Jnaild 1d" eae 1 i“ (Qt g 


We now apply the transformation formula given in equation (5.16) on 
page 170 to each of our basic hypergeometric series: 


S(P,-(e)) = (-1)"7 1 (gs Pn (n-1)(3n—5) (t8q°" GF) x0 
ae 7 3. @ £6 g3—3n- 3) 
(y a ‘naa (t q 1G }oo 
3-3n 2—3n 
‘ Bie q af 3 6S 
x WP nal ana 201 : 2 Pt 


f 3-30 g —3n ett! A 
3 4 38 on 
api ge "ge 7g aes q ee 291 q’ 7d ut q : 


We now substitute this back into equation (7.27) and take the limit 
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of cach side as g approaches I: 
n\ rol 2p Qyr-1 2,2\n—r Ane 
wt S (Hr w= et?) = wt?) a 
ant Ann 
. (-3)" (1 _ Couey 
(1 — P2)2"=T (na 
l-n. 2/3-n 4 
2/3)y—1 oF ag 
feos RR" 
l-n. 4/3-n 
— 1 (4/3)n—1 oF eee hae 
ina re] MAO” | ay 


We replace the index of summation, r, by r +1 anc observe that the 
conjectured formmia for Ay -41/A.n IS equal to 


(1 = n)p(1t)> 
ri(2—2n), ” 


We make this substitution into equation (7.32) and rewrite the summa- 
tio on 7 as a hvpergeometric series. We then make the observation that 
l—w = —w(1—w?). The refined alternating sigu matrix conjecture has 
been reduced to verification of the following trausformation formula: 


2-2n ° 1— w2t? 
uae Ol = wrt 
(1 = t2)2P—lin),, 4 


g {2/3 oF | Le — n e 


(1 ages yn4 oie | 1- nm, 7 ssa _— wt? | 


— 1°(4/3)n—1 2Fi | a= a an |} - (7.33) 


We have emerged into well-traveled territory. Equation (7.33) is a cu- 
bic trausformation formula for hypergeometric scrics. Two optious are 
available. One is to check the literature to see whether this identity is 
known. It is. It is equation (38) on page 113 of Chapter 2, Sectiou 11 of 
the first volume of Higher Transcendental Functions.t better known as 
the Bateman Project (Bateman 1953 55), Another approach is to turu 
to one of the computer packages available for proving identitics involv- 
ing hypergeometric series. These include Doron Zeilberger’s Ekhad for 


| This was pointed out to me by Dennis Stanton. 
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Maple and Peter Paule and Markus Schorn’s Zb written for Mathemat- 
ica. What the computer does is to find a recursive relation satisfied by 
the hypergeometric series. In our case, each side of equation (7.33) sat- 
isfies the same recursion. In fact, each of the three suininations satisfies 
this recursive formula. If f(n) is the respective function of n. then 


0 = 36nd ey ia 
— 6(1 —w)(4n? —1)(114- 2) f(n 4+) 
~ 4w(4n? — 1)(1 — t?)? f(n 4 2). (7.34) 


Equation (7.33) now follows from the fact that it is correct for n = 1 
and for n = 2. 


Q.E.D. 


Exercises 


7.3.1 Prove that {P,(a2)}?< > is orthogonal with respect to the linear 
operator T if and only if T (a PCr) =O0forO0<k<n. 
7.3.2 Verifv that 


sin [ feeydge= [payee 


7.3.3 Verify that 


and that 


a 


7.3.4 Verify the product rule for g-differentiation. 
7.3.5 Verify that form <n, 


nol 
Dees TT (xq = aq’ (aq = bq’) 


i=0 
is zero at « = a and at 2 = 0. 


7.3.6 Verify that equation (7.34) is correct for n = 1 and n= 2. 
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7.4 Forward 


Our story has reached its end. We have proven that the ratios of ad- 
jacent values of A,,, can be found by adding numerators and adding 
denominators of the two ratios diagonally above. 

Of course, this is not really an end at all, but a beginning. New 
connections and new tools have been discovered. Methods for evaluating 
determinants with polynomial entries have alrcady gone well beyond 
what we have seen in this book. The Yang- Baxter equation has become 
the object of serious study by combinatorialists, many of whom are now 
adept at applying it to a varicty of problems. I have totally omitted 
reference to the field of tiling problems that have come out of the Mills, 
Robbins, and Rumsey conjectures, initially as an alternate way of stating 
them, but now as an endeavor that has taken on a life of its own with its 
own set of conjectures and techniques and results. I have barely touched 
on the ties to the theory of orthogonal polynomials and the q-calcuhus, of 
connections with elliptic modular functions, of the role these ideas play 
in the continuing development of represeutation theory and Lie algebras. 

These fields are too new for there to be much literature outside of 
journal articles available for those who wish to take the next step, but the 
books that are likely to be most helpful are Enumerative Combinatorics 
(Stanley 1986c, 1999) and the second edition of Symmetric Functions 
and Hall Polynomials (Macdouald 1995). 


Collapse of a metaphor 


Having reached the end of our story, 1 want to draw some conclusions 
about the nature and purpose of proof. I began with and throughout this 
book continued to make allusion to the metaphor of climbing mountains 
aud exploring new territory. It is a uscful analogy that is popular among 
mathematicians because it conveys a spirit of discovery and adventure. 
But there are problems when one attempts to push this niectaphor too 
far. 

Mathematical results are not isolated peaks which, ouce conquered, 
lose their interest. Moreover, the adventure does not lie in setting out 
from known territory and finding oue’s way to the distant peak. Rather, 
as we saw in the proof of the refined alternating sign matrix conjecture, 
we start in unfamiliar territory and end when we have reduced our prob- 
lon to one that is recognizable, that others have solved. The doing of 
Inathernatics is more akin to being dropped on a distant aud unknown 
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mountain peak and then secking to tind oue’s way home. This nuage con- 
tains au important truth. Research im mathematics almost never begins 
with careful definitions and lemuims on which we build watil something 
interesting is discovered. It starts with the discovery. and proof is the 
process of tying that discovery back to what is already known. 

There are still difficulties with the nictaphor of exploration in which- 
ever direction it may be taken. It does not adequately convey the impor- 
tance of connections or the value of a new and truly different proof of a 
long-established result. It does not communicate the fact that each uew 
proof is wore than an individual accomplishment or a personal oppor- 
tunity to hone skills. A proof is also a comunity asset that ilhimninates 
other problems. Furthermore. our metaphor suggests that mathematics 
is purely a science of discovery when in fact it is also an act of creation. 

I would like to conchide by proposing a different metaphor, one with 
its own limitations and imperfections but which may help to comple- 
meut the images presented so far. I would like to cousider the doing of 
iatheiatics and the fiuding of proofs as analogous to the work of the 
archeologist. When Mills, Robbins. aud Rutnsey first discovered their 
conjecture. they were uot dissimilar to the archeologist who has just 
unearthed a strange and marvelous object of unknown proyenauce and 
purpose. What is it? What was it used for? Why is it here? What 
does it tell us about the people who ouce lived here? The real work of 
the archeologist is to make connections: conucctions to other objects at 
other places at other times, couucctions to other facts that are known 
about this particular site. The goal of the archeologist is to provide a 
context i which we can understand this object. As each object comes 
to be understood. it facilitates the niterpretation of others. not just in 
this place. but also in other places and from other times. It provides a 
foundation upou which we construct our theories. 

This is the role of proof, to curich the eutire web of context that leads 
to understanding. The mathematician docs not dig for lost artifacts of a 
vanished civilization but for the fundamental patterns that undergird our 
universe. aud like the archeologist we usually find only small fragments. 
As archeology attempts to recoustruct the society in which this object 
was used. so mathematics is the reconstruction of these patterus ito 
terms that we can comprehend. 

This book has been about proofs aud confirmatious, the process of 
taking a newly uuearthed discovery and secking the proof that will re- 
late it to what is known. It is one aspect of the process that creates 
inathematics. The explanation of the use and significance of an object 
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does not end its archeological interest. This knowledge now allows it 
to move into the greater debate of how we are to wuderstand particular 
conmmuuities or civilizations. So too in mathematics, the proof of the 
refined alternating sign matrix conjecture is the ground from which we 
can begin to seek its true significance. At the next stage, we seek the 
theories that can explain what we have secn anc predict the directions 
that should be most fruitful. 
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